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The primary objective of this work is to extend classical test theory (CTT), in particular, for
the case of repeated measurement studies. The guiding idea that motivates this work is that any
theory ought to be expanded when it is not compatible with commonly observed phenomena—
namely, that homogeneous variance components appear to be the exception and not the rule in
psychological applications. Additionally, advancements in methodology should also be consid-
ered in light of theory expansion, when appropriate. We argue both goals can be accomplished
by merging heterogeneous variance modeling with the central tenants of CTT. To this end, we
introduce novel methodology that is based on the mixed-effects location scale model. This al-
lows for fitting explanatory models to the true score (between-group) and error (within-group)
variance. Two illustrative examples, that span from educational research to infant cognition,
highlight such possibilities. The results revealed that there can be substantial individual differ-
ences in error variance, which necessarily implies the same for reliability, and that true score
variance can be a function of covariates. We incorporate this variance heterogeneity into novel
reliability indices that can be used to forecast group or person-specific reliability. These extend
traditional formulations that assume the variance components are homogeneous. This powerful
approach can be used to identify predictors of true score and error variance, which can then
be used to refine measurement. The methods are implemented in the user-friendly R package
ICCier.
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It seems likely that in mental testing we shall find ourselves in
the future increasingly concerned with measurement of
fluctuating mental functions.

—(p. 340, Thouless, 1936)

A fundamental concept underlying psychological science
is measurement reliability. From educational researchers to
developmental psychologists, we all understand that gather-
ing reliable measurements plays an important role in psycho-
logical inquiry in particular. This is because we often face the
difficult task of investigating latent constructs that cannot be
directly measured; for example, using a set of items to mea-
sure positive affect, rating mother-child interactions for the
purpose of attachment classification, or investigating cogni-
tive function experimentally, all share that common thread.
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This challenge has resulted in a rich literature on psycholog-
ical assessment, wherein measurement is often conceptual-
ized with classical test theory (CTT, Thorndike, 1904; Traub,
1997).

In CTT, the observed measurements (X) are composed of
a given individual’s true score (T') plus a random error (E),
resulting in X = T + E (Lord & Novick, 1968a; Novick,
1965). With these ingredients, variability of observed mea-
surements is defined as the sum of true-score variance, a'ZT,
plus random error variance, o-%. Reliability is computed from
these variances, that is,

r =00 (1)

which is by definition the proportion of the total observed
variance, o-f( = 0'% + 0'%, due to the true score variance.
Notice in Equation (1) that the true scores are the source
of variation. Indeed, a critical assumption underlying CTT
is that the errors (or residuals) are random and unsystematic,
reflecting consistency over time of measurement, experimen-
tal condition, and individuals—-homogeneous error variance
(o-é). This assumption may not be tenable in a wide range
of psychological applications and thus randomness in the er-
ror structure could be the exception rather than the rule. As
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Kline (2005) stated, “systematic errors are not handled well
in CTT” (p. 94). We concur with Kline’s assessment and
argue that they are not handled at all.

Recently, the notion that heterogeneous error variance is
omnipresent in repeated measurement studies has reached a
crescendo, as systematicity of error has been found across
psychological domains—it appears to apply generally. For
example, Williams, Zimprich, and Rast (2019) examined the
residual variance in a learning task, where it was found that
the errors and their associated variance across repeated tri-
als followed a nonlinear trajectory, including individual vari-
ation therein (see Figure 2 in Williams, Zimprich, & Rast,
2019). This reveals a problem with the basic assumptions
of CTT, in that o-% is assumed constant across individuals
and it cannot be a function of learning (or any other variable
for that matter, Kline, 2005). Additionally, Williams, Liu,
Martin, and Rast (2019) found that the residual variance of
daily affect can be related to an individual’s emotional state,
as well as physical activity, on the previous day. This again
suggests that the errors are not random.

These signatures in the error variance are not restricted
to observational studies and have recently emerged in exper-
imental settings. In particular, Williams, Martin, and Rast
(2019) demonstrated that there was substantial individual
variation in the error structure of cognitive inhibition tasks,
which, they argued, translates into individual differences in
the reliability of those tasks. That is, the participants were
not accurately described by a common value for o’%, which
is assumed to be the case in Equation (1). These findings
highlight an important problem in the way error is typically
considered, because, in traditional reliability indices, each
person (or more generally each group) is assumed to have
a common error variance, which was clearly not the case in
Williams, Martin, and Rast (see Figure 1 in 2019).

Once we acknowledge that error variance is not constant
across measurement units but is heterogeneous, we can think
of ways to explain it. The potential for modeling and ex-
plaining within-person variability has been acknowledged
for some time and the current work is inspired by this body
of research (i.e, the error, Cleveland, Denby, & Liu, 2003;
Hedeker, Mermelstein, & Demirtas, 2008, 2012; Leckie,
French, Charlton, & Browne, 2014; Rast & Ferrer, 2018;
Rast, Hofer, & Sparks, 2012). A common finding is that
the average within-person variance is not typically a good
representation of any single individual’s variance. For exam-
ple, Williams, Martin, and Rast (2019, see Figure 3 therein)
showed that the vast majority of individuals differed from
the average within-person variance in a hierarchical (a.k.a.
multilevel) model. The authors further noted that “...het-
erogeneous within-person variance is a defining feature of
these [cognitive] tasks...” (p. 1). This is particularly relevant
in the context of reliability because the mere average vari-
ability is being used to compute reliability (p. 35, Lord &

Novick, 1968b). Together, these findings suggest that error
variance may be systematic but the implications for reliabil-
ity are largely under-explored in psychological research.

We are not the first to propose a framework to overcome
limitations in CTT. In particular, generalizability theory (G-
theory) emerged to explicitly broaden how we think about
and evaluate measurement reliability (Brennan, 1992; Cron-
bach, 1972; Shavelson & Webb, 2010). Similar to one of
our primary goals, G-theory was motivated by the observa-
tion that “In classical test theory measurement error is undif-
ferentiated random variation; the theory does not distinguish
among various possible sources” (p. 599 Shavelson & Webb,
2012). This issue is addressed in G-theory by partitioning the
variance into several components. However, G-theory still
assumes that the error variance is “constant for all persons,
regardless of true score” (p. 321, Shavelson & Webb, 2012),
an observation that is inconsistent with the findings from
(Williams, Martin, & Rast, 2019). To our knowledge, there
is nothing intrinsic to either CTT or G-theory that necessi-
tates assuming a common variance. This was noted in Gu,
Emons, and Sijtsma (2018) “this [homogeneous error vari-
ance] is not an a priori assumption in CTT” (p. 4). Rather,
homogeneity of variance is the standard assumption of com-
monly used statistical methodologies (e.g., ANOVA) used to
compute reliability, including in both CTT and G-theory, out
of convenience and then perhaps taken as a given. But, in
general, as has been shown in work on within-person vari-
ability modeling, this assumption can and should be relaxed.

Consider the case of a one-way random effects model
(Bartko, 1966), which is the focus of this current work. There
are two sources of variation: the between- (O'i) and the
within-group (or person) (c2) variance component. From
these components, we can compute the ratio
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This is commonly referred to as ICC(1), and it serves as are-
liability index for single scores that ranges from 0 — 1 (Shieh,
2016). In Equation (2), o-i is the variance in true scores or
means. Reliability is then proportion of variance attributed to
a‘i. Further, a'fv is often referred to as measurement error. In
cognitive inhibition tasks, for example, it captures the trial-
to-trial “noise” in reaction times. Thus, assuming that o-i is
held constant, increasing o2, will necessarily decrease relia-
bility (Hedge, Powell, & Sumner, 2018). This definition of
ICC, however, does not allow for the possibility of individual
differences in reliability. Addressing this limitation was the
primary focus of Williams, Martin, and Rast (2019), where it
was demonstrated that there are individual differences in o2
and thus also in reliability. This insight is not possible with
traditional approaches used to compute reliability. Building
upon that finding forms the impetus for the current work.
We introduce novel methodology to probe measurement
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reliability at both the level of the numerator and denomi-
nator in Equation (2). This is accomplished by extending
Williams, Martin, and Rast (2019), where only a random in-
tercepts model was fitted to o'fv, such that each person had
their own error variance and person-specific reliability. In the
current work, we now predict the “true ” score (0'12)) and error
(02) variance with sub-models. The latter can also capture
individual differences in error variance. This powerful ap-
proach for characterizing reliability allows for investigating
whether o-i can be explained by other factors. For example,
it may be true that older individuals are more homogeneous,
which implies less true score variance and thus less reliable,
assuming o2, is held constant. This general idea can be ex-
tended beyond variance between people. Suppose that 2, is
permitted to vary among schools. Here, each school would
then have their own error variance that can also be predicted
by other variables such as gender or socioeconomic status.
This would result in school-specific reliability that is also a
function of covariates. These kinds of insights are possible
by fitting explanatory models to the variance components in
Equation (2).

The current work is organized as follows. In the first sec-
tion, we introduce the proposed model. Our intention here is
to describe key aspects of the proposed methodology. This
serves as the foundation for the remainder of the paper. The
rest of the work consists of case studies that span from edu-
cational research to cognitive psychology. This demonstrates
the utility of the methodology. In this section, we also em-
phasize the connection between the presented methodology
and classical test theory in hierarchical models. We end by
summarizing our major and novel contributions, as well as
discussing implications for measurement in psychological
research.

Model Formulation

The presented methodology is based upon a straightfor-
ward extension of the traditional mixed-effects approach,
which allows for partitioning the unexplained variance, or
within-group variance, as well as the between-group vari-
ance, or true score variance. The technique to do so is termed
mixed-effects location scale model (MELSM, pronounced
mel-zom, Hedeker et al., 2008, 2012), which combines ear-
lier work on variance heterogeneity (Aitkin, 1987) and mod-
els for random scale effects (Cleveland et al., 2003). In the
current work, we build upon this foundation to demonstrate
that the MELSM has untapped potential as a fine-tooth comb
for assessing measurement reliability.

Mixed-Effects Location Scale Model

The starting point is the standard linear mixed effects
model for i = 1,2,...,G groups (e.g., people or schools)

and j(j = 1,2, ...,n;) measurements that may be specified as
Y, =XiB +Zb; + €, 3)

where y; is the n;x 1 response vector for observations in group
i. X is the n; X k design matrix for the fixed effects for obser-
vations in group i. Note that an intercept only results in the
unconditional model (Raudenbush & Bryk, 2002), whereas
including explanatory variables in X; allows for computing
conditional ICCs (Rabe-Hesketh & Skrondal, 2008). 3 cap-
tures the fixed effects and its dimension is k x 1. The random
effects are in the n; X g matrix Z; for observations in group i
where b; is the according g x 1 vector with the random effects
coefficients. These effects characterize the group means for
the response (i.e., the location). €; is a vector of errors spe-
cific to group i. The general assumption in standard mixed
effects models is that random effects are b; ~ N(0, @), where
® is a ¢ X g covariance matrix for the random effects with the
variances o-i and the covariances o (for g # ¢’). The errors
€; are also assumed to be normally distributed with a mean of
0 and covariance of o>¥; where ¥, is a n; X n; matrix which
can take different structures. In these models the between-
group variance is captured by 0'22) and the within-group vari-
ance is represented in o2. In the context of reliability, the
former is termed true score variance. This formulation leads
to computing traditional measures of reliability, for example,
ICC(1) given in (2)that is, 73/o2+02.

Error Variance. In this standard form, the error vari-
ance o2 is a fixed entity. To allow it to differ at the
group level, we add the subscript i to the within-group vari-
ance term (cf. Hoffman, 2007; Myles, Price, Hunter, Day,
& Dufty, 2003) and we also allow it to differ among j-

measurements to obtain of”. Changes in the within-group

variance a'gi are explained by group-varying covariates in the

n; X m matrix W; for the fixed effects and V;, with dimension
n; X p (and m > p) for the random effects (Rast et al., 2012).
Hence, with the inclusion of level one covariates, the within-
group variance not only varies across groups but also across
measurements given the model:

; = exp(Wm + V;t)). €]

@; then is the n; X 1 vector that contains all error variances ofi/,
for group i and for each measurement j within that group. n
is comparable to the regression weights (3 in (3). That is, for
an intercept and slope term, 7y defines the average within-
group variance and 77; weights the influence of the predictor
on the variance. The individual departures from the fixed
effects that are captured in the random effects t; are normally
distributed with ¢t; ~ N(0,®), where O is a covariance ma-
trix of dimension p X p that contains the random effects of
the scale. Note that W; and V; may, or may not be the same
as X; and Z;. The exponent is used to ensure that the vari-
ance is restricted to positive values, and thus, is log-normally



4 DONALD R. WILLIAMS, STEPHEN R. MARTIN,MICHAELA C. DEBOLT, LISA M. OAKES, AND PHILIPPE RAST

distributed (Hedeker et al., 2008). Together, this effectively
allows the denominator in Equation (2) to be a function of it
own mixed-effects sub-model.

True Score Variance. A key contribution of this work
is predicting true score variance. Accordingly, we also intro-
duce a sub-model for the between-group variance. This per-
mits the true score variance in Equation (2) to be a function
of its own sub-model. It is important to note here that there
are now random effects b; from the location of the model
(the means structure) and random effects t; from the scale
of the model (the within-group variance structure). All these
random effects are assumed to come from a normal distri-
bution with mean zero. Hence, we can stack both b; and
t; vectors, resulting in u; ~ N(0,X;). This also means that
X; contains the variances and covariances of both the loca-
tion and scale. To define a variance model for X;, we can
decompose X; = 7;Q7;, where 7; is a diagonal matrix for
group i in which the diagonal elements are the random-effect
standard deviations (that includes a’i in Equation 2) and Q
is the correlation matrix that contains the correlations among
all random effects. That is,  is of dimension (g + p) X (g + p)
and contains the correlations among the location, scale, and
location and scale random effects. We can now define the
sub-model for the random effects S Ds, that is,

diag(t;)" = exp(git), (%)

where g; is the design matrix that contains between-group
predictors (e.g., age group or gender), and ¢ is a matrix with
(g + p) columns of coefficients. ¢,. is the effect of the rth
column in g; on the cth random effect SD (i.e., 7..). For
example, ¢, is the intercept for 7,5, and ¢53 is a slope param-
eter for 733. Note that our focus is a one-way model with
random intercepts for both the location or means (7;;) and
the scale or within-group variance (7,,). Consequently, the
random-effects variance is not constant but may change due
to group-specific characteristics (e.g. Leckie et al., 2014). If
there is a positive effect of age, this would mean that older
people are relatively more heterogeneous in their true scores
and thus also more reliable.

Having specified all elements, we can define the full
MELSM as

yi ~ N, 1)
Hi = XiB +Zb;
¢; = exp(Wmn + Vit)

with the random effects for both the location and the scale
coming from the same multivariate distribution

[‘t’] ~N@O.%)
Zi = T,‘QT;

diag(t;) = exp(git).

The remaining “issue” is the prior distributions. In all mod-
els, we assign each parameter a diffuse prior, such that they
are expected to have minimal impact on the estimates.

Group-Specific Reliability

Modeling the variance structure leads to group-specific re-
liability. These groups can be people, schools, or countries,
that is, some higher level in which observations are nested
within. First consider the case of a random intercept mod-
els fitted to both the location and scale, which provides the
population-average within-group variance (i.e., the fixed ef-
fect) and random effects for each group. In other words, each
group has their own error variance. Group-specific reliabil-
ity can the be computed with a straightforward extension to
ICC(1) given in Equation (2),that is,

2
SR

pi = (6)

T%’] + explno + [,‘]2

Note that the subscript i denotes the ith group, ‘ril is the
true score variance (i.e., o-i), and exp[no + t;]* is the group-
specific variance. More specifically, with i = 1, this formu-
lation would provide the group-specific estimate of reliabil-
ity for the first group (or person). Furthermore, in Equation
(6), the covariance between two observations from the same
group remains unchanged from the customary definition of
ICC(1). In other words, the modification is slight, in that
the correlation is expressed as a function of the within-group
variances (in standard mixed-effects models there is only one
within-group variance; that is, the average in our model).

Predicting Reliability

The above formulation is restricted to estimating group-
specific reliability. The central idea behind the current work
is to also fit explanatory models to both the true score (o-i)
and error (02). This allows for predicting reliability and it
extends customary theories of measurement, where the vari-
ance components are taken to be homogeneous. To this end,
we follow Hedeker et al. (2008) and define the covariance for
any two measurements from the same group as

Cov(yijs yiy) = o (7

= T?l’] =exp(git))” for j # j. (8)

Note that the subscript i is used to emphasize that the vari-
ance is a function of the design matrix g; and the regression

weight vector ¢;. For each group, the predicted reliability
then takes on the following form

i = exp(git1)’
" exp(git)? + exp (W + Vit,)?

©))
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Hence, reliability can be probed at both the level of the nu-
merator and the denominator of Equation (2). Of course, if
there is not much group variability in the variance structure,
and if the covariates have a minimal effect on the variances,
this would result in Equation (2) and Equation (9) producing
similar estimates. This is because a mixed-effects model is a
special case of the MELSM, but with an implicit fixed inter-
cept only model fitted to the variance o2 and homogeneous
random effect variances.

Note that the above is meant to be generic, which high-
lights the generality of our approach for assessing measure-
ment reliability. In the case studies, we provide specific mod-
els and reliability indices that will further clarify this formu-
lation.

Connection to the Broader Literature

Before proceeding to the illustrative examples, we want
to emphasize the connection of this work to the broader lit-
erature. Although varying ICCs naturally arise from het-
erogeneous variance modeling, these ideas are most promi-
nent in research areas that gather intensive longitudinal data
(Hamaker, Asparouhov, Brose, Schmiedek, & Muthén, 2018;
Hedeker et al., 2012; Rast & Ferrer, 2018; Watts, Walters,
Hoffman, & Templin, 2016; Williams, Liu, et al., 2019). In-
deed, to our knowledge, the notion was first described in
the context of ecological momentary assessment. In particu-
lar, Hedeker et al. (2008) described how the variances (e.g.,
o-i and 02 could be a function of covariates, providing the
foundation for work by Brunton-Smith, Sturgis, and Leckie
(2017) and Williams, Martin, and Rast (2019). These works
in particular estimated group-specific ICCs in hierarchical
models.

There are several novel aspects of the present work. First,
we fully merge the ideas stemming from the variance model-
ing literature with psychological measurement. In particular,
we provide the key insight that the MELSM is ideal for as-
sessing and predicting reliability. The implications of this
are far reaching. First, the long-standing issue of assuming
a constant within-group variance is addressed. Second, we
adopt a Bayesian framework for extending CTT. The advan-
tages of Bayesian methods for estimating true score and error
variance were described in Lindley (1969) and Novick, Jack-
son, and Thayer (1971). Our work builds upon those ideas,
but with the full power of modern Markov chain Monte Carlo
algorithms (Betancourt, 2017), which were not computation-
ally feasible until the 1990’s (e.g., see for example Gelfand
& Smith, 1990; Robert & Casella, 2011). Third, we demon-
strate the utility of this framework in several psychological
applications. Lastly, we have implemented this methodol-
ogy in the user-friendly R package ICCier, which serves as a
high-level interface to the programming language Stan (Stan
Development Team, 2016).

Ilustrative Examples

In this section, we employ the methodology in two cases
that represent a wide range of psychological applications.
Our intention here is to demonstrate the utility of heteroge-
neous modeling for assessing reliability. Recall that the moti-
vation for this work was partly based on findings demonstrat-
ing that homogeneity in the variance structure appeared to be
the exception rather than the norm in psychological applica-
tions. Thus, in these two examples, we start by characteriz-
ing the within-group variance and then proceed to predicting
reliability. This necessarily requires formulating a variety of
models. However, it is important to note that the central ideas
from each case study apply generally.

Case 1: Educational Research

Educational researchers often encounter hierarchically
structured data. That is, while students serve as the unit of
measurement, they are commonly nested within schools that
can in turn be nested within a higher-level unit, such as the re-
spective school district, county, or even at the state level. It is
for this reason educational data is often used to demonstrate
key aspects of hierarchically modeling. To our knowledge,
however, the MELSM has only been used once to investigate
within-school variance heterogeneity (Leckie et al., 2014).

An important question in education is to identify factors
that are related to student success and academic achievement.
Such factors include school location (Logan & Burdick-
Will, 2017), teacher expectations (de Boer, Timmermans, &
van der Werf, 2018), and the socioeconomic status compo-
sition among attending students (Sirin, 2005). However, re-
ducing education inequality between, for example, suburban
and urban schools (Sandy & Duncan, 2010), has proven to be
far from trivial in that “ ...income-related gaps both in access
to and in success in higher education are large and growing”
(p- 125, Haveman & Smeeding, 2006). Consequently, an
important question is to not only study differences between
developed environments, but to also investigate whether cer-
tain schools differ from each other in test scores. This can
provide important information at the school-level (e.g., rank-
ings) and it is the focus of the following example.

Average Score Reliability. Assessing school-level dif-
ferences in average test scores is inextricably linked to aver-
age score reliability. In hierarchical models, an estimate of
reliability guides the degree to which the estimator relies on
observed group means or the average across groups (Rauden-
bush & Bryk, 2002). That is, in the presence of large error
relative to between-group variance, the means are smoothed
towards the grand mean (the groups become more similar to
one another). This is sometimes referred to as partial pooling
(e.g., Gelman, Hill, & Yajima, 2012). The degree of smooth-
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ing for each group i is defined as

2
9y

(10)

= =5
o + 0% /n;

which is known as the “shrinkage factor” and it is equiva-
lent to average score reliability or ICC(2) (McGraw & Wong,
1996; Shieh, 2016). In Equation (10), n; is the number of
measurements for group i. Note that this is the same as
ICC(1) given in Equation (2), but, in this case, o-fv is divided
by the respective number of measurements gathered from a
given group. This establishes the foundational link to CTT,
in that reliability approaches one as n; — oo, with the as-
sumption that a'i is greater than zero. The predicted estimate
[i;, or the average test score, for school i is then computed
with

fi=(1=)Ye + Y, an

where Y is the grand mean and Y; is the school-specific
mean (McCulloch, 2003). This is commonly referred to as
the Best Linear Unbiased Predictor (BLUP) and it is related
to the so-called “Stein’s paradox” (Efron & Morris, 1977,
Morris & Lysy, 2012; Stein, 1956). However, it is important
to note that the original derivation is grounded in psychomet-
rics and CTT. That is, although Equation (11) was given as
an individuals best estimate of their true score in Kelley (p.
178, see eq. 22, 1927), it makes the critical assumption of a
common variance (i.e., o2 in Equation 10).

Herein lies how our methodology can be viewed as an ex-
tension to CTT. Namely, in Equation (10), the calculation
of average score reliability assumes a common within-group
variance 2. This is not so for the MELSM, and in refer-
ence to group-specific reliability given in Equation (6), we
can further establish a connection to the Spearman-Brown
prediction formula (Brown, 1910; Spearman, 1910), that is,

J - pi

YO =TT e

(12)
Here the Spearman-Brown equation is applied to the group-
specific reliability, p;, based on ICC(1), such that each school
has their own predicted reliability for / measurements (the
group size). Typically the Spearman-Brown formulation as-
sumes a common value for p, that is, the subscript i does
not exist. Note that Equation (12) approximates ICC(2), that
was given in Equation (10), asymptotically as J increases
(Bliese, 2000). Because the “shrinkage factor” is equivalent
to ICC(2), the Spearman-Brown equation in Equation (12)
can also be understood as predicting the expected degree of
shrinkage in a one-way random effects model. The gener-
alization to predicting group-specific reliability and the con-
nection to shrinkage are major contributions of this work.
Model Specification. We now apply the MELSM and
the Spearman-Brown equation for predicting reliability

based on J measurements in an educational setting. The ba-
sic idea is to predict reliability, in an effort to reach an accept-
able level while also accounting for (possible) heterogeneity
in the within-school variance structure. Further, assuming
the goal is to detect school-level differences, Equation (12)
can also be used to predict the expected shrinkage. This is
critical to detect differences, in that, with increasing shrink-
age, the school-level means or true scores become more ho-
mogeneous (Gelman et al., 2012).

We use data from the General Certificate of Secondary
Education (GCSE) exam, which is an academic qualification
for the United Kingdom. There are 65 schools and 4,059 stu-
dents from six Inner London Education Authorities. These
data have been used in several examples demonstrating the
utility of hierarchical models. In particular, the school-level
residuals have also been examined in an attempt to make in-
ference about the variance structure (Goldstein et al., 1993,
see Figure 2,), which is a naive MELSM. In the present anal-
ysis, the outcome is normalized test scores at age 16. We
also predict true score variance, o’%, with school-level av-
erages for the London Reading Test (LRT) at age 11. The
schools have been categorized into three groups based on the
average student level Verbal Reasoning (VR) score at intake,
consisting of the bottom 25%, middle 50%, and top 25%.

Mean Structure. For the ith school and jth measure-
ment, the one-way random effects model is defined as

Yij = Bo + ug; + €, (13)

where 3 is the fixed effect and uy; the individual deviation.
More specifically, By is the average of the school means or
observed scores and By + up is the mean for the ith school.
“True” Score Variance. The random effects are then as-
sumed to be drawn from a Gaussian distribution, that is,

Uup; ~ N(O, O’Zl»).

Here the between-school variance o-i captures the variability
in the random effects var(ug;), or the true score variance, that
are assumed to be normally distributed with a mean of zero.
We then predict the true score variance with the school-level
rankings of test scores. This log-linear model is defined as

-25% 50% 25%
O-ii = exp(K(() ) + K(1 )Xil + K(2+ )Xi2)~ (14)
X is the design matrix with two dummies, coded to represents
the schools. Thus KE)_ZS%) is the between-school variance for
the schools in the bottom 25th percentile in scores at age 11.
This serves as the reference category or the intercept. Conse-

quently, for the schools in the middle 50th and top 25th per-

centile, the variance in their true scores is K(({zs%) + K(2+50%)
(—25%) (+25%) .
and « + Ky , respectively.

Error Variance. Further, given the MELSM approach,
the residuals or errors are also assumed to be normally dis-
tributed with a mean of zero and variance o’i/_, given as a
function of a linear model, such that
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&j ~ N(0,07 ) with

2 2
e, = exp(io + ur)’.

o
As indicated by the subscripts i and j, the error variance of”,
is now allowed to vary across i schools and j measurements
given a log-linear model. The parameters in the scale model
(the model for the error variance) are analogous to those in
Equation (16). ng represents the intercept and defines the
average of the within-school variances and u;; represent the
random effect, that is, the school departures from 7. For
the first school (i = 1), 9 + uy; is the variability of their
exam scores. The random school effects are also normally
distributed, u;; ~ N(0, o-%), and like the mean structure, they
can be shrunken towards the average within-school variance
To-

A simple example using the ICCier package is available
in the Appendix B.

Reliability Indices. Together, this model allows for
computing group-specific reliability, given the within-school
(error) and between-school (true score) variance. That is, for
school i their respective reliability, or ICC(1), is

2
EXP(K
pko) if —25%
exp(ko)? + exp(no + u;)?
exp(kpg + K
pi= PTG s0%. ()
exp(ko + K1)~ + eXp(727o + ui;)
exp(ky + «
plko + k2) it +25%

exp(ko + k2)? + exp(no + uy;)?

This can then be used to predict the average score reliabil-
ity with Equation (12), which as we explained above, also
predicts the expected shrinkage in a one-way random effects
model. This is accomplished by plugging p; from Equation
(15) directly into Equation (12)

Results. We first compared the MELSM to a traditional,
location only, random intercepts model. This is the tradi-
tional “CTT model.” We used an approximate measure of
predictive accuracy, that is, leave-one-out cross-validation
(Vehtari, Gelman, & Gabry, 2017). The difference was
nearly 6 standard errors away from zero, which indicates that
the MELSM was preferred. This can interpreted as “reject-
ing” the CTT model for computing reliability, given there is
heterogeneous variance.

Error Variance. This improved model fit with the
MELSM can also be inferred from Figure 1. Panel A in-
cludes the within-school standard deviations, and the black
bars are 90% credible intervals that excluded zero (the aver-
age). In total, 26% of the schools differed from the average
within-school variance. This is important. Recall that this
violates the implicit assumption of traditional reliability in-
dices, such as for ICC(1) defined in Equation (2). Further,
panel A also highlights a key aspect of the model. Namely,

there is shrinkage towards the average within-school vari-
ance which, in some sense of the word, provides a more
“reliable” estimate of the error. Consequently, the group-
specific estimates of reliability defined in Equation (15) are
computed from the partially pooled estimates of the school-
specific variances.

“True” Score Variance. Panel B includes the estimated
between-school variances. This is another key aspect of the
proposed methodology, in that each category of school-level
test scores has their own estimate of true score variance. Here
it can be seen that the middle group, that is those in the mid-
dle 50% of LRT scores, were more homogeneous than the
top 25% group. For a point of reference, the 90% credible
interval (Crl) for KiSO%) excluded zero, thereby indicating a
difference. This necessarily translates into the measure be-
ing less reliable for middle 50% group. The implications of
this cannot be understated, in that, when assuming there are
homogeneous variance components, this can mask important
information related to achieving a desired level of reliability
at the school level.

Reliability. Panel C includes the school-specific relia-
bility estimates, or ICC(1), computed with Equation (15).
Recall that ICC(1) captures the correlation between any two
observations from the same school. Importantly, these esti-
mates are a combination of Panel A, that includes the within-
school variance, and Panel B, that includes the between-
school variance. They have been separated according to their
test score ranking and the dotted line denotes the fixed effect
or average reliability. The results are striking. For all schools
in the middle 50% group, their respective 90% Crls excluded
the average reliability in the other categories. Indeed, their
average reliability was merely 0.10, whereas it was 0.25 and
0.30 in the bottom 25% and top 25% groups, respectively.
Said another way, the percentile rank of test scores explains
reliability in these schools. This insight was made possible
by fitting sub-models to both the between (true score) and
within-school (error) variance structures.

We next investigated average score reliability, predicted
with Equation (12), while accounting for heterogeneity in the
variance structures. The idea is to determine the number of
measurements needed to achieve adequate reliability. Figure
1 (panel D) displays these results. Note that each line repre-
sents a school. As a point of reference, we also included a
location only model that embodies the assumptions of CTT.
The critical difference is that the variance components in
Equation (2) are fixed or homogeneous. For the CTT model,
the black line is the predicted reliability and the grey ribbon
is the corresponding 90% Crl. The results are again striking.
Namely, for the middle 50% category, most of the schools
were far below the predicted reliability of the CTT model.
For example, on the one hand, the CTT model would have us
believe that perhaps less than 25 measurements are needed to
obtain, say, an average score reliability of 0.80. On the other
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hand, by fitting sub-models to the variance components, it is
clear that we might actually need 100 measurements. This is
attributed to the smaller true score variance for schools that
placed into the middle 50% of test scores (Figure 1, panel B).
Moreover, the results in panel D also translate into min-
imizing shrinkage towards the grand mean (Equation 11).
This is important to consider when investigating between
school mean differences. This is a result of the equivalence
between average score reliability, or ICC(2), and the “shrink-
age factor” given in Equation (10). Consequently, these re-
sults can also be used to inform study design: Based on these
results, it is clear that more measurements would be needed
from the middle 25% percentile group.' More generally, this
points towards considering that the reliability of a test can
vary at both the level of true score and error variance, that is,
the numerator and denominator in Equation (2) for ICC(1).

Case 2: Developmental Psychology

As a second case we consider an example from infant cog-
nitive development. Developmental researchers have long
been interested in measuring individual differences with the
desire to predict future behavior or developmental outcomes
(Colombo & Fagen, 2014). For example Rose, Feldman, and
Wallace (Rose, Feldman, & Wallace, 1988) found that per-
formance on visual recognition tasks in a sample of 6-, 7-
, and 8-month-old infants predicted later Stanford-Binet 1Q
scores at 3 years of age.

A prerequisite of psychological tasks used to measure in-
dividual differences is their ability to yield reliable measure-
ments from participants. That is, repeated measurements ob-
tained from a single individual must be correlated (to some
extent) with other measurements obtained from the same in-
dividual on the same task. Recent work has drawn attention
to the observation that several commonly used cognitive in-
hibition tasks fail to produce reliable measurements in adults
(Hedge et al., 2018; Rouder, Kumar, & Haaf, 2019). As a
consequence, the ability for these tasks to measure individual
differences has been called into question.

The finding that commonly used cognitive inhibition tasks
are not well suited to study individual differences is surpris-
ing and has generated interest in exploring whether these
findings also apply to tasks used in developmental psychol-
ogy (Arnon, 2018). However, it should be noted that con-
clusions that tasks do not reveal individual differences are
drawn from models that assume a common variance between
individuals. As previously demonstrated, the assumption of
a common variance does not hold in many observed adult
data sets (Williams, Martin, & Rast, 2019). Hence, a core
assumption of measurement reliability is routinely violated
(i.e., homogeneous variance), and to date a solution to ad-
dress the so-called “reliability paradox” has not been pro-
posed. Our methodology not only accommodates heteroge-
neous variance, but as we show below, opens the door for

explaining aspects of reliability—that is, true score and error
variance. This can provide novel insights into cognitive tasks
that could then be used to improve measurement.

Model Specification. We now apply the MELSM to
characterize performance on a task of visual attention in in-
fants (described in more detail below). There is emerging ev-
idence that heterogeneous within-person variance is a defin-
ing feature of cognitive tasks. However, to date, this has only
been investigated in college-aged adults. Hence, in this case
study, we first characterize within-infant variability and also
infant-specific reliability in an experimental task that has four
conditions. We then dive deeper into the reliability of those
conditions. Here we first look at how the number of trials
completed influences reliability and then we assess reliability
differences between conditions.

The data are drawn from an assessment of 5- to 12-month-
old infants using an adaptation of the Infant Orienting With
Attention (IOWA) task developed by Ross-Sheehy and col-
leagues (Ross-Sheehy, Schneegans, & Spencer, 2015). Eye
gaze data were collected (using an automatic infra red light
eye tracking system) from 98 full term typically developing
infants in an attention cueing task. Each trial begins with a
central fixation stimulus (a looming smiley face paired with
classical music). As infants fixate that stimulus, a 100 ms
spatial attention cue (a small black dot) is presented left or
right of midline, followed by a target (a realistic photograph
of an object, e.g., rattle or banana). In the task, infants re-
ceived four types of trials: valid cue trials in which the target
appeared in the location of the cue, invalid cue trials in which
the target appeared on the opposite side of the cue, double
cue trials in which two cues appeared followed by a single
target, and no cue baseline trials in which no cue appears be-
fore the target appeared. Infants provided data on 50 trials on
average, approximately 11 trials per condition. This is more
data than is typically collected per infant in most paradigms,
allowing us the opportunity to address the questions of inter-
est in this work.

Mean Structure. Spatial attention and orienting speed
were assessed using reaction time, or latency to fixate the
target on each trial. We fitted separate models for each of the
four conditions. For the ith infant and jth measurement, the
one-way random effects model is defined as

W =By +ug) + €. (16)
Note that (¢) = {1,2,3,4} is used to denote the respective
experimental condition (i.e., a separate model was fitted for
each). Hence ,BEJC) is the fixed effect and u(ocl.) the individual de-

viation for a given condition c. More specifically, f)c) is the

'In these data, there was a large correlation (r ~ 0.70) between
ICC(2) and the difference between the empirical and shrunken
mean estimates. Hence, the less reliable schools tended to also be
shrunken more so towards the grand mean.
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average of the infants means or observed scores and BBC) + uécl)

is the mean for the ith infant.
“True” Score Variance. The random effects are then as-
sumed to be drawn from a Gaussian, that is,

(C) N(O 2(C))

Here the between-infant variance o-b captures the variabil-
ity in the random effects var(uo;)©, or the true score variance,
that are assumed to be normally distributed with a mean of
zero. We then predict the true score variance with the number
of trials completed by each infant. This explores the possi-
bility that reliability is a function of trials completed. This
model for the true score variance is defined on the log-scale
as

o = exp( + K17X)). A7)

The predictor X, that is number of trials per infant, was grand
mean centered. As a result, KO represents the true score
variance for the average number of trials across all infants.
We also scaled the predictor such that K(]c) corresponds to the
regression weight for a 10 trial increase. Now, rather than
assuming a'i to be fixed and non-varying across all infants,
as in CTT, our formulation allows for explaining true score
variance in a cognitive task—in this case with the number of
trials completed.

Error Variance. Further, with the MELSM approach,
the residuals or errors are also assumed to be normally dis-
tributed with a mean of zero and variance of”,, given as a
function of a linear model, such that

e ~ N(0,029) with (18)

2“) = exp(yy +uy))’. (19)
As indicated by the subscripts i and j, the error variance o-e(c) s
is now allowed to vary across i infants and j measurements
given a log-linear model. The parameters in the scale model
(the model for the error variance) are analogous to those in
Equation (16). That is, ngc) represents the intercept and de-

fines the average of the within-infant variances and u(f[) rep-
resent the random effect, that is, the individual departures
from n(()c). For infant i = 1, 77(‘) + ”1 | is the variability of
their latencies in condition ¢. The random effects are also
normally distributed, u(‘) N0, a'f(c)), and like the mean
structure, they can be shrunken towards the average within-
infant variance nff).

Reliability Indices. With the model specification in
hand, we can now define reliability indices for each condi-
tion, ¢, and infant, i. This is defined as

exp(KéC) + ch)X )?
CXp(K(C) (C)X )2 + eXp(U(C) (C))Z

(c) _

i

(20)

This index is infant-specific ICC(1) and X; corresponds to
a given number of trials completed for infant i. The true
score variance, or the numerator in Equation (20), is then a
function of trials completed. Consequently, p; ) is computed
with respect to the number of trials completed f0r each infant
and their respective error variance, exp(n(‘) (C))z Note
that trials completed is not an individually varying predic-
tor, but is instead a so-called level two variable. This allows
for predicting reliability, given the fixed effect average for
the within-infant variance. This predicted reliability index is
defined as

A exp(Kg) + K(l°) Trials)?
[)(‘)

@D
exp(K(L) (1‘) - Trials)? + exp(ng))2

Recall from Equation (17) that K(C) is the between-infant vari-

ance for the average number of trials completed (i.e., the
grand mean) and K ) the corresponding regression weight.
This allows for predrctlng reliability across a range of tri-
als completed which translates into investigating the effect
of completing more trials on reliability at the level of true
score variance. Further, because the package ICCier em-
ploys Bayesian estimation, 5 has a full distribution which
readily allows for assessing reliability differences, for exam-
ple, between conditions and as a function of a level two pre-
dictor. This is demonstrated below. This powerful approach
for probing reliability is a major and novel contribution to the
measurement literature.

Results. We first compared the MELSM to a traditional,
location only, random intercepts model. This was again done
with LOO (Vehtari et al., 2017). The differences ranged
from at most 9.4 (control condition) to 6.1 standard errors
(double condition) away from zero, which indicates that the
MELSMs had superior model fit compared to the customary
“CTT model.” This also implies that there were considerable
individual differences in the true scores and within-person
variability.

Error Variance. The improved fit of the MELSM can be
inferred from Figure 2 (panel A), which includes the within-
infant S D’s. Note that for aesthetic reasons they are plot-
ted on the logarithmic scale. The results are striking; across
each experimental condition, there is considerable variance
heterogeneity at the infant level. Indeed, the proportion
of infants that differed from the average within-infant SD
(the dotted line) ranged from 0.48 (valid-cue) to 0.63 (base-
line). As described in Williams, Martin, and Rast (2019),
the average within-infant variance is used to compute tra-
ditional reliability indices (Arnon, 2018). Hence, for these
data, it is clear that computing reliability based on the aver-
age only would mask the large amount of individual differ-
ences. And it is not entirely clear, from our perspective, what
a single reliability score would mean under the presence of
such variation. For example, the maximum-minimum ratio
between within-infant variances ranged from 23 (baseline)
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to 108 (double cue). These ratios were obtained from the
shrunken estimates and thus the empirical ratios were much
larger. This is further described below (Section Reliability
Indices).

“True” Score Variance. We also predicted true score
variance with the number of trials completed for each infant.
These results are included in the Appendix (Table Al). No-
tably, in all four conditions there was a negative effect, such
that, given an increase in the number of trials completed, true
score variance is expected to decrease. In other words, those
infants that completed the most trials tended to also be the
most homogeneous in the sample. Importantly, the posterior
probability of a negative effect exceeded 95% for three con-
ditions. The exception was the invalid cue condition, where
the posterior probability was 87%. The double-cue condition
in particular had a large effect. For example, an additional 25
trials completed resulted in true score variance reducing from
0.32 to 0.21-a decrease of 34%.

We emphasize that this result does not imply, in general,
that increasing the number of trials completed reduces true
score variance. And we encourage readers to not extend
this finding beyond what is an explicitly exploratory context.
However, this example does make clear that questions related
to improving reliability can be investigated at the level of
true score variance. This has far reaching implications: true
score variance can be a function of covariates, which opens
the door for explaining a key aspect of reliability.

Reliability Indices. Figure 2 (panel B) includes the
infant-specific estimates of reliability. These were computed
with Equation (20), which considers the number of trials
completed for each infant and their within-infant variance es-
timate, respectively. The utility of computing group-specific
reliability is clear, as there is substantial variation in reliabil-
ity at the infant level. Recall this reliability index is ICC(1),
which is the expected correlation between any two observa-
tions from the same infant. Hence, for many infants, their
latencies were highly correlated, whereas, for other infants,
their latencies were nearly independent. This insight was
made possible by extending CTT to accommodate hetero-
geneous variance.

It is informative to consider ICC(2), for average scores,
which can be computed with Equation (12). Given ICC(1)
values of 0.1 and 0.7, and wanting to know the average score
reliability of, say, 5 observations, this would translate into
ICC(2) values of 0.35 and 0.92. Hence, for some infants,
few observations would be needed to reach adequate relia-
bility and other infants would require more measurements.

Panel C includes estimates of reliability that are expressed
as a function of the number of trials completed. This index
was given in Equation (21). In this example, we predicted
ICC(1) with a sequence of trials completed that ranged from
1 to 100. A consistent pattern emerged, in that, for all con-
ditions, reliability is expected to decrease with more trials

completed. This suggests that observations from the same
infant approached independence with more trials completed.
Said another way, in these data, individual differences tend
to reduce with completing more trials. This does not imply
that gathering many trials is necessarily disadvantageous for
detecting individual differences. For example, with few mea-
surements, the individual effects will also have wider credi-
ble intervals that effective making it very difficult to differ-
entiate among infants. Hence we encourage researchers to
interpret this result with care and consider that true score
variance could be related to the number of trials completed
in this particular task and age group. The presented method-
ology not only raised this possibility, but it can also be used
to look further into this intriguing result.

Panel D also includes predicted reliability as a function
of trials completed, but, in this case, it is expressed as a dif-
ference between conditions. That is, we predicted reliabil-
ity given a number of trial completed, as in panel C, and
then computed pairwise differences in ICC(1). The shaded
regions correspond to values of the covariate (trials com-
pleted) that excluded zero. Consider the bottom-right panel,
which includes the contrast between the invalid and valid-
cue. Here the invalid-cue had notably higher reliability when
fewer trials were completed and gradually became similar
to the valid-cue condition with more trials completed. This
difference was not small, in that, for 25 trials completed, the
invalid-cue ICC(1) was 0.60 and the valid-cue ICC(1) was
0.30. On the other hand, while this method does not provide
evidence for invariant reliability (i.e., the null hypothesis),? it
is still informative to note conditions that did not differ from
one another. For example, at no value of the covariate (trials
completed) did reliability differ between the baseline com-
pared to both the valid and invalid-cue. We emphasize the
novelty and utility of this approach. Because we modeled the
variance components, this opened the door for investigating
reliability with an unprecedented level of detail.

Discussion

In this work, we proposed a novel approach for investigat-
ing measurement reliability in hierarchical models. The pri-
mary motivation for developing this methodology was that
classical test theory appears to be incompatible with com-
monly observed phenomena in psychological applications.
Namely, that homogeneous variance appears to be the ex-
ception and not the rule. We noted that homogeneous vari-
ance components are assumed to be the case in ANOVA and
traditional hierarchical models, and thus also assumed when
computing reliability. Our methodology not only relaxes this
assumption, but it allows the true score and error variance

2This could be directly tested, but would require introducing an
extension to allow for Bayesian hypothesis testing. This is beyond
the scope of the current paper.
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to be a function of covariates, including individual variation
therein. Hence, the reliability of a questionnaire, measure-
ment device, or experimental task, can be explained. This
can provide unique insights into reliability that are made pos-
sible by merging ideas stemming from the variance modeling
literature with classical test theory.

Practical Implications

There are several practical implications of this work. First,
in educational research, we demonstrated the utility of mod-
eling the variance structure for assessing standardized test
scores. In particular, we demonstrated that both the true score
and error variance can be the target of an explanatory model.
This can inform study designs, for example sampling strate-
gies, with the goal of utilizing school-level information to
obtain a specific level of reliability.

Second, we also described that average score reliability, or
ICC(2), is equivalent to the “shrinkage” factor in a one-way
random effects model, but it assumes a common variance
that can mask important information. Further, the Spearman-
Brown prophecy in Equation (12), that predicts reliability
given a number of measurements, also assumes a common
variance. Our contribution here was to extend both to ac-
commodate heterogeneous variance components. This is es-
pecially important because these indices now reflect the sub-
stantial variance heterogeneity that is inherent to repeated
measurements in psychological science.

Third, in cognitive psychology, there is a debate surround-
ing the adequacy of commonly used experimental tasks for
studying individual differences. The emerging consensus is
that for many measures reliability is too low (i.e., “noisy”
measures) to adequately study individual variation. How-
ever, to our knowledge, this discussion has revolved almost
exclusively around the mean structure (i.e., the experimen-
tal effect) and avoided the within-person variance structure
altogether. This is unfortunate, because reliability has rou-
tinely been computed from tasks that have heterogeneous
error variance. From our perspective, a satisfactory an-
swer to the question of individual differences in cognitive
tasks would require addressing the extreme heterogeneity in
within-person variance and thus reliability (e.g., Figure 2,
panel A).

Moreover, recall that this work is partially motivated
by findings demonstrating that homogeneous within-person
variance appears to be the exception and not the norm in
psychological applications, including cognitive tasks. This
is not readily accounted for by current measurement theo-
ries. However, these insights have thus far been restricted to
college age students Williams, Martin, and Rast (2019) and
older adults Williams, Liu, et al. (2019). In other words, it
was not clear whether this general pattern would generalize
to within-infant variance. Hence, this work adds to the grow-
ing literature on within-person variance heterogeneity that

now spans from infancy to adulthood. And these findings
lend further credence to the notion that heterogeneous vari-
ance (and thus reliability) is a defining feature of commonly
used cognitive tasks. Importantly, we have done more than
highlight this issue as it relates to reliability. We have pro-
vided an innovate approach for investigating reliability that
borrows ideas from the variance modeling literature (Cleve-
land et al., 2003; Hedeker et al., 2008, 2012; Lindley, 1969).

Methodological Implications

The primary aim of this work was to provide the neces-
sary ingredients to extend classical test theory. Of course,
various alternatives have been proposed, including general-
izability theory (Brennan, 1992) and item response theory
(DeMars, 2018). Our aim, however, was to explicitly stay
within the CTT framework, but with the addition of model-
ing true score and error variance. Accordingly, the notion of
how observed scores come about remain in tact, but with the
possibility of predicting the variance components. Hence,
rather than viewing reliability as a stable property of, for ex-
ample, an experimental task, we can fit explanatory models
with the goal of finding variables or situations that influence
(positively) reliability. Essentially, by identifying predictors
of true score or error variance, we can refine measurement.
Such possibilities were demonstrated in the case studies, al-
though these examples just scratched the surface of possi-
bilities. For example, we focused on predicting true score
variance, whereas identifying sources of within-group vari-
ance is also important to consider (i.e., error variance, Karch
et al., 2019)

Historical context should be taken into account when con-
sidering to expand a theory. CTT (and G-theory) is inextri-
cably linked to ANOVA (Fisher, 1925), that is, “Often, CTT
and analysis of variance (ANOVA) are viewed as the parents
of G-theory” (p. 7, Brennan, 2011), with its origins going
back to a time when the primary mode of transportation was
horse and buggy. Just as the horse can limit possibilities for
travel, so too can ANOVA (and traditional mixed models) for
exploring measurement reliability. In this respect, our work
can be seen as an extension to CTT; that is, a natural pro-
gression from classical to modern methodology. This brings
full circle the arguments of Lindley (1969) and Novick et al.
(1971), where it was originally noted that Bayesian meth-
ods offer flexibility not possible with ANOVA.? The user-
friendly R package ICCier can facilitate this transition to-
wards richer models for investigating measurement reliabil-
ity, all the while staying within the CTT framework.

3The R package nlme can be used for simple heterogeneous
variance models. There are key disadvantages, however, including
that the variances are not hierarchically modeled and that a measure
of uncertainty is not readily available. Further, the models fitted in
this paper failed to converge in nlme.
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An Alternative Perspective

It would be remiss of us to not offer an alternative perspec-
tive. It is customary to view the residuals as mere “noise”
and perhaps measurement “error.” For example, trial to trial
fluctuations are a nuisance to understanding the latent pro-
cess. On the other hand, there is a large body of literature
that views these same fluctuations as a key aspect of the con-
struct. A good example is personality traits, that were typ-
ically considered fixed, but now an active area of research
revolves around within-person variability of these traits (i.e.,
the fluctuations; Fleeson, 2001; Hutteman, Back, Geukes,
Kiifner, & Nestler, 2016; Williams, Liu, et al., 2019). So
rather than there being individual differences in reliability,
the alternative perspective is to view these as individual dif-
ferences in stability. That is, individuals with larger residual
variance are relatively more volatile or inconsistent. Further,
instead of using an adjective to label between-group variance
“true,” this perspective would view homogeneity of means as
an important aspect of the construct. Consider age groups.
An interesting research question is whether older adults are
more or less homogeneous in, for example, cognitive abili-
ties. Such a conclusion is diametrically opposed to CTT, and
the reliability literature in general, where measurements are
construed as a true score plus error. However, in our opinion,
this alternative perspective is worth considering.

Future Directions

The proposed methodology provides a foundation for fur-
ther quantitative advances. First, although we stayed within
the CTT framework, the basic ideas readily apply to G-
theory. In this case, explanatory models could be fitted
to several variance components. The model described in
the section Model Formulation can seamlessly accommodate
this extension. Second, this methodology could be extended
to consider test-retest reliability. This is especially impor-
tant, because, to our knowledge, heterogeneous within-group
variance has not been considered in test-retest situations.

Conclusion

Measurement reliability has traditionally been considered
a stable property of a measurement device or experimen-
tal task. This framework does not allow for explaining re-
liability, because it assumes the true score and error vari-
ance are fixed and non-varying. However, heterogeneous
variance modeling allows for investigating reliability with a
fine-tooth comb. The illustrative examples highlighted such
possibilities. There can be substantial variability in error
variance, which necessarily implies the same for reliability,
and that true score variance can be a function of covariates.
The methodology that made these insights possible is imple-
mented in the R package ICCier.
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Supplementary Results

Table Al
Sub-model estimates for predicting “true” score variance
Estimates

Parameter M SD 90% Crl pk1 < 0Y)
exp[« "] 037 0.05 [0.31,0.45] -
explko + (k1 -2.5)]  0.30 0.06 [0.21,0.41] 0.97
exp[«”")] 032 0.05 [0.26,0.39] -
explko + (k1 -2.5)]  0.21  0.06 [0.14, 0.29] 0.99
exp[xJ" ] 045 0.05 [0.38,0.53] -
explko + (k1 -2.5)]  0.35  0.07 [0.27, 0.46] 0.99
Kyt 038 0.05 [0.31,0.46] -
explko + (k1 - 2.5)]  0.34 0.07 [0.25,0.45] 0.87

Note. Posterior mean (M) and standard deviation (SD). k, is the inter-

cept and the true score variance for the average number of completed tri-

als. «j is the regression weight. p(x; < 0]Y) denotes the posterior prob-
ability of a negative effect. To ease interpretation, we computed the true

score variance for an increase of 25 trials completed. This corresponds to

explko + (k1 - 2.9)].
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Appendix B Diagnostics:
Example Code Rhats: Passed
All  analyses were obtained from the ICCier Divergent transitions: Passed
package (development version: https://

github.com/stephensrmmartin/ICCier). @ ———--mmmmmmmmmmmo——

This version can be installed into R via ICC Summary:
devtools::install_github(’stephensrmmartin/ICCier’). Estimate 2.5% 97.5%
Once installed, we can load the ICCier package and the Mean 0.171 0.122 0.230

school-data from the mlmRev package: SD 0.105 0.054 0.172
library(ICCier) Coefficients:
library(mlmRev)
school_dat = mlmRev::Exam Mean Model:
o _ Estimate 2.5% 97.5%
iccier = ICCier(x = normexam, (Intercept) -0.058 -0.161 0.045
between ~ vr,
group = school, Within-group (log) SD:
data = school_dat) Estimate 2.5% 97.5%

The ICCier function takes the independent variable (Intercept) -0.108 -0.153 -0.061
in x (here, normexam). The between argument defines the

submodel for the between-group variance. Here, vr is de- Between-group (log) SD:

fines the schools intake level quartiles. The grouping variable Estimate 2.5% 97.5%

is defined in group. Mean_(Intercept) -0.785 -1.210 -0.324
A summary of the fitted object can be obtained via Mean_(Intercept):vrmid 50% -0.494 -1.027 0.042

Mean_(Intercept):vrtop 25% 0.237 -0.415 0.867

> summary(iccier) Random Effect Correlations:

Formula: normexam | school ~ 1 | 1 | vr Mean_(Intercept) (Intercept)

Type: Unconditional Mean_(Intercept) 1.000 0.315

Number of observations: 4059 (Intercept) 0.315 1.000

Number of groups: 65


https://github.com/stephensrmmartin/ICCier
https://github.com/stephensrmmartin/ICCier
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