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Abstract

Research on individual variation has received increased attention. The bulk of the models
discussed in psychological research so far, focus mainly on the temporal development of the
mean structure. We expand the view on within-person residual variability and present a new
model parameterization derived from classic multivariate GARCH models used to predict and
forecast volatility in financial time-series. We propose a new pdBEKK and a modified DCC
model that accommodate external time-varying predictors for the within-person variance. The
main goal of this work is to evaluate the potential usefulness of MGARCH models for re-
search in within-person variability. MGARCH models partition the within-person variance
into, at least, three components: An overall constant and unconditional baseline variance, a
process that introduces variance conditional on previous innovations, or random shocks, and
a process that governs the carry-over effects of previous conditional variance, similar to an
AR model. These models allow for variance spill-over effects from one time-series to another.
We illustrate the pdBEKK- and the DCC-MGARCH on two individuals who have rated their
daily positive and negative affect over 100 consecutive days. The full models comprised a
multivariate ARMA(1,1) model for the means and included physical activity as moderator of
the overall baseline variance. Overall, the pdBEKK seems to result in a more straight forward
psychological interpretation, but the DCC is generally easier to estimate and can accommodate
more simultaneous time-series. Both models require rather large amounts of datapoints to
detect non-zero parameters. We provide an R-package bmgarch that facilitates the estimation
of these types of models.

Translational Abstract

This work introduces and evaluates two multivariate models geared toward capturing within-
person residual variation among few variables in one individual — or among the same variables
in few individuals. The focus is on intensive longitudinal data, typically collected at high
frequency over an extended period of time. The main focus of these models is on the evolution
of within-person variability and on the interplay of residual variability in multiple time-series.
Within-person variability can be seen as a marker of behavioral (in)consistency as it captures
changes in residual variance over time and situations. Both models discussed here, pdBEKK
and DCC, partition the variance into three components: 1) A constant variance that describes
the baseline variability over a time-series; 2) a component that carries forward random shocks
(residual variance) from the previous time points, and 3) a component that carries forward
parts of the previous variance. Both models allow variances to affect each other but only the
pdBEKK allows for asymmetric variance spill overs into other time-series. This feauture makes
the pdBEKK a more promising model in the context of psychological research. We illustrate
the models using data from two individuals who reported negative and positive affect for 100
consecutive days. Both individuals differed in the way their variance evolved over time and
both showed differential effects with respect to variance spill-overs. These models provide
new insights but they also require large amounts of data.
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Introduction 1932). But only recently, in the wake of data abundance on
the individual level, there has been a sharp increase in statis-
tical methods geared toward the modeling of such variability
(Hedeker & Mermelstein, 2007; Hedeker, Mermelstein, &

Within-person variability has been discussed in psycho-
logical research for many years as a potentially important
behavioral phenomena (e.g. Fiske & Rice, 1955; Woodrow,
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Demirtas, 2008; Leckie, French, Charlton, & Browne, 2014;
Ram & Gerstorf, 2009; Rast & Ferrer, 2018; Rast, Hofer,
& Sparks, 2012). With the rise of ecological momentary
assessments, daily diary studies and intensive measurement
designs, more and more data are available at the individual
level. These changes in the availability of data have also re-
sulted in a (re-)evaluation of psychological models in terms
of generalizability of findings from current statistical popu-
lation based models to the individual (Nesselroade & Mole-
naar, 2010). In a seminal paper, Molenaar, Huizenga, and
Nesselroade (2003) have shown that generalizations from
population based models to individuals only hold under very
strict ergodicity assumptions that do not typically exist in
psychological research (Molenaar, Sinclair, Rovine, Ram, &
Corneal, 2009). As a consequence of both, the availability
of person level data and the realization that predictions at the
individual level necessitate individual level models, research
methods for estimating individual behavior have received a
new impetus in recent years. Especially models for the in-
vestigation of patterns of variability within individuals, and
more generally models and methods on single-case designs,
are a growing and active field of research in psychology
(Bringmann, Lemmens, Huibers, Borsboom, & Tuerlinckx,
2015; Castro-Schilo & Ferrer, 2013; Epskamp et al., 2018;
Ferrer, Gonzales, & Steele, 2013; Fisher, Reeves, Lawyer,
Medaglia, & Rubel, 2017; Natesan & Hedges, 2017; Rind-
skopf, 2014; Shadish, 2014; Sullivan, Shadish, & Steiner,
2015)

At the same time, the research focus has widened from
focusing on the mean structure over time to also including
within-person variation over the same time span. It is not
unusual to observe no average changes over time in a person
or a unit of interest, but the actual behavior in question of
an individual might be fluctuating substantially around that
mean. While in many applications these fluctuations are seen
as residual error and are not of further interest, others seek to
identify meaningful patterns in the nature of that variation
itself (Almeida, Piazza, & Stawski, 2009; Cleveland, Denby,
& Liu, 2002; Hamaker, Asparouhov, Brose, Schmiedek, &
Muthén, 2018; Hedeker et al., 2008; Lindley, 1971; Ram
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& Gerstorf, 2009; Rast et al., 2012; Rush, Rast, Almeida,
& Hofer, 2019; Williams, Mulder, Rouder, & Rast, 2020).
While these works all include fixed and random effects for
the within-person or residual variance and allow that variance
to vary across time, given individual specific observations,
they are all still population models. In this present work we
seek to combine these two approaches. That is, we focus on
modeling dynamic changes of within-person variability over
time in single individuals (N=1).

Psychology is not the only field concerned with identi-
fying meaningful patterns of variability in individual time-
series. In fact, other disciplines have been exploring such
models for decades. For example, the field of econometrics
has a long tradition of modeling time-series data in order to
estimate fluctuations in market indices and individual stocks,
mostly with the goal of forecasting the volatility, or variabil-
ity, for the next day or the near future. One of the standard
tools since the 1980s is the autoregressive conditional het-
eroskedasticity (ARCH) model and its generalized extension
(GARCH; Bollerslev, 1986; Engle, 1982; Tsay, 2013).

In this current work, we will study the utility of multivari-
ate GARCH models (MGARCH; Engle & Kroner, 1995) for
examining changes in within-person variability over time for
psychological research. It is important to keep in mind that
GARCH models were (and still are) mainly being developed
and used for forecasting financial time-series. Forecasting,
in particular, is not always a priority in psychological re-
search and, as such, we need to be careful when applying
methods from other fields that were tailored to different goals
and situations that are pertinent in psychology. Nonetheless,
partitioning the variance of a process into different compo-
nents has proven fruitful in psychological applications and,
as will be shown here, GARCH models focus on precisely
that goal. Namely, decomposing the variance into (possibly)
meaningful components, including a constant variance, an
autoregressive and a moving average component. The iden-
tification of these different sources of variance is noteworthy
and can provide an additional perspective into the nature of
variability within individuals.

Currently, individual models typically focus on the mean
structure of a time-series whereby autoregressive compo-
nents are included to account for serial dependency. In the
multivariate case one may allow for autoregressive and cross-
lagged effects (e.g. VAR models van der Krieke et al., 2015)
as illustrated in this simple bivariate model for two variables
yand x at time points t = 1,...7T:

Vi = @QyYi-1 + WyXi—1 + Eyt

Xt = @xXp—1 + WxYi—1 + Exse

The parameters ¢ and w capture the autoregressive and the
time-lagged cross-over effect for each of the variables. These
methods have garnered interest, mainly in the area of individ-
ualized networks of symptoms and scales (Bringmann et al.,
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2015; Fisher et al., 2017). Notably, the errors are assumed
& ~ N(0,0?) and are left unmodeled (Shadish, Rindskopf,
Hedges, & Sullivan, 2013) — an exception is a recently pre-
sented network model for the residuals of a VAR model (Ep-
skamp et al., 2018). The GARCH models discussed here go
one step further and expand the focus to the within-person
residual variance o> and attempt to model it explicitly, con-
ditional on previous variance and realizations of y or x.

In the remainder of this paper we describe the MGARCH
model, review three classic parameterizations, discuss two
potentially interesting models for psychological research,
and present a new parameterization (pdBEKK). We then il-
lustrate the implementation of our pdBEKK- and a standard
DCC-MGARCH using observational data from a daily di-
ary study on the interplay among positive and negative af-
fect over the period of 100 days. We also supplement results
from a small scale simulation that investigates the data re-
quirements for our novel method. We conclude the paper
discussing the usefulness and limitations, as well as the data
requirements of these models for research in psychology.

From ARCH to MGARCH Models

The initial idea behind modeling heteroskedasticity in
time-series was derived from the autoregressive and mov-
ing average (ARMA) model for the means structure. That
is, these mechanisms were introduced to partition the resid-
ual variance components of the model. For example, the
ARMA(p,q) process for the mean structure is defined as

4 q
Hr=c+ Z Giyr-i + Z 0i&:-i, where
i=1 i=1
yr ~ N(uy, 0'2)~

This basic ARMA model includes an AR component of or-
der p applied to the previously observed realizations y,_;
and a MA component of order ¢ on the previous error
terms. ARMA models leave the error variance unmod-
eled and assume homoskedasticity (E(s,z) = ¢?), with zero
mean (E(g;) = 0) and uncorrelated errors (E(g;e5) = 0 for
t # s5). However, in many applications, the assumption of
homoskedasticity does not hold (Wei, 2013).

To address this shortcoming, Engle (1982) introduced au-
toregressive conditional heteroskedasticity (ARCH) models
that were later generalized (GARCH; Bollerslev, 1986). Es-
sentially, GARCH models follow the logic of ARMA models
but the processes of interest are the error variances. While
typical time-series models assume constant error variance
(c®), ARCH models allow that variance to be time vary-
ing and resulting from the sum of a constant and conditional
components. To account for the possibility of a serial corre-
lation in the error variance, the ARCH model considers the
conditional variance as time dependent, V(&/|e;—1) = h; with

q
ho=c+ Z e, (1)
i=1

where a governs the effect of previous shocks operational-
ized as squared residuals (similar to the MA component). In
that simple case, the time-series for y can be given by

Ve =M + h,l/zﬁr, (2)

where p; captures the mean structure and V() = 1.
Adding the assumption of normality we can express y,|;-; ~
N(uy, hy), conditional on the information set #,_, that is, all
available information through time 7. The mean structure y,
is typically assumed to be a linear combination of exoge-
nous and endogenous (lagged) variables (see e.g. Carnero
& Eratalay, 2014, for a VAR-MGARCH model). To sim-
plify our model and the notation, in the remaining definitions
we will assume known zero means (u = 0), unless other-
wise noted. With this assumption, Equation (2) reduces to

— . —pl2
Ve =6 = hz Nt

Model (1) can be extended to a generalized ARCH model
(GARCH; Bollerslev, 1986) of order p, g that includes an AR
process on the past variance

q p
hy=c+ Z @€l + Zﬁihz—i~ 3)
i=1 i=1

Given equation (3) a GARCH(p, g) model with p = 0O re-
duces to an ARCH(g) model, as defined in (1). With g = 0
the model reduces to the constant term ¢ plus the autoregres-
sive process f3;:

P
hy=c+ Zﬂihf_i. )
i=1
Further, applying the lag operator L, as L’h, = h,_,, model
(4) can be rewritten as
ht =cC +ﬁLh,,

where BL = 81 L + oL + ... + B,L”, resulting in

_ Cc
C1-BL

hy )
Given this latter form, it is clear that the GARCH(p, 0) model
reduces to a process with constant variance. If both, p = 0
and g = 0, the process is defined only by ¢, that results in
a standard Gaussian white noise process. Overall, the con-
ditional parameters a and 8 of the GARCH(p, ¢) models are
scale invariant while c is not.

MGARCH Model Parameterizations

The definition of the GARCH model can be readily ex-
tended to multivariate cases with d = 1, ..., D simultaneous
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time-series (Bollerslev, Engle, & Wooldridge, 1988). One of
the main challenges, however, is the estimation of such mul-
tivariate GARCH (MGARCH) models. For one, the number
of parameters to be estimated can rise very quickly while
the covariance matrix H, (¢,/F;-;1 ~ N(0,H,)) needs to be
positive-definite across all ¢ time points.

The following sections describe three basic specifications
of MGARCH models: VECH, BEKK, and DCC. DCC is
probably the most used parameterization in econometric ap-
plications (de Almeida, Hotta, & Ruiz, 2018) but BEKK may
be the most promising for psychological research. We will
further introduce a BEKK parameterization (pdBEKK) that
forces the diagonals of the parameter matrices to be positive
in order to increase interpretability. The VECH model is in-
troduced as the least constrained and original parameteriza-
tion. Given that all three models apply different constraints
they also result in slightly different sets of parameters. In the
following sections, we briefly discuss the potential of each
model in terms of interpretability and usefulness for research
on within-person variability.

VECH. The VECH parameterization is the least con-
strained model specification, as it allows all residual vari-
ances and conditional covariances to be interrelated. This
flexibility, however, comes at the cost that the VECH model
estimates a large number of parameters while having to en-
sure positive definiteness of the matrix H; and stationarity
of the process. The VECH model is, historically, the first
MGARCH model (Bollerslev et al., 1988) and it is not pre-
sented because we intend to use it but because all other
model parameterizations were developed to basically reduce
the complexity of this model. The VECH(p, g) model is de-
fined as

e =H", ©)

q )4
vech(H,) = C + Z A;vech(e_€_) + Z B;vech(H,_,).
i=1 i=1

(N

Here, €; is a d X 1 vector of observed values (residuals) at ¢
that results from the predicted covariance matrix H, for that
point in time plus an independent white noise process. Note
that in the remainder of this paper we focus on p = ¢ = 1,
that is MGARCH(1,1) models, so that the summation symbol
will be dropped from (7) and subsequent models.

H; is the d X d time dependent and conditional covariance
matrix for d simultaneous time-series at time ¢t = 1,...,7.
The vector-half (vech) operator takes a symmetric d X d ma-
trix and stacks the lower triangular half, including the di-
agonal, into a single vector of length d(d + 1)/2. C is the
corresponding d(d + 1)/2 vector of constants. €_;€;_, con-
tains the squared observations at  —i and their cross-product.
The autoregressive effect of the conditional covariances of
the preceding time point enters as H,_;. A and B are cor-
responding square d(d + 1)/2 weight matrices. The VECH

model is covariance stationary if and only if the moduli of
the Eigenvalues for A + B are less than one (Engle & Kroner,
1995).

Given the VECH specification for H, it follows that we
need to estimate a large number of parameters. In fact, in its
simplest form, the VECH(1,1) model contains d(d + 1)(d(d +
1) + 1)/2 (Bauwens, Laurent, & Rombouts, 2006) parame-
ters. Hence, even for only two time-series (d = 2) we need
to estimate 21 parameters. With d = 3, the number increases
to 78, and with d = 5 the model results in 465 parameters
to be estimated. For one, this specification involves many
parameters and is very difficult to fit in applied settings with
more than two time-series because this parameterization does
not guarantee positive definiteness of the matrix H, (Engle,
2002). Moreover, from a substantive point of view, the off-
diagonal parameters in the A and B matrices are difficult to
interpret substantively. To illustrate, we can take just the
ARCH model component for the simple case with two time-
series

2

ap; ap a3 €11
’
Avech(e,_1€,_)) = a1 axn an||e1€:-1]|. (8)
2
asy  dsy dsjz €1

While the diagonal in A can have a straight forward interpre-
tation in itself, it defines the influence of the squared resid-
uals (612,1_1’ eil_l) and their cross-product (e;,_j€,-1) on H,,
the off-diagonal elements may complicate the interpretation
of A substantially. Even in the simplest case with only two
time-series, it seems difficult to ascribe any psychologically
relevant meaning to these elements. As such, we would ar-
gue that its use in psychological research remains limited.
Although Bollerslev et al. (1988) proposed a reduced spec-
ification (DVECH) whereby the matrices A and B are con-
strained to be diagonal, this model still poses significant is-
sues in terms of estimability. A more promising, and slightly
less constrained model (compared to VECH and DVECH) is
discussed next.

BEKK. Engle and Kroner (1995) introduced the BEKK
specification to address a number of issues arising from the
(D)VECH model. As noted before, the number of parame-
ters to be estimated can pose practical problems when fitting
these models. Moreover, even for small d, (D)VECH mod-
els do not allow to impose positive definiteness on H; which
complicates estimation tremendously. The BEKK parame-
terization was introduced to solve these shortcomings and to
replace VECH models in general. In its simplest form the
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BEKK(1,1) can be defined as'
H, =C+A’(e-_1€,_)A + B'H,_|B. 9)

C is a dxd positive definite symmetric covariance matrix that
captures the baseline (co-)variance, while A and B are d X d
square parameter matrices that govern the influence of the
past residuals, and the past conditional variance, respectively.
Engle and Kroner (1995) showed that the BEKK specifica-
tion is stationary if and only if all the absolute eigenvalues
for the Kronecker product A ® A + B ® B are less than one.
Note that the cross lagged effects in the off-diagonal elements
in both parameter matrices allow the variance terms to spill
over from one time-series into the other — and vice versa.
Given that these matrices are square, the spill over does not
need to be symmetrical. For example, for two simultaneous
time-series, model (9) can be written as

[hn,z hlz,r] _ [611 21
hore hoag|  |ca ex
[an 1121H 612,,,1
az || €,-1€1,-1
[bu 1921] [h11,r—1 h12,z—1} [1711 1912}
bio bxn||haii-1 haoe||bar b
The cross-lagged parameters aj, and a,; as well as by, and
by allow for asymmetrical variance spill overs from the
cross-products of the residuals and the previous conditional
covariances into the conditional variance. This is potentially
an interesting feature for psychological applications, as it
would allow one time series (e.g., daily positive affect over
t days) to induce variability in another simultaneous time-
series (e.g., daily negative affect across the same ¢ days). This
relation does not need to be reciprocal (i.e, negative affect
may only affect positive affect variance, but not the other way
around).
As an illustration, consider two time-series that are inde-

pendent of each other in the sense that there is no covariance
among the time-series at any point in time:

- [2 .o] . [.5 .o] . [.5 .0] N
Tlo 2[Tlo 3|70 3

S0 S5 .0

h.4m4h.4
Given (10), we can generate two time-series of length 200,
one with gy = 5 and the other with y, = -5 in order to
separate them visually. Note that the difference among both
time-series is mainly in the constant variance term where
time-series 1 (TS1) has a variance of ¢;; = 2 and TS2 has
a variance of ¢y = .2. Figure 1, panel A, illustrates these
generated independent time-series.

We now allow TS1 to influence the ARCH component
by spilling over residual variance into TS2 by setting the

+

Q
)

(10)

€ -1€-1(a11 a12
> +
62’1_1 dzy a4

ajp = .8 so that (the difference to Equation (10) is under-

lined)
2 0] [5 o] |5 38
m‘b J*E.J*ﬁlh 3

S50 S50
h.JR”b.J
Figure 1, panel B, shows the variance spill-over effect of
TS1 to TS2 and it also indicates that positive off-diagonal
elements in A will generate positive conditional correlations
among the residuals because the resulting conditional covari-
ance matrix H; will now contain positive off-diagonal values.
Similarly, we can let the autoregressive component influ-

ence the variance in TS2 by changing b, = .8 so that the
GARCH part of Equation (10) reads

S50 S5 8
b Jmlh.J

Again, the effect on the time-series is evident from Figure
1, panel C. Conceptually, the GARCH process carries-over
past conditional variance. In absence of an ARCH process,
the GARCH process alone would recycle a given portion of
the conditional variance and, as implied by Equation (5), it
would result in a process with stable variance. Translated
to a behavioral outcome, the GARCH process indicates the
tendency of an individual to be influenced by previous behav-
ioral (in)consistencies regardless of the events. The ARCH
process, in contrast, indicates how strongly an individual
tends to be perturbed by previous random shocks. It is im-
portant to note that, while these spill-overs can be associated
to only one of the time-series, their effect back-propagates to
some degree: Both, the residuals (€;-1€;_,) and conditional
variances (H;_1) are pre- and postmultiplied by the parame-
ter matrices A and B and their transpose. This means that the
spill over effect also influences TS1 itself to some degree.
This effect can be seen in the realizations in both panels B
and C where the course of TS1 itself changes slightly.

pdBEKK. So far, the BEKK ensures positive definite-
ness and stationarity by imposing constraints on the eigen-
values of the Kronecker product A ® A + B ® B. Positive
definiteness can be obtained by constraining one diagonal
element in A and B to be positive, typically a;; > 0 and
b1 = 0. This approach can result in negative diagonal el-
ements — which is unproblematic in terms of estimation but
poses a problem in terms of interpretation. That is, a nega-
tive ay, element, for example, is not interpretable in an intu-

+

'In its original specification, the BEKK allows the incorpora-
tion of exogenous time-varying variables to modify the current co-
variance H, by adding additional C terms (see eq. 2.2 in Engle &
Kroner, 1995, for an example). We will introduce another param-
eterization that allows the variance term of C to be moderated by
external variables.
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Figure 1. Simulated BEKK-MGARCH processes for two
time-series. The turquoise line (TS1) contains a larger
amount of constant variance compared to the red line (TS2).
Panel (A) represents two independent time-series. In panel
(B), the ARCH process of TS1 spills variance into TS2, given
a positive effect, creating a time-series with a similar appear-
ance as TS1. Panel (C) shows a situation where variance is
spilled over from TS1 to TS2 in the parameter that guides the
GARCH process.

itive manner, as a negative sign does not imply that the cor-
responding time-series reduces its variability. The resulting
effect of the ARCH or GARCH process will be positive for
that time-series (as it will be squared) but a negative diagonal
element mainly alters the nature of the off-diagonal elements.
Hence, we additionally impose a positivity constraint on the
diagonal element of the ARCH and GARCH parameters such
that all elements in diag(A) > 0 and diag(B) > 0, to achieve
the positive diagonal BEKK (pdBEKK) parameterization.

Predictor Variables. In some occasions, it might be
reasonable to assume that an external variable induces vari-
ance. For example, some week-days might be associated
with a larger baseline variance compared to the rest of the
week. In order to control for the effect of such time-varying

variables on the conditional covariance H;, we rewrite C to
change according to a time-varying predictor so that C, =
s;R.s;. R, remains a constant d X d correlation matrix but
s, is now the corresponding time-varying d X d diagonal ma-
trix with the standard deviations in its diagonal diag(s;) =
o e Oc228s - - - » Oeppr]. We can now include a model for the
standard deviations so that

diag(s;) = exp(Xp), (11

where X is a design matrix containing an intercept in the first
column and possible time-varying covariates in the remain-
ing columns while B contains the regression weights. If we
do not include any predictors, then C = C,. Given the param-
eterization in (11), the intercept term will capture the aver-
age standard deviation on the log-scale for each time-series,
when the predictors are zero. Placing the parameters on a log
scale insures that all values in diag(s) remain positive.
DCC. In the specifications discussed so far, the condi-
tional covariance matrix H, is modeled directly. An alterna-
tive approach is to first decompose H; and then model its re-
spective elements. We may define the conditional covariance
as
H, = D,R,D,, (12)

with D, being a d X d diagonal matrix with conditional stan-
dard deviations, and R; a d X d conditional correlation ma-
trix. Both matrices are subscripted by ¢ indicating that both
the standard deviations and the correlations are time-varying.
This model is known as the dynamic conditional correla-
tion (DCC) specification (Engle, 2002; Engle & Sheppard,
2001). This is in contrast to the constant conditional corre-
lation specification (CCC) developed earlier, that assumes R
to be time invariant (Bollerslev, 1990).

The DCC model has gained popularity, as it can approach
the estimation process in two steps separating the estimation
of conditional variances from conditional correlations. This
reduces the multivariate complexity drastically allowing one
to fit multiple univariate time-series simultaneously. As such,
the DCC is attractive as it is less limited by the number of
time-series that can be estimated simultaneously.

The elements of diag(D,) = \/Fl,t» .« \Vhaa, are spec-
ified as univariate GARCH(p, g) models, as in (3), so that
each conditional variance for row i = 1,...,d (and column
j=Dandp=¢g=1

hiis = ¢i + i€y + Bilhiii-1). (13)

c; is the constant variance term for a given univariate time-
series i while @; and 3; weigh the squared residuals and the
conditional variance from the previous time point. It’s impor-
tant to note that (13) only models the conditional variance for
each individual time-series.

Similar to the BEKK parameterization, we can include
external time-varying variables that define ¢;. Hence, the
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constant variance term in (13) can be expanded to ¢; =
exp(Bo; + X1B1i + ... + XuBmi) so that the overall variance
may be influenced by m external variables.

Next, the dynamic conditional correlation matrix R, is es-
timated but it is further broken down to

R =Q;'QQ;", (14)

where Q; are dxXd symmetric positive-definite matrices given
as
i = —a-b)S+a(a-ju_;)+bQ., (15)

where a and b are > 0. Note that the conditional covariance
matrix Q, is derived from a standard linear GARCH(1,1)
model specification (see equations 18 through 23 in Engle,
2002). u, = D/ '€, = (uyy,...,up,) is ad x 1 vector where
u; = €,/ \Vh; are the standardized residuals. Given that this
specification is based on a standard GARCH model, station-
arity is obtained as long as a + b < 1. The scalars a and b are
again parameters that weigh the past residual variance and
the past conditional variance. S is the unconditional correla-
tion of the standardized residuals.

Notably, Engle and Sheppard (2001) show that the use of
a GARCH(p, ¢) model for the elements in Q; ensures posi-
tive definiteness of Q, and, given (14), positive definiteness
of R;. Hence, R, is now simply expressed in terms of the
covariance matrix Q, multiplied by the inverse of its stan-
dard deviations. That is, Q; is a diagonal matrix with the
square roots, [\/QT e \/%], of the diagonal elements of
Q;. This implies that the conditional covariances are given
by hije = Gije izl o \Tiedi.

In essence, the DCC results in two sets of GARCH param-
eters. Ones for the conditional variances (13) and the others
for the conditional correlations (15). In the context of inter-
preting the parameters for psychological applications we will
have to turn to ¢, @ and 8 as parameters that only guide the
conditional variance — for each time-series separately. The
covariances are defined in the separate model (15) where we
obtain parameters that govern the relation among the con-
ditional covariance among the time-series. Specifically, we
will obtain an unconditional correlation S over the whole ob-
servation period as well as a and b, the ARCH and GARCH
parameters for the conditional correlation matrix.

It is worth noting that, while the DCC parameterization
is able to estimate a larger number of time-series and condi-
tional correlations for each time point, it does not allow for
asymmetric variance spill overs such as the BEKK. That is,
while DCC estimates off-diagonal elements of H; as a result
of the covariance resulting from g;;,, this model necessarily
cannot accommodate asymmetric Q,’s.

Potential for Psychological Science. In summarizing,
we are presented with three basic parameterizations: VECH,
that is a largely unconstrained model for H, but difficult to
interpret and difficult to estimate. pdBEKK, that also models

H; directly, but results in parameters that are more straight
forward in terms of interpretation and it allows asymmet-
ric variance spill-overs. The pdBEKK limitation is in the
estimation which makes it difficult to handle multiple time-
series simultaneously. The DCC is slightly more constrained
than the pdBEKK, but is able to estimate a larger number
of simultaneous time-series. Moreover, it seems that the
DCC results in smaller credible intervals (Crl) compared to
pdBEKK. This is also visible in the respective figures, where
DCC generally tends to results in smaller variance and less
uncertainty around the predicted conditional correlations and
variances. However, not all of its parameters lend themselves
to a straightforward substantive interpretation. Especially the
GARCH structure for the conditional correlation seems diffi-
cult to relate to any known psychological process. Moreover,
as it estimates a correlation among time-series only, it does
not allow asymmetric variance spill-overs. At present, the
pdBEKK seems to be the most useful parameterization for
applications in psychological research.

What all these models have in common, however, is the
ARCH and GARCH component that resembles the MA and
AR process in a standard ARMA model. Overall, the within-
person variance is a sum of three separate mechanisms that
generate the variance over time. For one, we can identify
an unconditional constant covariance (captured in C or c¢;)
which defines the baseline variability and covariation among
the times series. In absence of any of the other ARCH or
GARCH parameters, this captures the unsystematic compo-
nent that will absorb within-person variance and measure-
ment errors. Note that in the present work we also introduce
an additional submodel that conditions the constant covari-
ance on external time-varying predictors, further breaking
down potential sources of variation.

The ARCH process (captured in A, @ or a), in turn, is con-
ditioned on previous realizations — more specifically, on the
squared residuals. The ARCH process specifically extracts
the residual variance component that is driven by stochastic
innovations, or shocks. As such, it defines how susceptible a
person’s variance is to previous, unexpected deviations from
its mean. An individual with a large ARCH component will
be influenced strongly in the current period by these previ-
ous random shocks, resulting in a larger conditional variance
term, while an individual with a small ARCH component
will be largely unaffected by the shock and the conditional
variance will stay mostly the same.

The GARCH process (captured in B, 3, or b) operates on
the previous conditional variance, and not on the residuals.
As such, it defines the degrees of carryover effects that are
present throughout the whole observation period. GARCH
operates on a different portion of the conditional covariance
compared to ARCH. While ARCH recycles parts of the ran-
dom shocks, GARCH constantly adds a proportion of the
past conditional covariance to the current period. Hence,
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GARCH does not pick up random shocks (at least not di-
rectly) and it can be interpreted as the tendency to carry over
past variance. If the ARCH process were to be zero, random
shocks would not enter the conditional variance at all and
the variance of H, would stabilize at a constant (as shown
in Equation 5). In reality, random shocks will destabilize
the conditional variance to some degree, which will in turn
be absorbed in consecutive conditional variance estimates.
Whether that shock turns into a longer term disturbance of
the conditional variance depends on both the size of the
GARCH and on the size of the ARCH effect. However, given
that the model is defined to be stationary, these effects will
dissipate rather quickly for a simple MGARCH(1,1) model.

One could think of individuals who are easily disturbed by
unexpected events (shocks) but only briefly and for the most
part remain unaffected (larger ARCH and smaller GARCH
effects). Others might be both, easily disturbed by unex-
pected events, and these effects may linger with larger car-
ryover effects (larger ARCH and larger GARCH effects).
Other individuals might not be disturbed by random shocks
but their variance tends to be defined largely by carryover
effects lingering in the past (small ARCH and large GARCH
effects). Lastly, some individuals might show neither; any
appreciable ARCH nor GARCH effects and all their variance
is unconditional and constant.

Estimation and Parameter Specification

We present a Bayesian specification for the MGARCH
models and provide an R-package for fitting Bayesian Mul-
tivariate GARCH models (bmgarch)z. Currently, there is a
lack of software that allows one to estimate the parameteriza-
tions discussed here, such as BEKK-MGARCH models and
more explicitly pdBEKK models with variance functions for
C,orc.

The Bayesian framework presented here is ideally
suited to handle the necessary constraints imposed on the
MGARCH specifications to both, keep the solutions station-
ary and all ¢ conditional covariance matrices H, positive def-
inite. Moreover, the model allows one to examine the pos-
terior distribution in order obtain the full range of Bayesian
inference.

In general, given a sample of observations y =
(¥1,...,¥p) we can define the conditional likelihood func-
tion for the models discussed as

T
£010) = [ [ 1" py (H;e). (16)
t=1

The joint density function p, for n, is typically assumed
standard multivariate normal. This assumption is not nec-
essary and we can replace the Gaussian distribution with a
multivariate Student-7 distribution S#(v, 0,I) with v degrees
of freedom to accommodate the possibility of heavy tails

(Geweke, 1993). We set v > 2 in order to ensure existence of
the H; (conditional) covariance matrix (Bauwens & Laurent,
2005). While, so far, we assumed p = 0, in the following we
also define a multivariate ARMA(1,1) model for the means,
such that u, = @y + Py, + Y(yi-1 — H,_1). Ppisadx1
vector of intercepts and ¢ is a d X d matrix for the AR(1)
component while ¥ is a d X d matrix for the MA(1) compo-
nent. Moreover, we introduced a submodel in Equation (11)
to govern the standard deviations of s; as diag(s;) = exp(Xf)
in C, = s;R_s; for the pdBEKK. In DCC, the predictor enters
as ¢c; = exp(ﬁ()i + X”ﬂ]i +...+ xtm,Bmi)-

The likelihood for pdBEKK(1,1), with model parameters
0 = (¢O’ ¢’ l/j’ C? A’ Bsﬂs V)’ iS

T
L1, x P = [ IiH S,
t=1

[(C+A(e1€_ DA + BH_B) " *(y, - )]

and for DCC(1,1), with
0 = (¢O’¢’¢aaab,s’claal7ﬁl7- .

T D
Lo, =] | []‘[ h;{}f} Ry

t=1 Ld=1

s Cds g, Ba, B, V), it is

|DRD)2(y, - )] with
haas = ca + @q€g,_y + Balhaa-1)-

Giveny, ~ St(v, u,, H;) with the prior p(6), the posterior den-
sity then is

T

pOly,x) e ]_[

t=1

1
(1 + - 1) H; ' (v, - ﬂ;)) p(0).

I'((v+4d)/2)

-1/2
T (v/2)(mv)dl2 I

Note that with the current specification the DCC is estimated
in a single step, instead of two-steps as is the case in most
maximum likelihood based applications (Engle, 2002).
Prior Specification. We have to specify two sets of pri-
ors. The GARCH parameters for the conditional covariances
that are scale invariant, such as the autoregressive and mov-
ing average processes and the parameters that are scale vari-
ant, such as the constant covariance or the regression weight.
The same holds for the mean structure, where we can specify
a classic ARMA model — also with intercept terms that de-
pend on the scale and the AR and MA processes that are scale
invariant. To facilitate setting priors that work in different
settings, data are mean centered and within the R-package.
The invariant elements in the (G)ARCH are all restricted
to maintain stationarity in the process. This makes the speci-
fication of the priors straight forward as we define them to

2 Available at https://github.com/ph-rast/bmgarch with
an example on how to conduct analyses performed in this paper.
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be uniform with a lower (a) and upper bound (b). These
bounds are defined by the constraints defining the station-
arity for each model specification. For pdBEKK, this en-
tails that each of the absolute eigenvalues of the Kronecker
products among the ARCH (A) and GARCH (B) process are
less than one, such that A ~ U(a;,a,) and B ~ U(b;, b,).
Equivalently, the ARCH and GARCH parameters for DCC
are truncated at the points to keep the sum of these parame-
ters below 1 so, that the priors are @ or a ~ U(0,a < 1) and
Borb~U0,b <[l -a].

The constant variance is separated into its standard de-
viation and correlation, C = sR. s, where all elements in
diag(s) = exp(XpB) are from a linear model. The SD’s on
the log scale are defined 8 ~ N(0, 3I). The prior for the cor-
relation matrix is defined by the Lewandowski, Kurowicka,
and Joe (2009) parameterized prior for correlation matrices
R, ~ LKJ(v = 1), where v governs the shape of the distribu-
tion. With v = 1, the distribution is uniform for a 2 X 2 co-
variance matrix. Note that the LKJ prior is not scale invariant
as with increasing dimensions of the correlation matrix, the
marginal prior starts to increasingly concentrate mass around
Zero.

In DCC, we include one predictor in the MGARCH part
for each time-series so that ¢; = exp(Bo; + x;181;). The re-
gression weight B is defined ~ N(0, 3) which is weakly in-
formative given that the predictor enters as dummy coded or
standardized variable. The prior for the constant correlation
SinDCCisS ~ LKJ.(v = 1).

The bmgarch package allows one to specify either a con-
stant or a simple ARMA(1,1) structure for the means. In our
illustrative example, we will estimate an ARMA structure for
u, which is the same across all MGARCH parameterizations.
The illustrative data on positive and negative affect used here,
is largely stable over time. Given that we standardized our
data, the prior for the intercept terms is ¢, ~ N(0,1). The
AR(1) and MA(1) process were also defined standard nor-
mal, but they are truncated in order to keep the ARMA pro-
cess stationary so that ¢, 0 ~ TN(0, 1, a, b). a and b represent
the truncation points so that » = 1 — a. The prior for the
degrees of freedom parameter for the multivariate Student-¢

distribution is v ~ N(d, 50) with the lower truncation point at
2.

Model fit and Model Comparison. To ensure good
quality of the parameter estimates we ran four chains with
2,000 iterations each to ensure that models converged with
potential scale reduction factors R of less than 1.1 Gelman
and Carlin (2014); Gelman and Rubin (1992). Additionally,
we checked the mixing of the chains visually via traceplots
and we computed and plotted the 95% predictive intervals
from the posterior predictive distribution. These posterior
predictive checks provide information on whether the ob-
tained posteriors are capturing the relevant aspects of the ob-
served data (Vehtari & Ojanen, 2012). The bmgarch pack-

age computes the posterior predictive distribution by default
and implements a function to plot these predictions and com-
pare them with the observed data.

As measures of relative model fit, we computed the de-
viance and the Pareto smoothed importance sampling leave-
one-out cross-validation (PSIS-LOO Vehtari, Gelman, &
Gabry, 2017) with the corresponding standard errors. PSIS-
LOO is a fully Bayesian approach to assess predictive accu-
racy of the converged model and it is asymptotically equiv-
alent to the widely applicable information criterion (WAIC;
Watanabe, 2010) which is, in turn, asymptotically equivalent
to the Akaike information criterion (Akaike, 1973). PSIS-
LOO or WAIC can be used to select among (nested or non-
nested) models with respect to their predictive performance.
While cross-validation techniques are not generally recom-
mended on time-series to predict the performance on new
and unseen datapoints, they can be useful to assess the mod-
els with respect to their structural part. Here, we are inter-
ested in the fit of the ARCH and GARCH parameters over
the given sample and we are not evaluating the performance
of predicting new and unseen data, hence LOOCYV is an ap-
propriate statistic in this case (Biirkner, Gabry, & Vehtari,
2020).

Hlustrative Example

In the following sections we apply the pdBEKK and the
DCC to an intensive longitudinal datasets containing up to
one daily record per person for physical activity and affect
data up to 100 consecutive days. We fit the pdBEKK- and
DCC-MGARCH models to both variables in a single indi-
vidual. This will allow us to investigate the interplay among
the variability of positive affect (PA) and negative affect (NA)
over time within one person and it will serve as an illustration
on how these parameters can be interpreted in a substantive
manner.

All models are estimated using our R package bm-
garch that fits Bayesian MGARCH models based on the
probabilistic programming language Stan (Stan Develop-
ment Team, 2016). The models reported here also esti-
mate an ARMA(1,1) for the expected means u alongside
the MGARCH for the conditional variances so that y, ~
MST (u, = ¢y + Py—1 + 0(y,-1 — i,_;), H, v) with H, being
either pdBEKK or DCC. We also include a standardized
time-varying covariate, steps taken at any given day on a z
scale, to illustrate it’s effect on the constant variance term.
The first elements of the time-series (such as H; and p,) are
unconditional and are treated as parameters to be estimated.

Variability in Positive and Negative Affect. The il-
lustrative data for this example come from the iFit study
(O’Laughlin, Liu, & Ferrer, 2020), a research project on
daily health behaviors and physical health outcomes. 194
participants were recruited from a commercial weight loss
program as well as from the general population in Sacra-
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mento and Yolo counties in California, US. Their ages at re-
cruitment ranged from 20 to 74 years (M = 40.72, SD =
12.38). 71% percent of the participants were females. 60%
percent were white/Caucasian, 17% percent were Hispanic,
13% percent were Asian, and 6% percent were black/African
Americans.

Every evening for the duration of 100 days, participants
received a link to an online survey that contained questions
regarding their affect, stress, and food consumption. Daily
affect was measured using the Positive and Negative Affect
Scale (PANAS; Watson, 1988), which contained 10 items
on positive affect (e.g., attentive, active, excited, etc.) and
10 items on negative affect (e.g., hostile, irritable, ashamed,
etc.). All items were rated on a visual analogue scale from
1 (not at all) to 100 (extremely). The order of the items was
randomized across days and persons to minimize carry-over
effects. On average, the participants completed 82.46 daily
surveys (Mdn = 93; SD = 22.65). Out of the original 194 par-
ticipants, 43 completed 100 days and 7 had full information
on every single day. For the current example we selected two
participants out of those 7 who provided a response on each
of the 100 days. For both participants we ran a pdBEKK and
DCC model separately.

Results. To illustrate the models, we present results of
both individuals that displayed different features in terms of
the MGARCH parameters. The models also include a pre-
dictor, daily step count, for the constant variance. First, we
present the results from the pdBEKK parameterization and
we briefly discuss the findings. Then we present the results
from the DCC parameterization and discuss these findings as
well.

pdBEKK-MGARCH. Overall, the constant correlation
(Rpa.na) among the PA and NA timeseries for both individu-
als was practically zero as the credible intervals (CrI’s) cov-
ered most of the admissible parameter space. While the me-
dian correlation was larger for Individual 6 compared to In-
dividual 1, the width of the CrI’s indicates a lack of precision
to estimate the constant correlation.

The constant (co-)variances are captured in C and they are
not conditioned on the previous day. The variances (diagonal
of C) are defined as the product of [exp(Bo) X exp(B1x,)]*,
with By being the intercept and 3; the slope of the daily
step count on the log scale. Accordingly, for the average
amount of steps, X; = 0, the variance estimates for both
diagonal elements PA and NA are given only by the inter-
cept terms diag(C) = [exp(2Bo.pa), exp(2Bo.n4)] resulting in
a median variance of cpy = 3.68 (90% CrI [0.10;30.45])
and cya = 1.59 (90% CrI [0.06;8.57]) for Individual 1.
The corresponding median variance for Individual 6, was
cpa = 1.26 (90% Crl [0.05;22.73]) and cya = 14.73 (90%
Crl [1.49;45.98]). The daily steps taken seemed to reduce
the variance of NA in both individuals and the variance of
PA in Individual 1 — note however, that the CrI’s do not sug-

gest that this is a consistent effect because a large portion of
the posterior mass was above zero. For example, 84% of the
posterior mass for Individual 1’s 8;.p4 was below 0 and 16%
above zero.

Both individuals showed carry-over effects in the ARCH
parameters Apy for PA and Ay, for NA. That is, previous
day random shocks were carried over to the current day in
both individuals and resulted in larger conditional variances
for that day. Generally, Individual 6 seemed to carry over
more, especially random shocks from in NA, compared to
Individual 1. On the other hand, only Individual 1 showed
negative variance spill-overs from PA to NA and from NA to
PA. Negative spill overs, captured in the cross-lagged param-
eters, tend to create a mirror image in the other time-series
in the sense that positive residual deviations in PA are mir-
rored by negative residual deviations in NA — and vice versa.
Moreover, spill-overs also increase the variance at that given
day for the receiving time-series (see illustration of this effect
in Figure 1, panel B).

The GARCH process captured in B, seemed to produce
larger median effects but also larger CrI’s. Especially the
CrI’s for Individual 1 indicated more uncertainty in the
GARCH parameters which is indicative of lower precision.
Nonetheless, the autoregressive effect in the GARCH process
of PA seemed to be substantial, especially for Individual 6,
while the same process seemed to be somewhat smaller for
NA. Moreover, Individual 6, showed a consistent spill-over
from PA to NA. Given that the spill-over effect was negative,
it tends to create a “mirror image” in the realizations of the
NA and PA responses for that individual.

In both cases, the spill-over effects in the ARCH and
GARCH processes resulted in conditional covariances that
were either negative or comprising null. This can be seen
in Panel B of Figure 2. That panel shows the conditional
covariances H;, converted to conditional correlations R;, as
they evolve over time. Evidently, the conditional correlation
among PA and NA residuals for Individual 1 was mostly neg-
ative throughout the observation period. The conditional cor-
relations of Individual 6 followed a different pattern where
null was mostly contained within 95% of the correlations
posterior mass, except for some of the periods among day
10 to day 35 where the correlations among PA and NA were
more strongly negative (Panel B in Figure 3).

Notably, while Individual 6 had a relatively large uncondi-
tional variance in NA compared to PA, the conditional vari-
ance shown in Panels C and D in Figure 3, suggests that PA
was more variable over time. That is, while the baseline vari-
ance was smaller in PA, the effects of ARCH and GARCH
ultimately resulted in a more variable conditional covariance
in PA compared to NA.

The original, unscaled values (daily average of NA and
PA) are shown in Panel A. The remaining effects for the
means from the ARMA(1,1) model for both participants are
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pdBEKK(1,1)-MGARCH, Person 1
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Figure 2. Observed data (panel A) and estimates for Individual 1 from the pdBEKK model. Panel B shows the estimated con-
ditional correlation among PA and NA over the whole observation period of 100 days. Panels C and D show the corresponding
conditional variances for the same period of time for PA and NA.

reported in the Appendix in Table Al. The run time for this
model was approximately four to five minutes on a Linux op-
erated system with an IntelCore i7 at 3.4GHz, with 4 cores
(8 threads) and 16 GiB RAM.

Discussion of pdBEKK results. We picked two indi-
viduals that displayed a different pattern in terms of ARCH
and GARCH parameters to illustrate the possibility of two
different processes that drive the within-person variability.
For one, both individuals showed no substantial ‘“‘uncondi-
tional” correlations (Rpa ya) probably also due to a lack of
precision. This indicates that, in the baseline, the residu-
als of PA and NA were probably not correlated. Nonethe-
less, after including the effects of both ARCH and GARCH
processes, the resulting conditional correlation R, (derived
from H,) was overall strongly negative for Individual 1. This
negative conditional correlation was mainly induced by the
cross-over effects in the ARCH process, where previous day

disturbances resulted in an opposite behavior with respect to
NA and PA. That is, for Individual 1, random shocks tended
to induce disparity among PA and NA responses in the sense
that PA scores that fell above the expected value coincided
with NA scores that fell below the expected value — and vice
versa. This effect from the ARCH process implies that it will
be pronounced after days when the random shock is large.
This pattern was not found in the GARCH process for that
same individual. In turn, Individual 6, showed a different
pattern in terms of conditional correlations where only for
a short period of time, approximately among day 10 to 35,
the correlations tended to be negative. The source for these
negative correlations in Individual 6, were in the GARCH
process, which implies that this persons (co-)variances for
NA always contain a fixed amount of the previous-day con-
ditional variance of PA. That is, the negative spill-over effect
in the GARCH process also results in a pattern where the
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pdBEKK(1,1)-MGARCH, Person 6
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Figure 3. Observed data (panel A) and estimates for Individual 6. Panel B shows the estimated conditional correlation among
PA and NA over the whole observation period of 100 days. Panels C and D show the corresponding conditional variances for

the same period of time for PA and NA.

PA variance from the previous day results in more disparate
PA and NA responses for the current day. Both individuals
tended to show larger carry over effects in the GARCH pro-
cess but the size of the Crl also suggests that these parameters
were less precisely estimated.

In order to modify the constant variance, we included
the number of steps taken for each day as an external, but
time-varying predictor. The inclusion of this variable served
mainly as an example on how such a predictor could mod-
erate the baseline variance. In this current application, daily
steps did not seem to influence the conditional variance of
neither PA nor NA.

Overall, these two individuals showed nuanced differ-
ences in the way their conditional variances came about.
Also, it is important to note that they were selected to il-
lustrate how BEKK can accommodate asymmetric variance
spill overs from one time-series into the other and to high-

light the two ARCH and GARCH processes.

DCC-MGARCH. The time-series of PA and NA for the
same two individuals were re-estimated with the DCC pa-
rameterization. Again, we included daily steps (on a z met-
ric) as a predictor for the constant variance ¢ and the mean
response was modeled following an ARMA(1,1) model. The
results for the DCC-MGARCH parameters are presented in
Table 2 and the remaining results for the ARMA(1,1) param-
eters are reported in the Appendix in Table A2.

The DCC has two submodels with ARCH and GARCH
processes: One for the conditional standard deviations in D,
and the other for the dynamic conditional correlation R;. The
ARCH and GARCH parameters for PA and NA that operate
on D, are independent of each other, as such this model does
not allow for asymmetric variance spill overs. The results
for the DCC-MGARCH are reported in Table 2 where the
parameters for the conditional variance are denoted by the
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PABEKK(1,1)-MGARCH Estimates for Two Individuals

Individual 1 Individual 6
Estimate Crl Estimate Crl

Median 5% 95% Median 5% 95%
Rpana 0.09 -0.83 0.9 0.29 -0.9 0.95
Bo:pa 0.67 -1.14 1.7 0.18 -1.45 1.6
Bo:na 0.32 -1.27 1.15 1.41 0.23 1.99
Bi:pa -0.62 -1.45 0.88 0.14 -1.21 1.25
Bi:na -0.22 -1.16 1.1 -0.30 -1.41 0.13
Apapa 0.34 0.16 0.58 0.43 0.27 0.65
Apana -0.43 -0.64 -0.26 0.07 -0.08 0.19
ANa.pa -0.35 -0.63 -0.1 0.03 -0.29 0.38
Anana 0.16 0.03 0.36 0.53 0.13 0.86
Bpa.pa 0.81 0.09 0.98 0.85 0.6 0.94
Bpana -0.23 -0.47 0.36 -0.11 -0.27 -0.01
Bna.pa 0.63 -04 0.95 0.09 -0.35 0.62
Bnana 0.31 0.05 0.76 0.57 0.12 0.78

Note. Posterior medians, 5% to 95% credible intervals (Crl) for two individuals. Parameters who’s posterior probability
mass is above or below zero with p > .95 are bolded. PA = Positive Affect, and NA = Negative Affect. Rps ya represents
the unconditional correlation among PA and NA throughout the full observation period. The A matrix contains the ARCH
parameters and the B matrix the GARCH parameters. 3, captures the intercept of the SD of PA and NA on the log scale
encoded in the diagonal and 8, is the regression weight of the predictor on the SD, so that diag(C) = exp(By + 51Steps)

subscript /4 and the parameters for the conditional correlation
are denoted by the subscript g.

As with the BEKK model, the constant variance is given
on the log scale in 8,9 and it represents the variance when the
predictor (daily steps on z-scale) is at its average. For both in-
dividuals DCC estimated a non-zero constant variance (h; =
exp(Bp)) for PA (median of Individual 1: hpy = 1.48 with
90% Crl [0.27;6.39]; median of Individual 6: hpy, = 1.71
with 90% CrI [0.32;7.84]) and NA (median of Individual 1:
hya = 2.67 with 90% Crl [0.57; 8.88]; median of Individual
6: hya = 4.81 with 90% Crl [0.55; 19.54]) while daily steps
(Brn1) did not influence either of the constant variances.

The ARCH process, captured in the a;, parameters, as well
as the GARCH process, captured in the b, parameters, was
positive for both individuals and the CrI’s indicate that more
than 95% of the posterior mass was above 0. Generally, the
GARCH process seemed to be larger than the ARCH process
indicating that the conditional variance contains a larger por-
tion of daily carry over effects compared to the absorption of
previous day shocks (ARCH process).

In the second submodel, which operates on the conditional
dynamic correlation R, both individuals showed again non-
zero ARCH and GARCH effects. The pattern was similar as
in the first submodel in the sense that the dynamic correlation
was affected more by autoregressive effects than by random
shocks. Only Individual 1 showed a strong non-zero uncon-
ditional correlation S among PA and NA over the whole ob-
servation period.

The model implied conditional variances and correlations
for both individuals are shown in Figures 4 and 5. The condi-
tional correlation for Individual 1 remained relatively stable,
and negative, over the observation period of 100 days. The
conditional correlation for Individual 6 was generally com-
prising 0, except for the approximate period between day
10 and 35. The run time for this model was similar to the
pdBEKK with approximately four to five minutes per indi-
vidual.

Discussion of DCC results. The DCC parameterization
does not allow for variance spill overs as it does not contain
cross-lagged and asymmetric effects. Hence, all relations
among the PA and NA variances need to be absorbed by the
unconditional correlation S. As such, the DCC can be con-
ceived as operating on two submodels, the conditional vari-
ances and the conditional dynamic correlation. While this
separation eases the computational burden it somewhat com-
plicates the interpretation as we have two layers that com-
prise ARCH and GARCH parameters. Interestingly, the un-
conditional correlation S for Individual 1 among PA and NA
was strongly negative, which was also reflected in Panel B
of Figure 4. Overall, all ARCH and GARCH parameters
resulted in posteriors that largely excluded 0. As with the
pdBEKK model, the constant variance term was larger for
NA, especially for Individual 6 — but the resulting conditional
variance was noticeably smaller for NA than PA (see Panel
Dm Figure 5). This indicates that the conditional variance
can drastically increase compared to its baseline variance,
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Table 2

DCC(1,1)-MGARCH Estimates for Two Individuals

PHILIPPE RAST, STEPHEN R. MARTIN, SIWEI LIU, AND DONALD, R. WILLIAMS

Individual 1 Individual 6
Estimate Crl Estimate Crl

Median 5% 95% Median 5% 95%
Bio:pa 0.39 -1.3 1.85 0.54 -1.14 2.06
Bro:na 0.98 -0.56 2.18 1.57 -0.59 2.97
Bnipa -0.42 -2.02 1.57 0.78 -1.34 1.92
Brina -0.52 -1.72 0.98 -0.06 -1.33 0.83
anpa 0.13 0.06 0.26 0.22 0.07 0.56
anpna 0.06 0.02 0.16 0.31 0.07 0.65
bupa 0.73 0.56 0.84 0.68 041 0.88
buna 0.80 0.54 0.91 0.55 0.21 0.79
ag 0.09 0.01 0.28 0.19 0.07 0.33
b, 0.29 0.03 0.75 0.63 0.36 0.78
S gna -0.68 -0.81 -0.47 -0.32 -0.70 0.14

Note. Posterior medians, 5% to 95% credible intervals (Crl) for two individuals. Parameters who’s posterior probability mass
is above or below zero with p > .95 are bolded. PA = Positive Affect, and NA = Negative Affect. S, ya represents the
unconditional correlation among PA and NA throughout the full observation period. The a’s represent the ARCH parameters
and the b’s represent the GARCH parameters. The subscript % is for the GARCH model for the standard deviations and the
subscript g indicates parameters for the GARCH model in the conditional correlation. Sy captures the intercept of the SD
of PA and NA on the log scale encoded in the diagonal and §; is the regression weight of the predictor on the SD, so that

diag(C) = exp(By + B15teps)

depending on how the ARCH and GARCH and its interrela-
tion play out.

The predictor, daily steps, did not seem to have any mea-
surable effect on the constant variance. Again, this predictor
was mainly included as proof of concept to show how these
types of parameters can be interpreted and included.

Comparison among BEKK and DCC. Both models
operate differently on the conditional variances and in order
to have not only a visual comparison, such as in Figures 2
to 5, we compared the fit of both models via the predictive
accuracy measures, PSIS-LOO and WAIC.

For both participants we computed the respective statistics
to compare among the pdBEKK and the DCC parameteriza-
tion (see Table 3). In both cases, the estimates were so close
(within less that two SE’s of each other) that we were not
able rank one model over the other in terms of fit. This is
not too surprising, as BEKK and DCC have been shown to
perform similarly well in simulation studies and empirical
comparisons regarding forecasting conditions and in predic-
tion of variance, covariances, and correlations (e.g. Caporin
& McAleer, 2008; de Almeida et al., 2018; Huang, Su, & Li,
2010)

Data Requirements. The results of the pdBEKK and,
to some degree the DCC model, yielded parameter estimates
with very large CrI’s suggesting low precision and high un-
certainty surrounding some of the MGARCH parameters.
This was mainly observed for elements of the constant co-
variance matrix, in particular for the constant covariance in

the pdBEKK model. A similarly high degree of uncertainty
was observed for the corresponding univariate constant vari-
ance terms in the DCC model, whereas the constant correla-
tion term S in DCC seemed to be estimated with higher pre-
cision. MGARCH models have been thoroughly investigated
in simulation studies and real applications throughout the last
two decades with the general consent that these models are
robust in terms of prediction and forecasting (e.g Boussama,
Fuchs, & Stelzer, 2011; Caporin & McAleer, 2014; ?). In
the context of our work, however, it remains unclear what
the data requirements are when these models are used on be-
havioral data. Most simulation studies concerned with eval-
uating the quality of the MGARCH parameter estimates are
based on much longer time series than we used here. That
is, while typically parameter bias is low and precision and
recovery is high, all studies we are aware of, were based on
at least 1,000 observations per time-series (e.g. Bauwens &
Storti, 2013; Bauwens, Storti, & Violante, 2012; de Almeida
et al., 2018). To shed some light on the data requirements
when shorter time-series are used, we conducted a small
scale post-hoc simulation for two times-series based on the
values of Tables 1 and 2. For the simulation we drew 100
replications over five conditions comprising different time-
series lengths of n € {100,200, 300, 500,700} — the simu-
lation took eight days to complete. In terms of statistical
power, given the standard prior specifications in the bm-
garch package, we mainly focused on the parameters that
can contain zero in their 95% posterior probability mass.
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DCC(1,1)-MGARCH, Person 1
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Figure 4. Observed data (panel A) and estimates for Individual 1 from the DCC model parameterization. Panel B shows the
estimated conditional correlation among PA and NA over the whole observation period of 100 days. Panels C and D show the
corresponding conditional variances for the same period of time for PA and NA.

That is, for pdBEKK, the constant covariance (off-diagonal
element of C) and the lagged cross-loadings in A and B were
of interest. For DCC, only the constant correlation S, in S
can comprise zero.

For DCC, the lower value obtained from Individual 6 of
S12 = —.32 resulted in a frequentist power estimate 7 = .80
with a time series lengths of n = 100. pdBEKK, in turn,
needed substantially more data to detect any of its parame-
ters. Power for recovering the cross-lagged GARCH param-
eter B; , of Individual 6 was 7 = .80 at a time-series length of
approximately n = 600 and only about 7 = .20 with n = 200.
The lagged cross-loadings in Individual 1’s ARCH process A
generally required less data. The larger effect size of -.43 was
sufficiently powered (7 = .80) given a time-series length of
250 while the smaller effect of -.35 required approximately
400 datapoints to reach the same threshold. The constant co-
variance parameter C;, was practically undetectable. Using

the larger estimate (in correlation metric r = .29) from Indi-
vidual 6 resulted in a power estimate of 7 = .50 in our con-
dition with the longest time-series of 700. In terms of cov-
erage, both DCC and pdBEKK, performed well — which is
unsurprising as the model uncertainty mainly results in very
wide CrI’s that will comprise the target values.

General Discussion

We set out to investigate MGARCH models for their use in
psychological research. Originally, these models have been
developed and are mainly used in the context of economic
research on volatility forecasting and financial decision mak-
ing. As such, the model itself is very well established and has
been thoroughly tested and investigated. Over the course of
two decades it has proven useful in a plethora of real life
applications. To the best of our knowledge, however, it has
not received much attention in psychology. The main at-



16 PHILIPPE RAST, STEPHEN R. MARTIN, SIWEI LIU, AND DONALD, R. WILLIAMS

DCC(1,1)-MGARCH, Person 6
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Figure 5. Observed data (panel A) and estimates for Individual 6. Panel B shows the estimated conditional correlation among
PA and NA over the whole observation period of 100 days. Panels C and D show the corresponding conditional variances for

the same period of time for PA and NA.

tracting feature of these models is the partitioning of resid-
ual variance into different components that resemble ARMA
processes for the means. Hence, the goal of this paper was
to assess its usefulness in psychology, especially in research
on within-person variability. Of all the model parameteriza-
tions, two prototypical approaches seemed best: the BEKK
and the DCC Conceptually, BEKK models the conditional
covariance directly, while DCC separates the conditional co-
variance into two elements: the conditional standard devi-
ations of the univariate time-series and the conditional dy-
namic correlations. In terms of model fit and forecasting
performance, both models (BEKK and DCC) fare similarly
well, not only in our data but also in simulation and empiri-
cal applications discussed in the econometric literature. This
finding is not surprising as these models have been used ex-
tensively over the last 20 years to model and forecast volatil-
ity in a plethora of conditions.

While the original BEKK parameterization was attractive,
it can result in parameters that are difficult to understand.
Hence, to facilitate the interpretation of the standard BEKK
model, we included an additional constraint on the ARCH
and GARCH parameter matrices to yield a model that is eas-
ier to interpret, the pdBEKK. Moreover, we added a custom
parameterization for the constant variance and we provide an
R-package (bmgarch) to estimate these models.

As noted, one of the differences among the pdBEKK and
DCC parameterization is that the first models the conditional
variance directly while the former operates on the separated
elements. The approach of the DCC mainly reflects an effort
to reduce computational burden as it is inherently easier to
treat the conditional variances as univariate time-series and
estimate the remaining correlations separately.

Hence, the distinction therefore must be drawn from an
interpretability and from a feasibility perspective. The lat-
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Table 3

Comparison of pd BEKK- and DCC-MGARCH Models and Fit Statistics

Model PSIS-LOO (s.e.) A PSIS-LOO (s.¢)
Individual 1 pdBEKK 227.1 (17.8) -
Individual 1 DCC 238.4 (18.2) 11.3 (6.3)
Individual 6 pdBEKK 268.7 (13.1) .
Individual 6 DCC 272.9 (14.6) 4.2 (4.5)

Note. The difference in the PSIS-LOO (A PSIS-LOO) is with respect to the previous model reported in the
row above for the same individual. The A PSIS-LOO does not suggest relevant differences among both model

specifications, neither in Individual 1 nor in Individual 6.

ter point refers to the “curse of dimensionality” (Bellman,
1961; Caporin & McAleer, 2012), of the BEKK which can
only model a limited number of time-series. de Almeida et
al. (2018), for example, were only able to estimate BEKK
models with less than five simultaneous time-series while
the DCC parameterization was able to accommodate up to
10. Our R-package bmgarch performed similarly; in a small
simulation we were able to estimate up to seven time-series
with the pd BEKK parameterization before all starting values
were rejected and sampling was aborted. The DCC model
did not run into these issues but the computation times in-
creased drastically. While two time-series of length 200 con-
verged within 1 minute, 10 time-series needed 12 minutes
and 20 time-series 75 minutes.

As such, the decision on whether the DCC or BEKK pa-
rameterization is preferred also depends on the number of
time-series one wishes to model. In that sense, DCC will be
able to accommodate more simultaneous processes. How-
ever, while it might seem a limitation that we can only model
up to five processes with BEKK, realistically, it becomes in-
creasingly difficult to interpret all parameters in a sensible
manner without simply scanning for non-zero effects and en-
gage in post-hoc tale telling.

Overall, the BEKK seems to provide parameters that are
both easier and richer in terms of interpretation. While the
DCC returns two sets of ARCH and GARCH parameters, for
the conditional standard deviations and the conditional cor-
relation, it does not allow asymmetric variance spill-overs.
This might be a limitation when capturing psychological pro-
cesses. Moreover, while the ARCH and GARCH parameters
are straightforward to interpreted on for the variances, their
meaning is less evident for the conditional correlation. The
BEKK, in turn estimates only one set of ARCH and GARCH
parameters that directly model the conditional covariance.
As such, its correspondence is more direct in terms of vari-
ances and covariances. Most importantly, the BEKK allows
variance and covariance to be induced by the other variable
and this lagged cross-over effect does not need to be sym-
metrical. This makes the BEKK interesting for investiga-
tions into within-person variability where one can imagine

processes that induce variance in other processes.

As shown here, we can further include time-varying pre-
dictors for the conditional variance, illustrated with the num-
ber of steps taken daily to moderate the constant variance.
While we did not find strong effects in the current applica-
tion, it seems a necessary addition to account for external
sources of variance. Note that Engle and Kroner (1995) in-
troduced a model with an additional variance term, we de-
cided to include a sub-model that can moderate the size of
the constant variance, in order to also account for decreasing
variances. Note that one could also expand the ARCH and
GARCH processes to higher orders to investigate lag effects
that exceed 1.

The limitations, in terms of usefulness of MGARCH mod-
els in psychological research, mostly come down to the com-
plexity of the models and to the data requirements needed
for a precise estimation. While statistical power will mostly
pose no issue, for the parameters that only operate on one
time-series (e.g. all diagonals in the pdBEKK, all parameters
for D, in DCC) as they are either constrained to be positive
or tend to only produce positive values, it was evident form
the results, that the correlation and cross-lagged effects are
more difficult to estimate. Our small scale post-hoc simu-
lation indicated that both models need lots of data in order
to detect non-zero effects; which is especially pronounced
for the pdBEKK parameterization. We would suggest that
time-series lengths of 100 are generally too short to obtain
stable estimates. This is not too surprising as previous re-
search has shown (in population models) that long time series
of within-person data are needed to obtain reliable estimates
of intraidindividal variability (Estabrook, Grimm, & Bowles,
2012)

Moreover, MGARCH models in general are computation-
ally burdensome and, as discussed, they are limited in the
number of time-series that they can estimate simultaneously.
Generally, the more moving parts, the fewer time-series can
be estimated simultaneously and the more data is needed. As
such, we see the use of these models mainly in the area of
individualized modeling as MGARCH are inherently N=1
models. While one could exchange time-series variables for
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persons, we would only be able to investigate a few subjects
at a time. This can be interesting, say for dyadic researchers
but for the general population modeler, these GARCH mod-
els may be not be useful.

Importantly, given long enough time-series, both the
pdBEKK and the DCC are able to partition the conditional
covariances into sub-elements that can be interpreted in
a psychologically relevant manner. While we prefer the
pdBEKK in terms of interpretation and in terms of the abil-
ity to accommodate asymmetric variance spill-over, the DCC
will be capable of estimating more simultaneous time-series
and it seems to require less data.
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Appendix
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Table Al
pdBEKK(1,1)-MGARCH ARMA(1,1) Estimates for Two Individuals
Person 1 Person 6
Estimate Crl Estimate Crl
Median 5% 95% Median 5% 95%
0:pA 41.41 35.16 47.6 44.04 38.23 49.71
do:NA 23.09 15.83 30.24 28.92 24.69 32.43
dpa 0.29 0.16 04 0.14 -0.08 0.33
dpraNA -0.57 -0.78 -0.37 -0.40 -0.69 -0.06
ONA.PA -0.38 -0.51 -0.25 0.11 -0.03 0.3
ONA 0.51 0.29 0.68 -0.14 -0.4 0.1
Opa -0.05 -0.23 0.15 0.32 0.07 0.55
Ona 0.56 0.25 0.84 0.56 0.14 0.92
Ona.pa 0.23 0.04 041 -0.21 -0.37 -0.06
Ona -0.33 -0.57 -0.03 0.25 0.03 0.49

Note. Posterior medians, 5% to 95% credible intervals (Crl) for three individuals. Parameters who’s posterior probability mass
is above or below zero with p > .95 are bolded. PA = Positive Affect, and NA = Negative Affect. ¢y contains the intercept
terms and ¢ the AR parameters. 6 captures the MA process.

Table A2
DCC(1,1)-MGARCH ARMA(1,1) Estimates for Two Individuals
Individual 1 Individual 6
Estimate Crl Estimate Crl
Median 5% 95% Median 5% 95%
$0.pA 40.11 333 46.15 44.69 38.58 50.87
®o:NA 24.85 17.24 32.48 28.74 24.56 32.48
dpa 0.20 0.02 0.35 0.14 -0.11 0.33
dPANA -0.17 -0.58 0.33 -0.44 -0.73 -0.05
dNA.PA -0.25 -0.39 -0.09 0.10 -0.03 0.27
ONA 0.03 -0.46 0.43 -0.13 -0.37 0.09
Opa 0.07 -0.18 0.31 0.32 0.09 0.56
Opana 0.06 -0.5 0.63 0.63 0.14 0.95
Ona.pa 0.07 -0.17 0.31 -0.20 -0.36 -0.06
Ona 0.20 -0.29 0.73 0.20 -0.03 0.44

Note. Posterior medians, 5% to 95% credible intervals (Crl) for three individuals. Parameters who’s posterior probability mass
is above or below zero with p > .95 are bolded. PA = Positive Affect, and NA = Negative Affect. ¢, contains the intercept
terms and ¢ the AR parameters. 6 captures the MA process.





