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Mixed-effects models are becoming common in psychological science. Although they have
many desirable features, there is still untapped potential. It is customary to view homoge-
neous variance as an assumption to satisfy. We argue to move beyond that perspective, and
to view modeling within-person variance as an opportunity to gain a richer understanding of
psychological processes. The technique to do so is based on the mixed-effects location scale
model that can simultaneously estimate mixed-effects sub-models to both the mean (location)
and within-person variance (scale). We develop a framework that goes beyond assessing the
sub-models in isolation of one another and introduce a novel Bayesian hypothesis test for
mean-—variance correlations in the distribution of random effects. We first present a motivating
example, which makes clear how the model can characterize mean—variance relations. We
then apply the method to reaction times gathered from two cognitive inhibition tasks. We find
there are more individual differences in the within-person variance than the mean structure, as
well as a complex web of structural mean—variance relations. This stands in contrast to the
dominant view of within-person variance (i.e., “noise”’). The results also point towards para-
doxical within-person, as opposed to between-person, effects: several people had slower and
less variable incongruent responses. This contradicts the typical pattern, wherein larger means
tend to be associated with more variability. We conclude with future directions, spanning from
methodological to theoretical inquires, that can be answered with the presented methodology.
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Introduction

Repeated measurement designs are common to the social-
behavioral sciences. Their use spans from observational in-
quiries that track individuals over an extended period of time,
to controlled settings that can include hundreds of experi-
mental trials for each person. Modeling these kinds of data
requires techniques that are able to partition and account
for different sources of variation, for example, in the ex-
perimental effect (Aarts, Dolan, Verhage, & van der Sluis,
2015) or stimulus type (Wolsiefer, Westfall, & Judd, 2017).
Adequately accounting for these sources of variability leads
to the desired (frequentist) inference by ensuring that nom-
inal error rates are maintained (Aarts, Verhage, Veenvliet,
Dolan, & van der Sluis, 2014; Barr, Levy, Scheepers, & Tily,
2013; Judd, Westfall, & Kenny, 2012; Williams, Carlsson,
& Biirkner, 2017). The idea here is that researchers need to
control or correct for variability. On the other hand, mod-
eling these same sources of variation can provide valuable
insight into psychological processes that drive the variation
itself. A prominent example is the study of individual differ-

ences in, say, temporal changes (Liu, Rovine, & Molenaar,
2012), inhibition (Haaf & Rouder, 2017), or learning trajec-
tories (Williams & Rast, 2018).

Although there are many approaches to modeling repeated
measurements data, two general trends have emerged in psy-
chology. First, some researchers seek to construct elabo-
rate, nonlinear models, that are meant to mimic, as closely
as possible, the latent data-generating mechanisms (Mazur,
2006). The resulting models are termed process models, and
their study has been an integral part of the field of mathe-
matical psychology (see references provided in: Townsend,
2008). The second trend is to focus exclusively on the mean
structure—that is, how the mean of the outcome (e.g., re-
sponse times) varies with, perhaps, an experimental manip-
ulation. In these situations, it is common to aggregate re-
peated measures data at the individual level (Davidson, Za-
cks, & Williams, 2003; Wright, 2017), such that each per-
son contributes only their respective mean score. This al-
lows for using a relatively simple statistical method such as
the dependent samples #-test. Despite their popularity, these
approaches are not without limitations (Leppink, 2019; Lep-
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pink & Merriénboer, 2015), including removal of the within-
person variance and they cannot provide information about
individual variability (Bauer, 2011). More recent approaches
employ mixed-effect models that can simultaneously esti-
mate the average effect across individuals and the person-
specific estimates (i.e., random effects). Their inherent flexi-
bility allows for investigating research questions beyond the
average, for example, whether all people had an effect in the
predicted direction (Haaf & Rouder, 2017). These develop-
ments have been integral in the study of individual differ-
ences.

In this work, we argue there is a fertile middle ground
between positing full-blown process models and studying
mean structures. For the study of individual differences in
particular, there is untapped potential in mixed-effects mod-
els. The focus has mostly remained on the mean structure,
that is the dependent variable of interest, whereas within-
person variability is often relegated to “error” and consid-
ered a nuisance. In other words, the unexplained variance, or
the within-person variance, goes into the residual component
where it is typically considered a fixed, non-varying constant,
in mixed-effects models. Herein lies the untapped potential:
rather than viewing homogeneous variance as an assumption
to satisfy, or within-person variance as “noise,” we can seek
to understand it just like the dependent variable.

Despite that in psychology the primary focus has been on
the mean structure, there is an interesting and storied liter-
ature on modeling within-person variance (i.e, the residual
variance, Cleveland, Denby, & Liu, 2003; Hedeker, Mer-
melstein, & Demirtas, 2008, 2012; Leckie, French, Charl-
ton, & Browne, 2014; Rast & Ferrer, 2018; Rast, Hofer, &
Sparks, 2012a). In applied settings, residual variability is
termed intraindividual variability (ITV; Christ, Combrinck,
& Thomas, 2018; Fagot et al., 2018; Rocke & Brose, 2013),
and thought to reflect behavioral consistency (Rast, Hofer,
& Sparks, 2012b) or predictability (D. J. Mitchell, Fanson,
Beckmann, & Biro, 2016). This conceptualization builds
upon a central idea that within-person variance, or IV, is not
regarded as reflecting mere measurement error but conveys
systematic information (Cattell, Cattell, & Rhymer, 1947,
Fiske & Rice, 1955; Horn, 1972; Ram & Gerstorf, 2009;
Woodrow, 1932). As an example, consistency in cognitive
abilities has been proposed as an indicator of Alzheimer’s
disease in aging populations (Kalin et al., 2014). And incon-
sistency was even suggested to predict death (MacDonald,
Hultsch, & Dixon, 2008). That is, those that were more vari-
able tended to die before those that were relatively stable.

Furthermore, it has been noted that behavioral measures
may have important signatures in both the mean and vari-
ance structures. For example, Luce (1986) and Wagenmak-
ers and Brown (2007) proposed a lawful relationship in re-
sponse time: the standard deviation of response time tends
to increase linearly with the mean. Rouder and colleagues

build in this lawfulness explicitly by using shift-scale-shape
models (e.g. Rouder, Tuerlinckx, Speckman, Lu, & Gomez,
2008; Rouder, Yue, Speckman, Pratte, & Province, 2010),
such as a three-parameter lognormal with effects in scale.
Moreover, common graphical approaches, such as QQ plots
and the delta plot (De Jong, Liang, & Lauber, 1994), are
commonly employed techniques for visualizing the mean-
variance relationship (Ridderinkhof, Scheres, Oosterlaan, &
Sergeant, 2005; Schwarz & Miller, 2012). These inquiries
into the mean—variance relation share a common thread, that
is, they are typically descriptive in nature. And the modeling
based approaches, as in Rouder et al. (2010), do not directly
target the within-person variance.

The aim of this work is to present a novel, formal Bayesian
modeling framework, that allows for testing and visualizing
what has been previously stipulated about the mean—variance
relation. But, importantly, we focus on within-person vari-
ance or IV in hierarchical models. This places our work
within the tradition of individual difference research, in that,
along with the means, person-specific consistency is charac-
terized. This necessarily leads to rich inferences relating to
mean—variance lawfulness, because the correlations between
individual difference parameters in the random effects distri-
bution can be tested. Hence, with an uncanny level of detail,
researchers can begin to test lawful relations between, say, an
experimental effect on reaction time and reaction time con-
sistency.

This work is organized as follows. In the first section we
introduce a relatively simple model, where it is made clear
how our approach can capture and test mean—variance re-
lations. Additionally, we introduce our hypothesis testing
strategy for the correlations that capture the mean—variance
relations in the distribution of random effects. We then ap-
ply the methodology to two well-known cognitive inhibition
tasks. Here, general advantages of our approach are high-
lighted, as compared to a traditional mixed-effects model,
and the hypothesis testing strategy is employed. We con-
clude by summarizing our major contribution, limitations of
the mean-variance modeling in general, and specific future
directions for psychological applications.

Motivating Example

The foundation for our methodology merges two disparate
lines of research. On the one hand, the heterogeneous vari-
ance modeling literature that attempts to explain within-
person variance (Cleveland et al., 2003; J. Foulley & Quaas,
1995; J. L. Foulley, San Cristobal, Gianola, & Im, 1992).
Central to this endeavour is the recently proposed mixed-
effects location scale model (MELSM, pronounced mel-zem;
Hedeker et al., 2008), described below, which allows the
within-person variance to be a function of its own mixed-
effects model (e.g., Watts, Walters, Hoffman, & Templin,
2016; Williams & Rast, 2018). On the other hand, for test-
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ing mean—variance relations, we draw upon the Bayesian lit-
erature that employs mixture prior distributions for variable
selection—that is, spike and slab methodology (see references
in O’Hara & Sillanpii, 2009). As shown in this motivating
example, this opens the door for answering novel research
questions about the interplay between the mean structure and
within-person variance in psychology.

Random Intercept Model

We use data from an inhibition task that investigated the
so-called “Stroop Effect.” These data were first reported in
von Bastian, Souza, and Gade (2016). They consist of 121
participants, each of which completed approximately 90 tri-
als in total. About half of the trials were in the congruent
condition, wherein the number of characters matched the dis-
played numbers (e.g., 22). The remaining trials were in the
incongruent condition (e.g., 222). Further details are pro-
vided below (Section Illustrative Examples). The outcome is
reaction time (on the seconds scale) for correctly identifying
the number of characters.

Mean Structure. For the ith person and jth trial, the
mean structure is defined as

yij = Bo + uo; + €, (1)

where 3 is the fixed effect, or the population-averaged mean,
and u; is the individual deviation, or random effect, for sub-
ject i. The random effects are assumed to follow a normal
distribution with mean zero. Hence, for person i, their re-
spective response time mean is Sy + up;. Note this is not
equivalent to estimating the empirical means, because the hi-
erarchical structure, described below (Equation 3), provides
shrinkage that improves accuracy by smoothing the random
effects towards By (Efron & Morris, 1977; James & Stein,
1961).

Variance Structure. We next account for the “errors”.
While they are typically assumed to be normally distributed,
with a constant variance, this is not the case for the MELSM,
that is,

& ~ N(0,07) with 2
02 = explno + ).

The subscripts denote the residual for the ith person and jth
trial. Further, the error variance of is now allowed to vary
across i individuals given a log-linear model (Hedeker et al.,
2008). These parameters are analogous to those in Equation
(1), in that 759 is the average of the within-person variances
on the logarithmic scale. The random effects uy; are the in-
dividual deviations from 7y and they are assumed to be nor-
mally distributed with mean zero (Equation 3). This allows
each person to have their own “error” variance. For person i,
no + uy; quantifies the variability of their respective response
time distribution. We assume diffuse prior distributions for

the fixed effects, Bo, 10 ~ N(0,5), which is justifiable be-
cause they are not tested in this example.

Random Effects Covariance Matrix. This work fo-
cuses on the relations between the means and within-person
variances. As such, we assume that the individual effects
from both sub-models are sampled from a common multi-
variate normal distribution—that is,

[ Hoi ]~N(0,2). 3)
Uy

with mean zero and X is the covariance matrix that includes
the random effects variances and covariances. A variety of
priors have been proposed for X (see references in Alvarez,
Niemi, & Simpson, 2014). Historically, the inverse-Wishart
distribution has been a popular choice because it is the conju-
gate prior for X (Gutiérrez-Pefia et al., 1997). However, it has
been criticized for being overly restrictive (e.g., a common
parameter governs all elements; Hsu, Sinay, & Hsu, 2012;
Leonard & Hsu, 1992). Further, recall that our aim is covari-
ance selection in the distribution of random effects (Equation
3). Hence, the random effects correlations, which are scale
free, are a natural target for Bayesian variable selection. To
this end, we use the separation strategy to decompose X (see
Equation 1 in Barnard, McCulloch, & Meng, 2000). This can
be written as

¥ = diag(t) Q diag(7), 4

where T is a 2 X 1 vector, 7; = 0, 1, that contains the random
effects standard deviations S D, diag(t) is a diagonal matrix
with the diagonal elements 7, and Q is a 2 X 2 correlation
matrix. Note that 7; refers to element i in 7. With this decom-
position, we can specify independent priors for each element
of T and Q. For the random effects S Ds, we again assume
diffuse priors,

7; ~ Student-t*(u = 0,0 =1,v=10), i=0,1, (5)

where each is assigned a half Student-t distribution. This
family of priors was proposed in Gelman (2006) and then
Huang and Wand (2013) extended the idea to multivariate
settings. Note that we are not testing for the presence of vari-
ability, for example 7; > 0, but instead the mean—variance
relation captured in ©. We return to the important topic of
testing, say, the fixed effects and random effects S Ds, in the
discussion.

Mixture Prior Distribution. We now describe the prior
for the correlations in © (Equation 4). We employ the spike
and slab approach for variable selection. In this approach,
model comparison is typically formulated as a two compo-
nent mixture: 1) a “spike” that is either narrowly concen-
trated around zero (George & McCulloch, 1993; George &
Mcculloch, 1997) or a point mass at zero (Kuo & Mallick,
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1998; T. J. Mitchell & Beauchamp, 1988) and 2) a dif-
fuse “slab” component surrounding zero. A central aspect
of this approaches is the addition of an indicator variable
(Kuo & Mallick, 1998), which in essence allows for switch-
ing between the mixture components (i.e., transdimensional
MCMC, Heck, Overstall, Gronau, & Wagenmakers, 2018).
The proportion of MCMC samples spent in each compo-
nent can then be used to approximate the respective posterior
model probabilities or the marginal Bayes factors.

Because we target the random effects distribution, this
requires an innovative approach for covariance selection.
We build upon approaches described in Wang (2015) and
Frithwirth-Schnatter and Tiichler (2008), each of which em-
ployed a mixture of continuous distributions. The former was
in the context of graphical models, whereas the latter was
also for random effects covariance matrices. They used a bi-
nary indicator, whereas our innovation is to allow for several
competing hypotheses. This is accomplished by introducing
a three component mixture prior for the random effects cor-
relations.

Recall that the random effects correlations are the off-
diagonal elements of €, that is,

| 1 po
il e

We employ the categorical distribution, which generalizes
the Bernoulli distribution, to the case of several categories

koi ~ Cat(m), k € {1,2,3)}. 7

Here 7 is a 1 X 3 vector of prior probabilities for each cat-
egory, such that Zf:] = 1, and kg, can be understood as
an indicator variable. We assume equal prior probabilities
1/K. It follows that the prior for pg;, that captures the re-
lations between the means and within-person variances, is
then a mixture of three distributions. In our formulation, this
mixture is defined as

por = F~'(zo1) 3
NQ,sp-c;h) ifk=1¢,> 1

Z01 ~ {NF(O0, Sp) ifk=2
N-0.5,)  itk=3,

where A" is a half-normal distribution restricted to positive
values, N~ is a half-normal distribution restricted to nega-
tive values. Consequently, s, is the scale of a half-normal
(k = 2,3) or a normal distribution (k = 1), respectively. Af-
ter taking the inverse of the Fisher z transformation, F~!(zg;),
this results in the prior for pg; (Equation 6). Assuming a
prior on z was described in Daniels and Kass (section 2.3.2,
1999), which was motivated by approaches for covariance
matrix estimation (pp. 5 - 6 in Lin & Perlman, 1985). We

have simplified this formulation by assuming that each com-
ponent has the same scale s,. Furthermore, c;l is a constant,
that when multiplied by s,, creates the “spike” component
that is narrowly peaked at zero. Note also that by “scale”
we are referring to the standard deviation. This formulation
effectively allows for sampling from a null model (k = 1),
a model with a positive constraint (k = 2), or a model with
a negative constraint (k = 3). s, and ¢, are determined by
the researcher. The former can be chosen to reflect a hypoth-
esized effect size, whereas the latter is used to create a null
region that is practically equivalent to zero. Examples of this
mixture prior are provided in Figure 1 (panel A).

Hypothesis Formulation

The mixture defined in Equation (8) allows for confirma-
tory hypothesis testing, which is a central contribution of this
work. For example, there is often a positive relationship be-
tween the mean and variance (Figure 1 panel C). This sci-
entific expectation can be tested as it relates to the mixture
components, that is,

Hi:k=1 )
7‘[22](22
H3Zk=3.

Recall that k = 2 corresponds to the positive constraint. This
can then be tested against its compliment H, : “not H,.” The
corresponding Bayes factor follows,

Pr(k = 2|Y)
1 - Prk = 2Y)

Prik = 2)

BFs, = ,
2 1-Prk =2)

(10)

where the numerator is the posterior odds and the denomi-
nator is the prior odds. This expression parallels the infor-
mative testing literature (Hoijtink, 2011), where hypotheses
are often tested against their compliment (e.g., Equation 8 in
van de Schoot, Verhoeven, & Hoijtink, 2013). Our mixture
approach can also be used for one-sided hypothesis testing,
that is,

Ho: k=1 (1D
H1:k=2,

where k = 1 is the “spike” component. In this case, the pos-
terior odds is given as Pr(k = 2|Y)/Pr(k = 1|Y). Because
we assumed equal prior odds, this also corresponds to the
Bayes factor BFjy. Furthermore, our mixture approach can
seamlessly be extended to test joint hypotheses that include
several correlations. We provide an example of this below.
These are major and novel contributions.
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At this point, it is important to note that we are focusing
on the marginal posterior probabilities of each mixture com-
ponent, that is, Pr(k|Y),k = 1,2, 3. These are known as pos-
terior inclusion probabilities (PIP). In this example, because
we are only testing one parameter, they also correspond to
the respective model probabilities. In the case of testing sev-
eral correlations, however, it is possible to obtain the high-
est posterior model (HPM). A limitation of this approach is
that, with several test relevant parameters, the size of model
space becomes prohibitively large. For this reason, we pri-
marily focus on the marginal PIPs (e.g., Table 1 in Wagner
& Duller, 2012) and Bayes factors (e.g., p. 216 in Peterson,
Swartz, Shete, & Vannucci, 2013).

Software and Estimation

This paper includes a variety of fitted models. To avoid re-
dundancy, we detail their estimation in this section. All mod-
els were fitted with the R package hypMuVar, which serves
as a front-end to the popular Bayesian software JAGS (Plum-
mer, 2013). For demonstrative purposes, we set s, = 0.5
and ¢, = 50 (Figure 1, right plot in panel A). Hence, the
standard deviation of the “spike” component was 0.01. Each
fitted model included four chains of 25,000 iterations each,
resulting in a total of 100,000 samples from the posterior dis-
tribution. Those samples were saved from an initial adaption
phase of 5,000 iterations for each chain. This number of sam-
ples provided a good quality of the parameter estimates in
which the models converged with potential scale reduction
factors R smaller than 1.1 (Brooks & Gelman, 1998). The
posterior distributions are summarized with means, standard
deviations, and 90% credible intervals (Crl). All computa-
tions were done in R version 3.6.1 (R Core Team, 2017).

Results

The parameter estimates are displayed in Figure 1. Panel
B (left) includes the hierarchical reaction time means for
each individual. The pink bars denote 90 % Crls that ex-
cluded the fixed effect or population average (dotted line),
which revealed that there were substantial individual dif-
ferences. Panel B (right) includes the hierarchical reaction
time standard deviations (S D) for each individual. This is a
unique aspect of the MELSM (Equation 2). Paralleling the
mean structure, there were also substantial individual differ-
ences in consistently responding. In other words, the SD
of the response time distributions varied from individual to
individual. Furthermore, as revealed in panel B, there was a
3.4 fold increase from the most to least consistent individu-
als. On the other hand, there was a 1.8 fold difference in the
reaction time means.

In Wagenmakers and Brown (2007), where a lawful re-
lationship between reaction time means and S Ds was pro-
posed, a null hypothesis significance test was used in a two-
stage approach. This was accomplished by computing the

reaction time means and S Ds for each person in step-one,
and then correlating those estimates in step-two. Our model
formulation also provides this correlation (Equation 3), but,
importantly, for the hierarchical estimates. The individual
means and S Ds are displayed in Figure 1 (panel C). “Hi-
erarchical” (grey) refers to the estimates obtained from the
MELSM, whereas “Empirical” (orange) refers to the sample
based estimates.! In these data, the correlation was slightly
larger for the hierarchical estimates (0.63 vs. 0.65). The
results also highlight the central idea behind shrinkage, in
that the model based estimates are often closer to the fixed
effect. This gravitation towards the average was especially
pronounced for the larger values.

Panel D includes the posterior distribution for pg; (Equa-
tion 4). Recall that the prior for py; is a mixture of three
components (e.g., panel A) and the proportion of posterior
samples in each can be used to compute Bayes factors. In
this case, because Pr(k = 2|Y) = 1, this results in an infinite
Bayes factor in favor of a positive correlation. This is de-
cisive evidence (Kass & Raftery, 1995). Hence, the slowest
individuals tended to be the least consistent.

Summary

This simple example illustrated several benefits of our
innovative approach for characterizing mean—variance rela-
tions. For example, the hierarchical formulation reduced
variability in the estimates and the correlation was tested
with a novel strategy. Of course, individual differences are
commonly studied in relation to, say, an experimental effect.
In the following section, we thus extend this formulation to
accommodate both random intercepts and slopes.

Hlustrative Examples

We first return to the Stroop and then proceed to the
Flanker inhibition task. In these tasks, there is a congruent
and an incongruent condition, and researchers are most inter-
ested in the contrast between these conditions. For this con-
trast defines the effect, and in the data we explore, it defines
how well each individual can inhibit irrelevant information.
We use illustrative data that were first used in von Bastian
et al. (2016), and were then reanalyzed in Haaf and Rouder
(2017). The latter included a customary, location-only, indi-
vidual differences model that included random intercepts and
slopes. Note that we are answering a much different question
than Haaf and Rouder (2017), which focused on the direction
of the random slopes (i.e., the experimental effects). We are
explicitly interested in the covariances between the individ-
ual difference parameters for the location and scale.

"These were computed as the mean and standard deviation for
each person.
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Figure 1. A) Illustrative mixture prior distributions for testing correlations in the distribution of random effects. s, is the scale parameter for
the slab (k = 2, 3), whereas c;' is a constant, that when multiplied by s,, produces the “spike” (k = 1). The basic idea is that the mixture
components are competing hypotheses. Hence it is possible to compare, say, Ho : K = 1 vs. H; : k = 2, which results in a one-sided
hypothesis test. B) Location and scale intercepts for each individual (black dots). The former is reaction time means and the latter is reaction
time standard deviations (S D). The pink error bars denote 90 % credible intervals that excluded the fixed effect (dotted line). This is a
key aspect of the MELSM, as location only mixed-effects models customarily assume a common reaction time S D for all subjects. C)
Hierarchical shrinkage that effectively smooths the individual estimates towards the fixed effect. The “Hierarchical” estimates (orange) were
obtained from the MELSM, whereas the “Empirical” estimates (grey) were obtained from the data by computing the means and S Ds for
each individual. This reveals that there is hierarchical shrinkage for both the random scale and location effects. D) The posterior distribution
for py; (Equation 6) that captures the correlation between the individual means and S Ds in the distribution of random effects (Equation
3). The blue corresponds to the positive slab (k = 2), where Pr(k = 2|Y) = 1.0, which results in decisive evidence. That is, the slowest

individuals tended to be the least consistent.
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Case 1: The Stroop Task

In this task, participants were asked to count the number
of characters displayed with key strikes. This is the num-
ber Stroop task. For the congruent condition, the number
of characters matched the digits displayed (e.g., 3 charac-
ters presented as 333). For the incongruent condition, there
was a mismatch between the number of characters and the
digits displayed (e.g., 2 characters presented as 44). There
were 121 participants in total. Each completed 48 trials for
the two conditions. We chose these data because there is a
large effect, with a mean difference of 65 ms, and also sig-
nificant individual differences in the “Stroop effect” y>(3) =
10.94, p = 0.012.2

Data Set 2: The Flanker Task

In this task, the goal was to identify a vowel (e.g., A
or E) or consonant (e.g., B or C). The target was located
in the middle, and was "flanked" by two characters on ei-
ther side. The congruent flankers surrounded the target with
letters from the same category (e.g., UUAUU). The incon-
gruent flankers were surrounded by mismatched letters (e.g.,
CCACCQC). There was also a neutral condition (##A##), but
we only used the congruent and incongruent trials. There
were 121 participants in total. Each completed 48 trials
for the two conditions. We explicitly chose these data to
contrast the Stoop data. The mean difference was small
(2 ms) and there were no significant individual differences
¥*(3) = 2.03,p = 0.566. This may seem paradoxical on
the “surface,” but this demonstrates the utility of extended
inference beyond the mean structure.

Model Parameterization

Mean Structure. We fit the same model to both data
sets. The outcome is reaction time for correct responses on
the seconds scale, predicted by the experimental condition.
For each outcome y, the location sub-model of the response
times for the ith person and jth trial is given as

Yij ~ Bo + Bi(Incongruent; ) (12)
+ ug; + uy;(Incongruent; j) + €.

where £ is the fixed effect intercept, which is the average
reaction time for the congruent condition (the reference cat-
egory). The reaction times are predicted by the experimental
condition (congruent vs. incongruent). Hence, 3, is the aver-
age difference from the congruent condition (i.e., the exper-
imental effect). There are random intercepts up; that capture
the individual deviations from S3y. For person i, their mean re-
action time for the congruent condition is 8y + ug;. Addition-
ally, there are random slopes, u; that capture the individual
deviations from ;. Hence each person has an experimental
effect. Again for person i, their experimental effect is 81 +uy;.

Residual Variance Structure. The above is a tradi-
tional individual differences model, in that the “errors” are
not modeled. This is not the case for the MELSM, that is,

&j ~ N(0,07) with (13)

0'2,/_ = exp(no + n1(Incongruent;)

+ up; + us;(Incongruent, j))z.

The subscripts i and j denote residuals for the ith person and
jth trial. Furthermore, the residual variance o-é_/_ is a function
of a hierarchical model that includes both fixed and random
effects. This is a defining feature of the MELSM. The in-
terpretation differs from the random intercepts only model,
because there is a predictor in the location sub-model (Equa-
tion 12). Hence, this model captures systematic patterns in
the residual variance that were not explained by the experi-
mental manipulation. The parameters are analogous to those
in Equation (12), but they are on the logarithmic scale. 7 is
the average within-person variance for the congruent condi-
tion. 7, is the average difference, in residual variance, from
the congruent condition. This is the experimental effect on
consistently inhibiting irrelevant information. There are also
random intercepts u,; and slopes u3;, that capture the individ-
ual deviations from the fixed effects. For person i, the within-
person variance for their congruent responses is 19 + up;. Ad-
ditionally, 171 +us3; is the experimental effect on within-person
variance for person i. This leads to an intuitive interpretation
as percentage changes. Note that this formulation essentially
generalizes the possibility of heterogeneous residual variance
to the individual level.

Random Effects Covariance Matrix. We assume that
the random effects, for both the location and scale sub-
models, are drawn from a common multivariate normal dis-
tribution

Up;
Ui
U;
us;

~N(0,%), (14

with mean zero and X the covariance matrix that includes the
random effects variances and covariances. We again use the
separation strategy. This can be written as

Y = diag(t) Q diag(1), (15)

where T is a 4 X 1 vector, 7; = 0,1,2,3, that contains the
random effects S Ds, diag(t) = diag(ty, 71,73, 74) is a diag-
onal matrix with the diagonal elements 7, and Q is a 4 x 4
correlation matrix.

2We compared a random intercept model to a random slope
model with the R package Ime4
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Standard Deviations. The S Ds capture variability in the
random intercepts 7y and slopes 7; for the mean structure, as
well as the random intercepts 7, and slopes 73 for the resid-
ual variance structure. For example, ‘rf is the variance in the
experimental effects for the location sub-model. This is com-
monly tested to determined whether there is a “common ef-
fect” (Haaf & Rouder, 2017). In this paper we do not test the
variance components, because we are explicitly interested in
covariance between the random effects across the location
and scale sub-models. We return to the topic of testing the
random effects variances in the discussion.

Correlations. The correlation matrix is defined as

1 pot poz pPo3

Q= | Po I pn pi3 . (16)
p2 pi2 1 pn
po3 P13 pa3 1

po1 is the correlation for the random effects within the loca-
tion sub-model. That is, the individual means for the con-
gruent responses and the individual mean differences (i.e.,
the experimental effect). p,3 is the correlation for the ran-
dom effects within the scale sub-model. This provides the
relation between the within-person variances for the congru-
ent responses and the experimental effects on within-person
variance. The remaining correlations that are located in
Q3.41., capture the relations across the location and scale
sub-models. Because they are the primary focus in this work,
and they lead to novel inferences, we explain them in detail
here.

1. pg2: The correlation between random intercepts. That
is, the individual means u(; and within-person vari-
ances uy; for the congruent responses. A similar rela-
tion is displayed in Figure 1 (panel D), but importantly,
in this case, it captures residual variance that can be
interpreted as response time consistency.

2. po3: The correlation between random intercepts for the
location sub-model and random slopes for the scale
sub-model. That is, the individual means ug; in the
congruent condition and the individual differences u3;,
in within-person variance, compared to the congruent
condition (the effect on response time consistency).
Interestingly, this allows for testing whether individ-
uals with the fastest (or slowest) congruent responses
tended to have more (or less) consistent incongruent
responses (compared to their congruent responses).

3. p12: The correlation between random slopes for the
location sub-model u;; and random intercepts for the
scale sub-model u,;. This is similar to the previous, but
the question asked is slightly different. In this case, the
correlation captures whether those with the largest (or
smallest) effects on their reaction times tended to have
more (or less) consistent congruent responses.

4. p13: The correlation between the random slopes for
the location and scale sub-models. That is, the indi-
vidual “Stroop/flanker effects” on response time and
within-person variance. This is perhaps the most inter-
esting relation for the reaction time modeling literature
in particular, because slower individuals are predicted
to be more variable (Wagenmakers & Brown, 2007).
In this case, it is not whether slower people are less
consistent in general, but whether those that struggled
to inhibit irrelevant information also inhibited irrele-
vant information inconsistently.

Prior Specification. We do not test the fixed effects, and
thus use diffuse priors, 8o, 81,170,711 ~ N(0,5). Similarly,
we also use diffuse prior distributions for the random effects
SDs, 7; ~ Student-t*(u = 0,0 = 1,v = 10), i = 0,1,2,3.
These are the same prior used in the random intercepts only
model. Note that these are more informative than so-called
noninformative prior distributions that customarily set the
scale to a large value (e.g., 1000). In more complex mod-
els, such as the MELSM, more informative priors can im-
prove sampling efficiency (Gelman, Simpson, & Betancourt,
2017). This is the primary motivation for these priors.

We test the correlations that capture the relations across
the location and scale sub-models. Accordingly, a mixture
prior distribution is not used for pp; and py3

po1 = F~'(zo1) 17
023 = F ' (z23)
z01 ~ N(0,0.5)

223 ~ N(0,0.5),

which include the within sub-model relations. Recall that
F~'(z) computes the inverse of the Fisher z transformation
for correlations. This offers increased flexibility compared
to, say, a uniform distribution. For the remaining correla-
tions, that capture the mean and within-person variance rela-
tions, we employ a three component mixture, that is,

pij ~ F7'(zi)) (18)
N(0,0.01) ifk=1

Zij ~ N*(0,0.50) ifk=2
N7(0,0.50) ifk=3

kij ~ Cat(mr), k € {1,2,3} (19)

where i = 0,1 and j = 2,3 (i # j, i < j). The standard devi-
ations of the “spike” (k = 1) and slab (k = 2, 3) components
were set to 0.01 and 0.50, respectively. Furthermore, 7 is a
1 x 3 vector of prior probabilities for each category, such that
S, m = 1, and k;; is the indicator for each correlation. We
again assume equal prior probabilities 1/K = 0.33.
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These prior distributions were also used in the random in-
tercepts only model. However, there is an important differ-
ence. This correlation matrix is larger (4 x4 vs. 2x2), which
results in restrictions on the size of the correlations. Accord-
ingly, constraints are needed to ensure that the resulting co-
variance matrix is positive semi-definite. This is automati-
cally handled in JAGS, as invalid values are rejected before
the likelihood is evaluated. Hence, the prior in Equation (18)
is necessarily restricted to positive semi-definite covariance
matrices. In this case, setting the scale to 0.50 ensures that
the prior is mostly unaffected by this restriction. Note that
Frihwirth-Schnatter and Tiichler (2008) used a Cholesky de-
composition to overcome this issue. However, this presents
a more serious challenge because the tested elements do not
correspond to the covariances (or correlations). This is de-
scribed in Pinheiro and Bates (see section 2.1, 1996).

Joint Hypotheses

Our mixture approach allows for testing joint hypotheses
that include several correlations. For example, a researcher
might expect all the correlations to be positive. This can be
expressed as

Hi : “k =2 for all correlations” 20)
H. : “not H”,

which compares 7, to its compliment H.. As described
above (Equation 10), the Bayes factor BF . can be com-
puted directly from the posterior samples that are compati-
ble with H;. This general approach can seamlessly be ex-
tended to, say, also considering a null model H, : “k =
1 for all correlations” and redefining the compliment as H,. :
“not H; or H,.”. In this example, we test the hypothesis in
Equation (20). We also present the marginal posterior prob-
abilities for each correlation.

Results

Comparison to a Mixed-Effects Model. We first com-
pared the MELSM to a traditional mixed-effects location
model (MELM). The models are the same (including the pri-
ors), but for the MELM, only the mean structure was speci-
fied (Equation 12). Further, it is important to note the MELM
can be understood as predicting the residual variance with an
intercept (179). Hence, the remaining scale parameters and
covariances within and across the location and scale sub-
models are implicitly constrained to zero. For purely de-
scriptive purposes, we use the 90% CrlIs to infer whether an
individual differs from the average effect.

Figure 2 (panel A) includes the random slopes for the
mean structure (i.e., 81 +u;;). These correspond to the exper-
imental effects for each person. There are clear differences

between the MELM and MELSM. In reference to the empir-
ical estimates (grey line), there was more shrinkage towards
B for the MELM. This was non-trivial, in that each model
would lead to a different conclusion. On the one hand, be-
cause only two individuals differed from the average for the
MELM, there does not appear to be notable individual dif-
ferences in the Stroop task. However, this assumes that the
residual variance is a fixed, non-varying constant. On the
other hand, with the MELSM, 24 % of the individual effects
differed from the average (8;). These deviations were per-
haps small, but they are nonetheless important to consider.
These differences between models can be understood in ref-
erence to Best Linear Unbiased Prediction (BLUP) of ran-
dom effects, which are computed assuming a common resid-
ual variance (Equation 2.16 in McCulloch, 2003). We em-
phasize this is not the case for the MELSM.

A similar pattern was revealed for the Flanker task, but
the differences between models were even more pronounced.
Note that, on average (8;), there did not appear to be an ex-
perimental effect (Table 1). This seemed to generalize to the
individual level for the MELM, but not for the MELSM. In-
deed,  10% of the sample had a negative effect that indicates
faster incongruent responses, whereas ~ 15% had an effect in
the expected direction (i.e., slower incongruent responses).
There were also individual differences in the MELSM, but
not the MELM, in that 24% of the sample differed from the
fixed effect §;.

Hierarchical Shrinkage. We were surprised by the ag-
gressive shrinkage provided by the MELM. We thus took
a closer look at the Flanker task. The shrunken estimates
for each model are visualized in Figure 2 (panel B). In the
MELM, the random slopes in particular were shrunken to-
wards a common value (8;), whereas, in the MELSM, the
estimates were shrunken towards both By and B;. Further-
more, due to the aggressive shrinkage, the MELM based esti-
mates could be suggested to reflect mere measurement error
(i.e., “noise”). Conversely, by examining the residual vari-
ance str