
DIFFERENTIATING MENTAL MODELS 1

Differentiating Mental Models of Self and Others: A Hierarchical Framework for

Knowledge Assessment

Aakriti Kumar, Padhraic Smyth, and Mark Steyvers

University of California, Irvine

Author Note

Data availability: The original and preprocessed versions of the data can be accessed

at: https://osf.io/68347/?view_only=82114c4a52574fe29b9a2d3ec81a6520

Acknowledgments: This research was supported by NSF under awards 1900644 and

1927245, and the Irvine Initiative in AI, Law, and Society.

Competing Interests: The authors declare no competing interests.

https://osf.io/68347/?view_only=82114c4a52574fe29b9a2d3ec81a6520


DIFFERENTIATING MENTAL MODELS 2

Abstract

Developing an accurate model of another agent’s knowledge is central to communication and

cooperation between agents. In this paper, we propose a hierarchical framework of knowledge

assessment that explains how people construct mental models of their own knowledge and

the knowledge of others. Our framework posits that people integrate information about their

own and others’ knowledge via Bayesian inference. To evaluate this claim, we conduct an

experiment in which participants repeatedly assess their own performance (a metacognitive

task) and the performance of another person (a type of theory of mind task) on the same

image classification tasks. We contrast the hierarchical framework with simpler alternatives

that assume different degrees of differentiation between mental models of self and others.

Our model accurately captures participants’ assessment of their own performance and the

performance of others in the task: initially, people rely on their own self-assessment process

to reason about the other person’s performance, leading to similar self- and

other-performance predictions. As more information about the other person’s ability

becomes available, the mental model for the other person becomes increasingly distinct from

the mental model of self. Simulation studies also confirm that our framework explains a wide

range of findings about human knowledge assessment of themselves and others.

Keywords: Metacognition, Theory of Mind, Mindreading, Other Assessment,

Bayesian Modeling
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Differentiating Mental Models of Self and Others: A Hierarchical Framework for

Knowledge Assessment

Understanding and comparing the knowledge states of others to our own knowledge is 1

a fundamental skill that supports social interaction in daily life. Does Akira know what I 2

know? Would Georgina perform better than me on this task? Will this problem be as 3

difficult for Keith as it is for me? Humans constantly make predictions about their abilities 4

at different tasks and how well other people might fare at the same task relative to 5

themselves. For an individual making predictions about the difficulty of a task for others, a 6

potential starting point is to base it on their own experience with the task (Nickerson, 1999) 7

such as remembering information (Jameson, Nelson, Leonesio, & Narens, 1993; Koriat & 8

Ackerman, 2010) or solving problems (Kelley & Jacoby, 1996). One’s mental model about 9

oneself may often lead to accurate predictions about others. However, previous research has 10

not explored how the mental model of another person can be differentiated to account for 11

specific information learned about them. When we observe another person over time, what is 12

the process by which an initial undifferentiated mental model of that person becomes 13

tailored towards them? 14

Our research combines ideas from (i) metacognition which includes processes used to 15

draw inferences about one’s own knowledge states and (ii) theory of mind (also known as 16

mindreading), which includes processes used to draw inferences about other people’s 17

knowledge states. Recent computational perspectives have suggested that reasoning 18

processes about self and others are closely intertwined (Fleming, 2021). For example, a 19

recent model for metacognition has been motivated by considering self-evaluation as a 20

“second-order” computation distinct from simpler first-order accounts in which the same 21

internal state guides decisions and self-evaluation (Fleming & Daw, 2017). Such second-order 22

computation is also required when assessing knowledge states of other people. Similarly, 23

computational models for mindreading have been motivated by inverse planning – the 24
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process by which other people’s goals and beliefs are inferred by applying one’s own mental25

model to the observed actions (Aboody, Dunham, Jara-Ettinger, et al., 2021; Baker,26

Jara-Ettinger, Saxe, & Tenenbaum, 2017; Baker, Saxe, & Tenenbaum, 2009; Berke &27

Jara-Ettinger, 2021; Tauber & Steyvers, 2011). Empirical studies have provided increasing28

support for commonalities between metacognition and theory of mind based on shared29

cognitive resources (Nicholson, Williams, Lind, Grainger, & Carruthers, 2021), overlapping30

brain structures (Vaccaro & Fleming, 2018), and overlapping developmental trajectories31

((Gopnik & Astington, 1988), (Paulus, Tsalas, Proust, & Sodian, 2014), but see (Baer, Malik,32

& Odic, 2021)). Taken together, there is substantial evidence for a close correspondence33

between reasoning about self and others.34

In this paper, we present a hierarchical framework for knowledge assessment that35

explains how people assess their own knowledge and the knowledge of others. The framework36

is inspired by the connection between metacognition and theory of mind, and has significant37

implications for understanding knowledge assessment in general. We focus on the38

relationship between self-assessment (i.e., predicting one’s performance on a task) and39

other-assessment (i.e., predicting how well another person performs on the same task). There40

are two types of empirical results that the hierarchical framework is designed to address.41

First, the model can be used to explain the relationship between self- and other-assessment42

in situations where there is a lack of information about the other person being judged. For43

example, people are asked to assess the percentage of randomly selected students who know44

the answer to a given question (Nickerson, Baddeley, & Freeman, 1987; Tullis, 2018) or their45

relative placement in a population (Dunning, 2011; Moore & Healy, 2008). These studies46

have shown that people tend to predict that they are better than others on easy tasks but47

worse than others on challenging tasks (Moore & Cain, 2007). In these tasks, people consider48

comparisons to randomly sampled other individuals from a population. In later sections, we49

show how our framework may be applied to these experimental settings and demonstrate its50

ability to explain the empirical results observed in the literature. Second, the hierarchical51
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framework also accounts for situations where people learn to make predictions about a 52

specific person as information about that person becomes available. Our framework can also 53

explain how people assess a specific other person by observing their performance on a task 54

over time. To test our framework’s predictions, we conduct a behavioral experiment where 55

participants classify images and assess their own performance and the performance of a 56

specific other person on this task. This experimental setup allows us to investigate two 57

distinct aspects of assessing others: how individuals assess another individual without any 58

explicit information about the other’s ability, and how this assessment changes as 59

information about the other’s performance becomes available. We also apply our framework 60

to explain other assessment in paradigms where no information is provided about the other 61

person (Moore & Healy, 2008; Tullis, 2018). Throughout this paper, we assume that 62

performance is indicative of a person’s knowledge or ability. However, our proposed 63

framework could also be applied to other domains that are not related to knowledge. For 64

example, inferring a person’s strength when observing them perform specific exercises in a 65

gym, or assessing the skill of drivers by observing them in challenging parking situations. 66

In the following sections, we provide a detailed overview of our modeling framework. 67

We then present data from a knowledge assessment task in which people assess their own 68

performance and the performance of one other person on an image classification task. We 69

apply our proposed framework and simpler alternative models to this empirical data and 70

demonstrate that the predictions of our hierarchical model closely match the trends observed 71

in the data. We also show how our framework supports other findings in the empirical 72

literature on knowledge assessment. Finally, we discuss the significance and implications of 73

this framework for future research. 74

A Hierarchical Framework for Knowledge Assessment 75

We propose a hierarchical framework for knowledge assessment that describes the 76

computational problem which people solve when assessing themselves or another person. We 77
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posit that both self-assessment and other-assessment are inference problems that people solve78

through Bayesian inference. Figure 1 illustrates the different levels of the framework and the79

graphical model corresponding to it. The central idea underlying our framework is that80

reasoning about the performance of oneself or another person occurs at three different levels:81

1. Population level: The top level corresponds to the population level (ω) which encodes82

information about the population of individuals to which the self and the other belong.83

2. Individual-specific level: The middle level pertains to information about specific people84

(including self and others) such as the ability of self and other (as, ao), the difficulty of85

the task perceived by self and other (d).86

3. Knowledge-signals level: The bottom-most level concerns knowledge signals (x) which87

include observed performance outcomes for self and/or others and internal88

metacognitive signals that people may have access to when doing a task.89

We assume that people can reason across the three levels and make inferences about90

self- or other performance as, ao, as well as task difficulty d using the observed knowledge91

signals x. To enable reasoning across abilities of people and difficulties of items in tasks, the92

hierarchical framework adopts concepts from item-response theory (IRT, (Fox, 2010;93

van der Linden & Hambleton, 2013)) to describe the relationship between x and as, ao, d.94

Item-response theory has recently been used to model self-assessment (Jansen, Rafferty, &95

Griffiths, 2021; Jansen, Rafferty, & Griffiths, 2020). Similar to the model by Jansen et al.,96

(2021), we hypothesize that people make errors in their self-assessment such that their97

predicted performance deviates from the actual performance that would be predicted by an98

item-response model. Specifically, we assume that people combine a subjective estimate of99

ability with a subjective estimate of task difficulty in order to estimate the performance on a100

task.101

To support inferences about ability and task difficulty, our work builds on previous102

research (Koriat, 1997; Moore & Healy, 2008; Nickerson, 1999; Thomas & Jacoby, 2013)103
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Figure 1
Three levels of the hierarchical model used to reason about one’s own as well as other people’s
performance. People may have access to different kinds of knowledge signals such as
feeling-of-knowing, response time, and accuracy when assessing their own knowledge or
another person’s knowledge.

which identifies a variety of signals that people use for assessment. In our framework we 104

assume that people may have access two kinds of knowledge signals (x) while performing a 105

task. The first kind is based on external signals, such as feedback on people’s assessment of 106

self or other, information about the correct or optimal solution to a problem, or information 107

about the other’s performance. For example, in some tasks people may receive feedback 108

about their accuracy which could be used as an external signal to infer their ability and 109

predict future performance. The second kind of signals are internal signals that arise from 110

reflecting on one’s internal metacognitive processing. These include how long it takes people 111

to arrive at a solution (Thomas & Jacoby, 2013; Tullis, 2018), their confidence in their 112

response (Hart, 1965; Leibert & Nelson, 1998; Nelson & Narens, 1980), or their 113

feeling-of-knowing about the problem at hand (Koriat, 2000). We use feeling-of-knowing to 114
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refer to the intuition that one may have about being able to solve a problem or answer a115

question without actually attempting to solve the problem or answer the question (e.g.,116

when reading a general knowledge question, one may feel the question is answerable based on117

the familiarity with the words in the question).118

Knowledge signals allow people to make estimates of individual-specific parameters119

such as ability of self and other, and perceived difficulty of the task. Depending on the120

available signals, our framework suggests two ways in which people may infer ability of121

others:122

1. In the absence of specific information about others (e.g., the inference is about a123

randomly sampled person from the population), people may use the knowledge signals124

regarding their own performance and metacognition (xs) to reason about the ability of125

others. This corresponds to inferring p(ao∣xs).126

2. If some information about the other person is available, people may also consider a127

combination of their own and others’ knowledge signals to infer p(ao∣xs, xo).128

The first inference problem maps directly onto previous research where no information is129

provided about about others (Moore & Healy, 2008; Nickerson, 1999; Tullis, 2018). The130

second inference problem has not been studied previously. In the next section, we present131

results from an experimental paradigm where participants track the performance of a specific132

other person and are provided with an increasing amount of information about the other133

person’s performance. The framework also extends to assessing multiple other people. Note134

that, in many real-world contexts, people already have an estimate of their own ability on a135

variety of tasks: they gather information about their ability over time through varied136

interactions with other agents and environments. Hence, as may be partially or fully137

observed in these cases. In comparison, people typically have less information about other138

people’s ability. Therefore, in most cases, ao is unobserved and must be inferred. As a result,139

people’s assessment of their own abilities and knowledge will be less noisy than their140
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assessment of others (Moore & Healy, 2008). 141

People must also reason about the task at hand when doing self- or other-assessment. 142

External signals such as accuracy may enable people to better assess the difficulty (d) of the 143

task at hand. Internal signals such as the time it takes people solve a problem may provide 144

additional information about the difficulty of the task and help predict how others would 145

fare at the same task. For example, people may infer that questions that take them longer to 146

answer are more difficult, and may take others longer to answer as well. Together, these 147

internal and external signals provide information that people may use to infer task difficulty 148

(Kelley & Jacoby, 1996). 149

The top-level of the hierarchy formalizes the assumption that any person’s ability, 150

including one’s own, is a sample from a population-ability distribution which is denoted by ω. 151

Note that ω may vary across tasks and population composition. Consider a Chemistry 152

teacher who is about to begin teaching a lesson on stoichiometry to a group of students who 153

have never studied it. She has however observed other students of the same grade in the 154

past, and can easily make inferences about how well the new batch of students might fare on 155

a test before and after her lesson. This is because the teacher assumes that any new student 156

may be considered a random sample from the population of all students. She would also 157

have a reasonable understanding of what questions the students might find difficult. On the 158

other hand, if asked to compare her own knowledge of stoichiometry to another Chemistry 159

teacher, she would think about the population of Chemistry teachers (which also includes 160

herself) and her placement in this population. Therefore, people’s assessment of the ability 161

of others starts with assumptions about the population they are evaluating. In this paper, 162

we focus on people’s assessment of others from the same population as themselves. However, 163

it is straightforward to extend our framework to model how people assess individuals from 164

different populations or even artificial agents. One way to do this is to add another level to 165

the current hierarchy: two populations may be considered samples from a super-population 166

of agents. 167
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Three Instantiations of the Hierarchical Framework168

Within this hierarchical approach to knowledge assessment, we explore three classes169

of models for connecting the subjective estimates of self and other as illustrated in Figure 2.170

These models correspond to different substantive assumptions about the psychological171

process of other assessment in terms of the assumed connections between the different layers172

of the hierarchy. The first instantiation, differentiated by ability is equivalent to the full173

hierarchical model. The second instantiation, the fully differentiated model, assumes that174

self- and other-assessment are distinct processes. The undifferentiated model assumes no175

distinction between self- and other-assessment. We will also refer to these models with the176

short-hand notation M1, M2, and M3 respectively.177

X X X X

M3: UndifferentiatedM2: Fully Differentiated

X X

M1: Differentiated by Ability

(Hierarchical Model)

Figure 2
Schematic graphical models connecting the subjective estimates of self and other,
corresponding to different substantive assumptions about the psychological process of other
assessment: 1) Differentiated by Ability model (M1) which is equivalent to the full hierarchical
model, 2) Fully Differentiated model (M2) which ignores population level information, and 3)
Undifferentiated model (M3) which ignores the individual-specific level of the full framework.

Differentiated by Ability Model (M1)178

This model maps directly to the proposed hierarchical model of knowledge179

assessment. One way to formalize the reasoning process in this model is that people180

separately assess their own ability (as) and the ability of another person (ao). However,181
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because the hierarchical structure imposes connections between the self and other ability 182

(e.g., with no knowledge of the other person, the best estimate of another person equals that 183

one of one’s own ability, ao = as), it is conceptually convenient to assume that people 184

evaluate the ability of others relative to their own abilities. Specifically, δ = ao − as captures 185

the differential ability, the amount by which the ability of others is different from one’s own 186

ability. Hence, we refer to this model as the differentiated by ability model1. As shown in 187

Figure 2, this model considers inference at all three levels: population, specific individuals, 188

and knowledge signals. As more information becomes available via external knowledge 189

signals such as performance feedback, it is possible to learn whether the other person is 190

better (δ > 0) or worse (δ < 0) relative to themselves. 191

Additionally, it assumes that estimates of perceived difficulty of the problem (d) are 192

the same for both self and the other person. Hence, the participant uses their perceived item 193

difficulty when estimating the other person’s score on the same task. This is a key feature of 194

the model. In contrast to the next model (M2), it allows a person to draw meaningful 195

insights from their experience with the task. When predicting the other’s score for a target 196

problem, the prediction can be informed by information gained about differential ability 197

from previous problems and the participant’s own perceived problem difficulty for the target 198

problem. Therefore, this model predicts correlated scores between self- and other-estimated 199

scores. 200

Fully Differentiated Model (M2) 201

This model assumes that other-assessment is not informed by any self-assessed 202

estimates, consistent with a fully differentiated model of the other. As shown in Figure 2, 203

this model assumes that inference about self and others is disjointed. As a consequence, 204

there is no information sharing at the individual level. The fully differentiated model 205

suggests that people draw no information from their own experience with the task when 206

1 note that assessing differential ability δ and as is equivalent to separately assessing as and ao
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reasoning about another person. According to this model, in the absence of feedback, the207

participant possesses no meaningful information that can be used to inform predictions of208

the other person’s performance. The participant starts with arbitrary priors about the other209

person’s ability and perceived item difficulty and proceeds to learn about the other by solely210

observing their scores (in the feedback condition) and ignoring any insights from their own211

experience. As more observations become available over time, the estimated other ability can212

be updated and can inform the prediction for the next set of problems. Note that, because213

people do not rely on their experience with the task to assess the other person, this model214

does not allow the person to learn any meaningful estimates of difficulty as experienced by215

the other person. Both ability and difficulty estimates of the other are evaluated216

independent of the ability and difficulty estimates of the self.217

Undifferentiated Model (M3)218

The last model assumes that the predicted other scores are highly constrained as the219

process of other-assessment uses the exact same information as the process used for220

self-assessment. As shown in Figure 2, this formulation ignores inference at the specific221

individual or the population levels of the proposed hierarchical framework. Therefore, this222

model suggests that people rely only on their assessment of themselves to make predictions223

about the other person. Overall, this model predicts no differentiation in ability as more224

information about the other person becomes available.225

Overview of Experiments and Modeling226

Up to this point, we have explained the hierarchical framework and model variants227

primarily at a conceptual level. In the next sections, we will apply the framework to specific228

empirical paradigms. First, we will describe an empirical paradigm based on an image229

classification task where participants sequentially make predictions about the performance of230

themselves as well as the performance of another person. We evaluate how the self- and231

other predictions differentiate over time as more information about the other person becomes232
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available and test which of the three instantiations of the hierarchical model best accounts 233

for the observed data. Second, we will use the hierarchical model to account for previous 234

empirical findings about other assessment in tasks where no specific information about the 235

other person is available and participants reason about the other person and relative 236

placement in the population using a combination of internal and external knowledge signals. 237

A Sequential Knowledge Assessment Task 238

We develop an empirical paradigm similar to observer paradigms (Jameson et al., 239

1993) where there are multiple rounds of assessing one’s own performance as well as the 240

performance of another target person, allowing people to update their mental models of the 241

target person. In this empirical paradigm, participants go through a series of problem-sets, 242

where each problem-set consists of a series of classification problems involving images of 243

different species of animals (see Figure 3 for examples). After each problem-set, participants 244

self-assess their own performance (“how many items do you think you answered correctly?”) 245

as well as the performance of a target person who previously performed the task (“how many 246

items do you think Akira answered correctly?”). The target person is referenced with a 247

made-up name but the associated data is based on an actual person who performed the 248

experiment. In the no-feedback condition of the experiment, no information is provided 249

about the actual performance of the target person and assessment is based on a priori 250

predictions. In the feedback condition, the performance of the target person can be used by 251

the participant to update their mental model of the other person’s ability. In the example in 252

Figure 3, when the participant is predicting how many items Akira answered correctly in the 253

first problem-set (involving birds), no feedback has been presented yet. However, after 254

learning that Akira answered 9 out of 12 items correctly while the participant themselves 255

answered only 7 items correctly, this provides an opportunity for the participants to adjust 256

their mental model of the other person. This differentiated mental model can then be 257

applied in the assessment phase for the second classification problem-set (dogs) and further 258
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refined after receiving feedback. We apply an instantiation of the proposed framework to259

behavioral data collected via the sequential knowledge assessment task, extending the work260

by Jansen et al., (2021) on other-assessment. We assume that other-assessment proceeds in a261

similar fashion as self-assessment by combining a subjective estimate for the perceived ability262

of the other person with estimates of the perceived difficulty for the other person. We use263

this framework to assess the degree of differentiation between the mental model of self264

(containing ability and problem difficulty estimates for self) and the mental model of others265

(containing ability and problem difficulty estimates for the other person). Consistent with266

previous research that has shown that one’s own perceived difficulty in retrieving information267

or solving problems can be used to predict the difficulty experienced by others (Jameson268

et al., 1993; Kelley & Jacoby, 1996; Nickerson, 1999; Nickerson et al., 1987), we show that269

the subjective estimates of problem difficulty are shared between the self- and other mental270

models. In addition, we show that the other-person model differentiates from the self model271

based on differences in perceived ability. As information becomes available about the other272

person’s performance, the differential ability can be updated, leading a person to upgrade or273

downgrade the predictions relative to their own ability.274

Notation275

Before describing the computational model, we introduce some notation and define276

the scope of the model. In our empirical paradigm, each person i is paired with a single277

other person. That is, each person reasons about their own performance and one other278

person’s performance throughout the experiment. Therefore, we will omit from the notation279

which specific other individual person i the self is reasoning about. We instead use the280

superscripts s (self) and o (other) to denote both the true scores of a person or of the281

assigned other person, and subjective estimates of a person about their own or the other282

person’s performance respectively. We will use subscript j to index the problem-set, where283

j ∈ {1, . . . , L}.284
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Figure 3
Illustration of the empirical paradigm for self- and other assessment. Participants go through
a series of classification problem-sets requiring participants to discriminate between different
types of animals in a four-alternative forced-choice task. After classifying twelve images that
constitute a problem-set, participants proceed to the assessment phase, where they estimate
the number of items they and another person answered correctly. The assessment phase is
followed by feedback (if provided) on the actual number of items answered correctly. Numbers
in blue and green show estimates and true scores respectively. The scores of the other (target)
person are based on selected participants who previously went through the experiment. A
number of different names, including Akira, are used to reference the other person.

For example, xs
i,j represents the number of items person i answered correctly in 285

problem-set j, and xo
i,j represents the number of items answered correctly in problem-set j 286

by the other person paired with i. x̂s
i,j represents the number of items person i estimates 287

they answered correctly on problem-set j. Similarly, x̂o
i,j represents the estimated 288

performance of the other person from the viewpoint of person i, i.e., how many items person 289

i believes the other person answered correctly for problem-set j. Both true and estimated 290

scores are limited to the number of classification items (M) within each set, 291

xi,j ∈ {0, . . . , M}, x̂i,j ∈ {0, . . . , M}, where M = 12 throughout our experiments. In the 292

empirical paradigm, the order in which the problem-sets are presented varies across 293

participants. We will use subscript t = 1, 2, . . . , T to refer to the order in which problem-sets 294

are presented, and j to refer to the specific type of problem-set. For example, the bird 295

problem-set in Figure 3 could correspond to t = 1 and (say) j = 4. For person i in this 296
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particular example and for t = 1, the number of estimated and true self- and other answered297

correctly are x̂s
i,t = 5, x̂o

i,t = 7, xs
i,t = 4, xo

i,t = 11, with M = 12.298

Modeling actual performance299

To formalize actual performance, we start with a model from Item Response Theory300

(IRT, (Fox, 2010; van der Linden & Hambleton, 2013)) which accounts for the observed301

performance differences across people and problem-sets. The IRT model will also form the302

basis for the two other parts of the model (self- and other-assessment). To simplify the303

application of the IRT model across the three parts, we will use a basic Rasch model (Rasch,304

1993) extended for ordered polytomous categories (i.e., the responses x ∈ {0, . . . , M}). The305

key assumption of the Rasch modeling approach is that the number of items answered306

correctly, xi,j for person i and problem j, is modeled by combining two latent factors, the307

ability ai of each person i and the difficulty dj for problem-set j:308

θi,j = ai − dj

pi,j =
1

1 + exp(−θi,j)

xi,j ∼ OrderedProbit(pi,j, v, σ)

(1)

Note that ai and dj represent the objective ability of person i and the objective309

difficulty of problem j measured using the IRT model. θi,j represents the latent score of310

person i on problem-set j on a logit scale (−∞ < θ < ∞) which is modeled as a sum of ai, the311

ability of person i, and dj, the difficulty for problem-set j. Therefore, a higher score is312

expected for people with high ability or problems with low difficulty. The variable pi,j313

represents the latent score for person i and problem-set j converted to a value between 0 and314

1. The ordered probit model2 is a simple probabilistic process that maps the latent score pi,j315

2 There are alternative generative models for ordered responses including the graded response model (Greene
& Hensher, 2010). We have found that the use of this alternative construction does not change the
qualitative results
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to a discrete score, xi,j ∈ {0, . . . , M}. In this process, normally distributed noise with zero 316

mean and standard deviation σ is added to the latent score pi,j and the placement of the 317

resulting value in a set of intervals (defined by the cutoff points v) determines the observed 318

score. The variable σ represents the uncertainty in mapping from latent to observed scores 319

(see Appendix for details). 320

In this particular model, we have assumed that ability is one-dimensional – all 321

variations in ability can be characterized by changes along a single overall ability scale. We 322

could also consider multidimensional extensions of this model, analogous to multidimensional 323

item response theory (Reckase, 2009) that allow for differences in ability along a number of 324

dimensions. 325

Modeling self-assessment 326

For the self-assessment model, we assume that each person i’s estimate of their own 327

ability as
i and estimate of the problem difficulty for problem-set j, ds

i,j, are noisy and 328

distorted versions of the true values. Both as
i and ds

i,j may be interpreted as subjective 329

estimates made by each person i on problem j. These subjective estimates are related to the 330

objective measures of ability (ai) and difficulty (dj) from Eq. 1 according to: 331

as
i ∼ N (ai, σa,i)

ds
i,j ∼ N (γdj + λ, σd,i)

(2)

where γ and λ parameter are scaling parameters that can capture systematic 332

deviations of people’s estimates from the true values of difficulty (dj). Specifically, when 333

λ > 0, problem difficulty will be overestimated leading to underestimates of scores. Similarly, 334

when λ < 0, problem difficulty will be underestimated leading to overestimates of scores. The 335

linear transformation of the problem difficulty is similar to the linear-in-log-odds models that 336

have been used to model distortions in probability estimation in a variety of cognitive tasks 337

(Turner, Steyvers, Merkle, Budescu, & Wallsten, 2014; Zhang & Maloney, 2012). 338
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An estimated score x̂s
i,j by person i for problem-set j is produced by combining the339

self-estimated ability and problem difficulty by following the same general process as in Eq.340

1:341

θs
i,j = as

i − ds
i,j

ps
i,j =

1
1 + exp(−θs

i,j)

x̂s
i,j ∼ OrderedProbit(ps

i,j, v, σs)

(3)

Overall, there are two sources of noise that can produce distortions in self-estimation. The342

subjective ability might not reflect the true ability and the subjective problem difficulty343

might systematically deviate from the actual problem difficulty.344

Note that the self-assessment model in Eqs. 2-3 is similar to the IRT model in Eq. 1345

but that it plays a very different role in our approach conceptually. The IRT model in Eq. 1346

serves the purpose of a data analysis model to estimate the true abilities and true item347

difficulties whereas the self-assessment model in Eqs. 2-3 formulate a cognitive model to348

explain the process of self-assessment. We use the ordered probit model as a link function to349

map a person’s subjective latent probability of being correct, ps
i,j, to a score between 0 and350

12. However, as we will show in a later section of the paper, we may easily modify this to351

accommodate cases where different knowledge signals are available (e.g., feeling-of-knowing352

or response time).353

Modeling other-assessment354

For this model we make the assumption that the way people reason about the other355

person’s performance is through the lens of their own self-assessment process. That is, once356

a person i has an estimate of the ability of the other person (ao
i ) and an estimate of the357

problem difficulty for problem-set j as experienced by the other person (do
i,j), we assume that358
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scores for the other person can be predicted by applying the same cognitive model as Eq. 3: 359

θo
i,j = ao

i − do
i,j

po
i,j =

1
1 + exp(−θo

i,j)

x̂o
i,j ∼ OrderedProbit(po

i,j, v, σs)

(4)

Note that in this model, ao
i and do

i,j are not the true ability and problem difficulty of the 360

other. Instead, they represent i’s estimate of the true ability of other and the estimate of the 361

difficulty for the other. 362

Hypotheses about the Relationship between the Self- and Other Model 363

Now that the basic models for self- and other assessment have been formalized, we 364

specify how the three hypotheses, the differentiated by ability (M1), fully differentiated (M2), 365

and undifferentiated model (M3) translate to different computational assumptions about how 366

the estimates of the other ability and problem difficulty are formed. The underlying 367

computational assumptions of the three hypotheses are summarized in Table 1 in terms of 368

the notation above. Note that these relationships describe different beliefs held by the person 369

making inferences about the other person. In other words, these are psychological 370

assumptions about how people use available information to draw inferences in their cognitive 371

model of the other person. 372

Table 1
Model-based hypotheses about the relationship between self- and other-mental model
parameters. Each hypothesis is associated with a different cognitive model for
other-assessment.

Hypothesized Dependencies
Model ao

i and as
i do

i,j and ds
i,j

M1: Differentiated by Ability ao
i = as

i + δi do
i,j = ds

i,j

M2: Fully differentiated unrelated unrelated
M3: Undifferentiated ao

i = as
i do

i,j = ds
i,j
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M1: Differentiated by ability model373

The differentiated by ability model (M1) assumes that for each type of problem-set j,374

the difficulty for another person is the same as the difficulty for one’s self (i.e. do
i,j = ds

i,j).375

However, it allows for the possibility that there is a difference, δi in ability between self and376

other from the viewpoint of person i. This differential ability is inferred as information about377

the performance of the other person becomes available over time.378

The inference process can be stated as a sequential updating problem. After t379

problem-sets, person i has received information about the other person’s performance380

xo
i,1, . . . , x

o
i,t. (e.g., if after t = 3 rounds of problem-sets, the other person scored 11, 7, and 8381

correct out of 12, we have xo
i,1 = 11, xo

i,2 = 7, and xo
i,3 = 8). On the basis of this information, a382

prediction for the performance on the next problem-set, x̂o
i,t+1, can be made by first making383

an inference about the differential ability δi from the viewpoint of person i:384

p(δi∣xo
i,1, . . . , x

o
i,t) ∝ p(xo

i,1, . . . , x
o
i,t∣δi, d

s
i,1, ..., d

s
i,t)p(δi)

= (
t

∏
τ=1

p(xo
i,τ ∣δi, d

s
i,τ))p(δi)

(5)

Note that the second line follows from the first because of conditional independence. The385

term in the product can be evaluated by Eq. 4 by using the model assumption ao
i = as

i + δi.386

In the next step, on the basis of the posterior estimates of ao
i the score of the other person387

for the next problem-set presented at time t + 1, p(xo
i,t+1∣ao

i , d
o
i,t+1), can be predicted by388

applying Eq. 4. Here, do
i,t+1 is the same difficulty as inferred by the self using the389

self-assessment model (ds
i,t+1). The term p(δi) reflect person i’s prior about the differential390

ability. We assume that this prior is centered around zero, such that at the start of learning,391

the mental model of self and other are undifferentiated.392
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M2: Fully differentiated model 393

The most unconstrained of the three hypotheses is the fully differentiated model (M2). 394

In this model, the estimates in the mental self model are unrelated to the estimates in mental 395

other model (i.e. ao
i is unrelated to as

i and do
i,j is unrelated to ds

i,j). This model posits that 396

people use no insights from their experience with the task when assessing the other person. 397

A prediction for the performance on the next problem-set t + 1, x̂o
t+1, can be made by 398

making an inference about the ability of the other person (ao
i ) and difficulty for the other 399

person (do
i,1, . . . , d

o
i,t) : 400

p(ao
i , d

o
i,1, . . . , d

o
i,t∣xo

i,1, . . . , x
o
i,t) ∝ p(xo

i,1, . . . , x
o
i,t∣ao

i , d
o
i,1, . . . , d

o
i,t)p(do

i,1, . . . , d
o
i,t)p(ao

i )

= (
t

∏
τ=1

p(xo
i,τ ∣ao

i , d
o
i,τ)p(do

i,τ))p(ao
i )

(6)

The terms p(ao
i ) and p(do

i ) reflect a person’s priors about the other person and we have 401

assumed independence between these priors. Note that the second line follows from the first 402

because of conditional independence. The score of the other person for the next problem-set, 403

p(xo
i,t+1∣ao

i , d
o
i,t+1), can be predicted by applying Eq. 4 to the posterior estimates of ao

i and 404

drawing a sample from the posterior of do
i . 405

Note that the flexibility of this other-assessment model allows for the possibility that 406

a problem-set has differing levels of difficulty across people. When the same type of 407

problem-set occurs over time, this model will allow a person to potentially make accurate 408

predictions for the other person’s performance. However, in an environment where 409

problem-sets do not repeat (as in our empirical paradigm), this model does not generalize 410

well as the information acquired for each type of problem-set is not utilized in the future. 411

M3: Undifferentiated model 412

The most constrained of the three models is the undifferentiated model (M3). In this 413

model, the mental models of self and other are the same and remain undifferentiated as new 414
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information becomes available about the performance of the other individual. Therefore, the415

process for producing predictions for the problem-set presented at time t for self (x̂s
i,t) and416

other (x̂o
i,t) in Eqs. 3-4 are based on the same parameters. Note that in this model, the417

predicted self- and other scores can still deviate from each other because of the noise process418

of producing discrete scores in Eqs. 3-4.419

Experiments420

We conduct two image classification experiments to investigate self- and421

other-assessment and develop and test the computational models. In Experiment 1, we422

collect behavioral data from 68 participants on the basic experimental paradigm that only423

includes self-assessment. Experiment 2 follows the same experimental paradigm but also424

includes other-assessment of participants from Experiment 1. There were 128 individuals in425

total serving as “self” in Experiment 2. Specifically, the best and worst performing 16426

participants from Experiment 1 served as the “other” individuals that participants in427

Experiment 2 are learning about.428

Methods429

Participants430

Participants were recruited through Amazon Mechanical Turk. 68 and 128431

participants were recruited for Experiment 1 and Experiment 2 respectively. To be eligible432

for the studies, participants were required to meet the following criteria: 1) have greater433

than or equal to 80% Human Intelligence Task (HIT) approval rate for all requesters’ HITs;434

2) be located in the United States and; 3) be 18-years-old or older. All participants provided435

informed consent before taking part in our study and were compensated $6 for their436

participation. The median time to complete the experiment was 33 minutes.437
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Images 438

There were 192 unique images in total used in the experiments, divided equally into 4 439

categories (birds, dogs, primates, and reptiles). Each category was associated with T = 4 x 4 440

= 16 problem sets in total, with each problem-set containing M = 12 individual classification 441

problems. In each classification instance, the goal is to classify images according to four 442

different labels corresponding to a specific category. For example, for one of the bird 443

problem-sets the labels are crane, common redshank, limpkin, dunlin, and for one of the dog 444

problem-sets the labels are Afghan hound, Ibiza hound, Norwegian elkhound, redbone 445

coonhound (See Appendix A for a list of the 16 classification problem-sets). The images and 446

labels for the classification problems are based on the ImageNet Large Scale Visual 447

Recognition Challenge (ILSRVR) 2012 database (Russakovsky et al., 2015). ImageNet is an 448

image dataset where the labels for each image are hierarchically organized according to the 449

WordNet hierarchy (Miller, 1995). We selected 16 classification problem-sets equally divided 450

among the 4 categories. For each classification problem-set, we randomly selected 12 images 451

(3 images per label) from the validation set of ImageNet. Each image was center-cropped 452

and scaled to 256 x 256 pixels. 453

Procedure 454

In both Experiments 1 and 2, participants went through 16 problem-sets where each 455

problem-set included 12 classification problems of a particular category as well as a 456

prediction task where participants assessed their own performance (Experiment 1 and 2) and 457

also assessed another person’s performance (Experiment 2 only). For each problem-set, a 458

participant first classified 12 individual images (Figure 3). For each image, the participant 459

selected a label from four response alternatives (e.g. little blue heron, oystercatcher, 460

dowitcher, and great egret). The response alternatives remained the same during each 461

problem-set. The participant also selected a discrete confidence level from six alternatives 462

(25%, 40%, 55%, 70%, 85%, and 100% confidence). The 25% and 100% confidence levels had 463
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additional text labels “Guessing” and “Absolutely Certain” respectively. No feedback was464

provided during this classification phase. The confidence ratings and individual465

classifications were not used for the purpose of this research.466

At the end of each problem-set, the 12 images from the preceding classification task467

were presented simultaneously on the screen. In both Experiments 1 and 2, participants were468

instructed to predict the number of images they classified correctly by selecting a response469

option between 0 and 12 (self-assessment). In Experiment 2, they were also asked to predict470

the performance of another person by selecting a number between 0 and 12471

(other-assessment). This person was referred to by a name, sampled randomly from a set of 7472

male and 7 female names (e.g. “Vince”, “Glenda”). The participant was told that this was473

not the real name of the other person but that the other person was an actual person who474

participated previously in the experiment (the same name was used throughout the475

experiment).476

In Experiment 1, after the predictions were made for each problem-set t, participants477

were provided feedback and were told the actual number of correct responses (e.g., “You478

classified 8 out of 12 images correctly”). Participants were given an option to see which479

individual images they classified incorrectly. The correct label was not shown. After this480

feedback, participants proceeded to the next problem-set t + 1. In Experiment 2, in the481

feedback condition, feedback was provided about the number of correct self as well as482

other-responses (e.g. “Vince scored 6 out of 12 images correctly”). In the no-feedback483

condition, this feedback about self- or other-performance was omitted.484

Overall, each participant provided 192 image classifications with corresponding485

confidence levels and provided 16 predictions about their performance across 16 different486

types of classification problem-sets.487
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Design 488

The 16 best and 16 worst performing participants from Experiment 1 served as the 489

other person to learn about in Experiment 2. We will refer to these two groups of other 490

people as top and bottom respectively. In the feedback condition, a participant in 491

Experiment 2 received feedback about the particular other person assigned to the 492

participant. In the no-feedback condition, no such information was provided. The 493

assignment of the 16 top and 16 bottom participants from Experiment 1 to the 128 494

participants in Experiment 2 was counterbalanced across the two feedback conditions – each 495

target participant from Experiment 1 was assigned to exactly four participants in 496

Experiment 2, two in the feedback and two in the no-feedback conditions. 497

Metrics for Assessment Performance 498

For both self- and other-assessment, we report results based on three different metrics 499

to provide a more comprehensive picture of assessment performance (Dunning & Helzer, 500

2014). Note that because our assessment task of estimating the number of items scored 501

correctly does not relate to a binary detection task, various standard metacognition measures 502

such as metacognitive sensitivity and efficiency (Fleming & Lau, 2014) cannot be applied. 503

The first metric is the coefficient of predictive ability (CPA) (Gneiting & Walz, 2021), 504

a rank-based measure that generalizes the Area under the Curve (AUC) to ordinal and 505

continuous variables (for details, see Appendix D). In our context, the CPA evaluates how 506

well people can discriminate in their assessment between different true scores. More 507

specifically, the CPA is a weighted probability that under random sampling of problem-sets, 508

a problem-set with a higher true score is self-assessed with a higher score than a problem-set 509

with a lower true score3. The weights in CPA are based on the distance between the ranks of 510

the true scores. Therefore, a person who is able to assign different scores to closely ranked 511

true scores will achieve a higher CPA. The CPA measure is theoretically appropriate for a 512

3 ties between the self-assessed scores are resolved at random
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number of reasons: the CPA is equivalent to AUC when applied to binary outcomes, and513

equivalent to Kendall’s tau rank-order correlation when there are no ties in the true scores.514

It is also closely related to the Goodman Kruskal’s Gamma coefficient that has been used to515

assess metacognitive sensitivity (Nelson, 1984). Because of the rank-based nature, CPA is516

insensitive to bias. Any changes to the estimated scores that preserve ranking will result in517

the same CPA. The CPA attains values between 0 and 1. A value of 1 is attained when there518

is a perfect correspondence between estimated and true scores. A value of 1/2 is attained519

when the estimated scores are independent of the true scores.520

Second, we report a bias measure to measure the systematic deviations between the521

true and estimated score, defined as Bias = (1/N)∑N
i=1(x̂i − x̄) where x̂ is the estimated score522

through self- or other assessment and x̄ is the mean of true scores across problem-sets. If the523

assessment scores are consistently overestimating or underestimating the true performance,524

the bias score will be positive and negative respectively.525

Third, to facilitate comparison to previous reported results on assessment (e.g. (Zell526

& Krizan, 2014)), we also report the Pearson correlation coefficient (ρ) between the true and527

estimated scores.528

Model Inference529

We used Markov Chain Monte Carlo (MCMC) sampling to infer model parameters530

for the cognitive models presented in Figure B1 and obtain samples from the posterior531

distribution. We chose the Stan computing environment for posterior inference (Stan532

Development Team, 2020). Model inference proceeds in a sequential fashion. We begin with533

actual performance assessment, followed by self-assessment and finally other-assessment. We534

start by estimating the parameters (a, d, σ) that account for actual performance of the535

participants using the true scores xs. These parameters were estimated using a standard536

1-parameter IRT model described in section 1 on modeling actual performance. In the next537

stage of our inference, we treat the posterior means of a, d, σ as observed data to infer the538
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parameters of our self-assessment model (as, ds, σa,i, σd,i, σs, λ, γ) using participant’s 539

estimates of their true scores (x̂s). Inference on the self-assessment model gives us the 540

estimated perceived ability of self (as) and perceived difficulty of items (ds) for every 541

individual. We ignore learning over time when estimating these self-assessment parameters 542

as we did not observe any such learning in our empirical data. Finally, the posterior means 543

of the parameters from the self-assessment model serve as the starting point for the 544

other-assessment models. 545

We use the three variants of the other-assessment model to simulate participants’ 546

estimates of the other person’s scores. To do inference, we condition on as, ds, σs, and xo. 547

Figure B1 shows the graphical models corresponding to each model variant. At the first time 548

step, depending on the variant of the other-assessment model, we either use priors for ao and 549

do (M3) or values of as and ds (M1, M3) to predict the participant’s first estimate of the 550

other person’s performance (here, the participant has not received any information about the 551

other person). At each subsequent time step, participants may learn about the other person 552

in the feedback condition. Simulating from the undifferentiated model (M3) requires no 553

learning: we simply use self estimates (as and ds) to predict the participant’s estimated 554

scores of the other person on each time step. To simulate the participant’s estimates using 555

the fully differentiated model (M2), we use the mean posterior estimates of ao and do from 556

the previous time step to predict estimated scores of the other person. For the differentiated 557

by ability model (M1), we use the the mean posterior estimates of ao from the previous time 558

step and ds for the current item to predict the participant’s estimated score of the other 559

person x̂o. 560

Our experimental and modeling setup allows us to simulate a participant’s estimate 561

of any other person’s score, i.e, we can use a participant’s inferred self-ability and item 562

difficulties from the self-assessment model to predict their estimates of any randomly picked 563

other person’s scores. For Figures 7 and 8, we increased the number of simulated 564

other-assessments fourfold in order to more clearly visualize the differences in model 565
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predictions from the three different linkage hypotheses. In these simulations, for every566

participant, we simulate their other assessment separately for four randomly assigned567

participants as their ‘other persons’. We then use the other-assessment procedure described568

above to make predictions about the participant’s estimates of the new others’ scores.569

Implementing the IRT model requires careful attention to the selection of priors on570

both ability and difficulty to avoid potential identifiability issues. For the actual performance571

model, we used normal priors of ability and difficulty IRT parameters: ai ∼ N(0, 1),572

dj ∼ N(µd, σd), where µd ∼ N(0, 1), σd ∼ Cauchy(0, 5). Additionally, for the self-assessment573

model we used Normal priors for λ ∼ N(0, 1), γ ∼ N(0, 1) and Cauchy priors for standard574

deviation parameters σa,i, σd,i ∼ Cauchy(0, 5). Finally, for the differentiated-by-ability model,575

we use a normal prior on δi ∼ N(µδ, σδ) where µδ ∼ N(0, 1) and σδ ∼ Cauchy(0, 5).576

Throughout the inference process, we ran the sampler with 2 chains with a burnin of 1000577

iterations before taking 1000 samples per chain. The chains mixed appropriately based on578

Rhat values (close to 1).579

Empirical Results580

Classification performance581

Participants substantially differed in overall performance. From the worst to the best582

performing participant, the mean proportion correct varied between 33% to 81% across583

Experiments 1 and 2. Classification performance improved slightly within each problem-set.584

Across the first, middle, and last 4 classification items in a problem-set, average performance585

was 53%, 55%, and 57% respectively. This improvement is likely due to participant586

strategies of adjusting their classifications after seeing a larger range of images. Across587

problem-sets, no apparent learning took place (keep in mind that each problem-set involved588

new classification problems with a unique set of labels). The average accuracy, grouped by 4589

consecutive problem-sets was 56%, 56%, 53% and 55%.590
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Table 2
Self- and other-assessment performance across experiments and conditions. For the analysis
per participant, the statistics are calculated at the individual participant level and then
averaged; numbers between parentheses are standard errors. N is the number of participants.
For the analysis across participants, we ignore individual differences and report a single
outcome across participants and problem-sets. TB refers to the subset of participants who
were part of the top and bottom performers

Across participants Per participant
Type / Condition CPA Bias ρ Mean CPA Mean Bias Mean ρ N
Self-assessment

Exp. 1, Feedback (All) 0.75 -1.41 0.52 0.79 (0.011) -1.41 (0.19) 0.62 (0.019) 68
Exp. 1, Feedback (TB) 0.75 -1.24 0.53 0.80 (0.015) -1.24 (0.30) 0.62 (0.029) 32
Exp. 2, Feedback 0.82 -1.41 0.65 0.82 (0.011) -1.41 (0.14) 0.64 (0.022) 64
Exp. 2, No Feedback 0.78 -1.54 0.57 0.80 (0.009) -1.54 (0.21) 0.64 (0.018) 64

Other-assessment
Exp. 2, Feedback 0.70 -0.08 0.40 0.63 (0.013) -0.08 (0.14) 0.28 (0.027) 64
Exp. 2, No Feedback 0.63 -0.60 0.27 0.69 (0.016) -0.60 (0.26) 0.41 (0.032) 64

Assessment performance 591

While many metrics have been introduced to evaluate metacognition, they are 592

typically applied to binary decision tasks (Fleming & Lau, 2014). Given that the self- and 593

other estimated and true scores are based on discrete counts with more than two outcomes, 594

we adopt a relatively new measure, the coefficient of predictive ability (CPA, (Gneiting & 595

Walz, 2021)) to assess metacognitive sensitivity, the ability to discriminate between different 596

true scores. 597

Table 2 shows the self- and other assessment performance based on CPA as well as 598

Bias (See Methods for details), and Pearson correlation coefficient (ρ) between true and 599

estimated scores. According to the CPA as well as the Pearson correlation, participants’ self- 600

and other assessment is well above chance level (note that chance level for CPA is 0.5). For 601

self-assessment, the Pearson correlation coefficients are in the 0.5-0.7 range which is well 602

above the 0.2-0.3 range reported for many other self-assessment tasks (Zell & Krizan, 2014). 603

Figure 4 shows the self-estimated score as a function of the true score for a particular 604

problem-set. The data for this analysis is combined across Experiments 1 and 2 (see 605
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(a) (b)

Figure 4
Mean estimated self score (a) and other score (b), each as a function of actual performance
for a particular problem-set. For the self-scores, the data is combined across Experiments 1
and 2. Histograms show the marginal distribution of scores. The colored areas shows 95%
confidence intervals.

Supplementary for the results separated by Experiment). The results show a small range of606

true scores associated with a pattern of overestimation. For a larger range of true scores,607

there was a pattern of underestimation. Generally, this pattern of systematic deviations is608

consistent with previous findings in self-assessment (Jansen et al., 2021; Kruger & Dunning,609

1999) and is consistent with the general pattern of over- and underestimation in subjective610

assessment tasks (Zhang & Maloney, 2012). However, it is important to note that there were611

few problem-sets where participants produced the low true scores that are associated with612

the overestimation pattern (see the marginal distribution at the top of the figure). Overall,613

there was a tendency to underestimate performance, as revealed by the negative bias values614

in Table 2. Across Experiments 1 and 2, there were 169 participants with more under- than615

overestimates in the self-assessment and only 19 participants with more over- then616

underestimates.617

Other-assessment is a more challenging task than self-assessment leading to somewhat618
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lower performance. However, participants’ accuracy in assessing other participants (i.e., the 619

participants in Experiment 1) is not far off from the ability of those participants to predict 620

their own performance (i.e., see self-assessment results from Experiment 1, top/bottom 621

performers). Across participants, feedback improves other-assessment on all performance 622

metrics including bias4. 623

Figure 5 demonstrates that individual participants are tracking the performance of 624

other people in the feedback condition. In the feedback condition, when participants make 625

predictions about the other person for the first problem-set, no feedback has been provided 626

yet and the results show that predictions are the same across top- and bottom other 627

performers. However, the estimated mean scores diverge within a few problem-sets 628

depending on the type of other person they are learning about. In the no feedback condition, 629

participants’ estimated scores cannot (by definition) reflect differences between other people. 630

Instead, without feedback, estimates have to be based on prior knowledge only. Generally, 631

these prior predictions underestimate true performance (i.e., negative bias). 632

Finally, the other assessment shows patterns of over- and under-estimation that are 633

similar to self-assessment. Figure 4(b) shows that for particular problem-sets that lead to 634

low (high) true scores, participants tend to over (under) estimate performance. This pattern 635

is similar across feedback conditions. 636

Relationship between self- and other-assessment 637

Figure 6 shows that there is a close correspondence between self- and 638

other-assessment. In the no feedback condition, there is a strong tendency to link the 639

estimate of the other score to the estimate of the self score, suggesting that when people 640

believe a problem is challenging for themselves, they believe it is likely to be challenging for 641

4 At the individual participant level, discrimination (CPA) and correlation (C) is higher in the absence of
feedback which suggests that feedback lowers the ability to discriminate between different levels of
performance. However, it should be noted that each participant in the feedback condition tracks the
performance of either a top or bottom performing other person. Therefore, for those participants, there is a
restricted range of scores to discriminate which which reduces CPA and C
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Figure 5
Mean estimated score of the other person across feedback conditions and performance levels
of the other person. Dashed lines show the mean true score across the top and bottom
performing other people. Note that the no feedback condition (right panel) shows the a priori
predictions of participants. The colored areas show 95% confidence intervals.

other people as well. In the feedback condition, the results show the same pattern but the642

predictions are differentiated by the type of other person they are learning about with higher643

predicted scores for a top-performer. Therefore, in the feedback condition, the results suggest644

that two factors affect the other-assessment, the estimated overall performance of the other645

person and the perceived problem difficulty.646

Discussion of Empirical Results647

Our empirical results are consistent with the hypothesis that participants are648

developing and updating a mental model that allows them to make inferences about the649

overall level of performance of the other person. Figure 5 shows that participants’ estimates650

of top and bottom other performers diverges within a couple of feedback rounds. This651

suggests that people employ an efficient mental representation of the other that enables them652
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Figure 6
Estimated score for the other person (x̂o) conditional on the estimated self score (x̂s). The
results for the feedback condition are separated by the overall performance of the other person.
Histograms show the marginal distribution of scores. The colored areas show 95% confidence
intervals.

to quickly distinguish their own performance from the other person’s. 653

Our results are consistent with previous studies of predicting general knowledge in 654

self and others (Jameson et al., 1993). Target participants in Experiment 1 were more 655

accurate in assessing themselves than the observers in Experiment 2 who assessed the targets 656

and received feedback. In turn, the observers who received feedback were more accurate than 657

the observers who did not receive feedback. However, without feedback performance is still 658

well above chance. Figure 6 hints that observers without feedback use their own perceived 659

ability and their self-assessed problem difficulty as predictors, assuming that what is difficult 660

for them is also difficult for another person. This guessing strategy is effective in situations 661

where the perceived problem difficulty for self correlates with the actual problem difficulty 662

faced by other people (Fussell & Krauss, 1991; Jameson et al., 1993; Nickerson et al., 1987). 663
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Model-based Results664

Our primary modeling objective is to understand the mechanisms at play when665

humans make inferences about the ability and performance of other individuals. To do so,666

we simulate the three qualitatively different models described above and relate them to the667

key empirical findings in our experiments. We use two methods to evaluate model adequacy.668

First, we perform a qualitative model evaluation by assessing the models’ ability to replicate669

the qualitative patterns we observed in the empirical data. We do this through posterior670

predictive simulation. For all three hypotheses, we use the existing behavioral data from the671

set of participants and problem-sets to estimate posterior distributions of the parameters.672

We then simulate the behavior of new participants and new problem-sets by sampling from673

the posterior predictive distribution (i.e., these are predictions for a replication of the674

experiment with a new set of participants and new problems sets). We use this simulated675

data to compare the qualitative predictions of our models to our empirical findings on 1) the676

relationship between self- and other-assessment, and 2) people’s ability to differentiate677

between good and bad performances of other participants when given feedback. Our second678

method for model evaluation is through out-of-sample predictive checks using679

cross-validation. In this approach, we use the posterior distributions for the actual set of680

participants and problem-sets in the experiments, and compare the model predictions for681

held-out problem-sets against the observed data.682

Relationship between self- and other-assessment683

Previous investigations of neural-activity during self- and other-assessment (Frith &684

Frith, 1999; Jenkins, Macrae, & Mitchell, 2008; Mitchell, Banaji, & Macrae, 2005) have685

revealed a close correspondence between people’s metacognition and their theory of mind.686

Our empirical results also indicate that self-assessment is closely tied to other-assessment.687

Figure 7 shows the relationship between self- and other-assessment as predicted by the three688

models. These results are based on a combination of experimental data and simulated data.689
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We simulate participants’ assessment of others’ performance for four randomly assigned 690

participants as their ‘other persons’. 691

Compared to the observed empirical data in Figure 6, we see that the 692

Differentiated-by-ability model (M1) most closely captures the trend observed in the 693

empirical data in both the feedback and no feedback conditions. When feedback is provided, 694

it predicts a strong association between the self and other estimates while allowing for 695

learning of differential ability of the other. This is consistent with what we see in our 696

empirical data where people’s estimates of their own performance are closely tied to their 697

performance of the other. People draw on their experience with the task to make inferences 698

about the other person’s experience and assume that their subjective difficulty on any item 699

must be commensurate to the difficulty experienced by the other person. Throughout the 700

experiment, their estimates of the other person’s performance are anchored by their own 701

scores. 702

In contrast, without any informative priors about ability or difficulty, the fully 703

differentiated model (M2) fails to predict any association between self- and other-assessment. 704

Alternatively, the undifferentiated model (M3) relies too heavily on priors and predicts that 705

people’s estimates of others’ performances are closely tied with their assessment of their own 706

performance. Note that in the case of no feedback, M1 is similar to M3. With no information 707

to learn from, people are forced to rely heavily on their own metacognitive assessments of 708

their ability and difficulty of each item as a prior for the other person. Hence both models 709

predict similar trends between self and other scores in the no feedback condition. 710

Differentiating between good and bad performers 711

In Figure 5 we observed that participants are able to distinguish between good and 712

bad performances of other participants in the feedback condition. On the first trial, people 713

use their prior beliefs about the other person’s ability and difficulty to estimate others’ 714

scores. Subsequently, in the presence of feedback, people adjust their beliefs about the other 715
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Figure 7
Model predictions for the relationship between estimated other score and estimated self
performance. The results are separated by the feedback condition and performance levels of
the other person. Note that in the no feedback condition, participants can’t differentiate
between top and bottom performers. Dashed line indicates exact equivalence between
estimated self and other scores. The colored areas show 95% confidence intervals.

participant’s ability to make their estimates. The corresponding model predictions are shown716

in Figure 8. The results show that the differentiated-by-ability model (M1) accurately717

emulates this behavioral pattern. The simulated participants’ estimates of the good and bad718

performances diverge after they receive a single data point as feedback. On the other hand,719

while M2 does better than M3 at capturing the dependence of other-assessment on720

self-assessment (Figure 7), it does not capture people’s ability to learn and differentiate721

between good and bad performances by the other. This is an important feature of the722

feedback condition in our experiment - people quickly learn the differential ability of the723

other person. Both M2 and M3 fail to capture this critical empirical feature.724
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Figure 8
Model predictions for the mean estimated score of the other person over problem-sets. The
results are separated by the feedback condition and performance levels of the other person.
Dashed lines show the mean true score across the top and bottom performing other people.
The colored areas show 95% confidence intervals.

Quantitative Assessment of Model Performance 725

Table 3 shows how well each of the three models are able to capture the 726

other-assessments in the empirical data. The sequential nature of our models allow us to 727

make out-of-sample predictions for other-assessment at each time-step. For example, when 728

making a prediction at time t + 1, the model only receives information about the other 729

person’s true performance up to time t. 730

The table shows the mean squared error (MSE) and Pearson Correlation (ρ) between 731

the predicted estimates of other-performance as evaluated by the models and the actual 732

estimates of other-performance made by participants in the experiment. These values 733

indicate how closely model estimates resemble the true data. We only compare the models 734

on their performance on the feedback condition. Overall, we see that the 735
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Table 3
Other-assessment across models M1, M2, and M3. For analysis per participant, the statistics
are calculated at the individual participant level and then averaged; numbers between
parentheses are 95% confidence intervals. N is the number of participants. For the analysis
across participants, we ignore individual differences and report a single outcome across
participants and problem-sets.

Across participants Per participant
Model MSE ρ Mean MSE Mean ρ N
M1: Differentiated by Ability 8.92 0.39 8.92 (5.515, 12.324) 0.359 (0.241, 0.478) 64
M2: Fully Differentiated 15.95 0.15 15.95 (12.726, 19.172) 0.076 (-0.067, 0.219) 64
M3: Undifferentiated 10.60 0.26 10.60 (7.254, 13.945) 0.276 (0.137, 0.414) 64

differentiated-by-ability model (M1) outperforms the two other models (M2 and M3). This736

model provides the best quantitative fit to the data when the correspondence is assessed for737

each individual participant as well as across participants. Other statistics such as CPA follow738

the same trends as shown in Table 3 (See Appendix for details). We focused on MSE739

because it is a standard way to evaluate the predictive performance of models.740

Discussion of Model-based Results741

We contrasted three models and assessed the ability of the models to capture the742

qualitative patterns as well as match the human predictions in a quantitative way. The best743

performing model was the differentiated-by-ability (M1) model. It is a model with relatively744

few parameters that makes an assumption that there is a simple link between the mental745

model of self and other. Model M1 learns only one differential ability parameter linking self-746

to other-assessment. Note that this is one of many ways to formulate how self- and747

other-assessment are tied together. Our claim is that for simpler tasks and with small748

amounts of data this link between self- and other-assessment remains low dimensional. How749

quickly these models grow in complexity needs to be explored in future work.750

Predictions from the differentiated-by-ability model (M1) replicate the qualitative751

pattern we see in our empirical results while also being quantitatively closest to the observed752

data as shown in Table 3. The other two models (M2 and M3) fail to simultaneously capture753

the relationship between estimated self- and other-scores (Figure 7) and the divergence of754
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estimated scores for top and bottom performers (Figure 8). In contrast, in the absence of 755

feedback, people only have their own encounter with the task to rely on. This reliance is best 756

captured by models M1 and M3. In M3, the estimated ability and problem difficulty are 757

assumed to be the same for the other person, leading a person to predict similar performance 758

in self- and other assessment. 759

Explaining Previous Empirical Findings on Knowledge Assessment 760

Up to this point, we have shown how the hierarchical knowledge assessment model 761

can explain a variety of findings from an empirical paradigm that we specifically designed to 762

test how people differentiate between their own and others’ performance. However, the 763

hierarchical model can also be applied to other empirical paradigms. In this section, we 764

demonstrate the model’s ability to explain how people’s assessment of other’s performance 765

changes as different knowledge signals are made available to them (Tullis, 2018) and how 766

people place themselves relative to others (Moore & Healy, 2008). For each of the 767

experiments, we qualitatively compare model predictions from the hierarchical model to the 768

observed data. The details of the simulations are presented in Appendices E and F. 769

Metacognitive Cue Utilization for Knowledge Assessment 770

The availability of certain performance related signals influences people’s assessment 771

of their performance on a task (Jost, Kruglanski, & Nelson, 1998; Nelson, Kruglanski, & 772

Jost, 1998; Tullis, 2018). In addition to assessing one’s own knowledge, Nickerson proposes 773

that the same signals may also guide one’s assessment of others. For example, when asked to 774

assess another person’s performance on a task without doing the task themselves, a person 775

may rely on a vague feeling-of-knowing about the task. However, if the person does the task 776

themselves before assessing another person, they have access to additional information about 777

their performance through signals such as the time it takes for them to perform the task. 778

This information may enable the person to make a more informed assessment of another 779

person’s performance on the same task. Tullis (2018) proposes a theory of knowledge 780
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estimation as cue utilization that builds upon these previous accounts on self and other781

knowledge assessment (Koriat, 1997; Nickerson, 1999; Thomas & Jacoby, 2013). In this782

theory, the degree of overlap between self-assessment and other-assessment depends on the783

cues available to oneself. These cues may depend on an individual’s interactions with the784

task, information about the specific other person being assessed, or general information785

about the population.786

Through a series of experiments, Tullis demonstrates that the bases and accuracy of787

assessment of others depends on the conditions under which the assessment is elicited. In788

Experiment 1 in Tullis, 2018, participants judged the percentage of other participants who789

would know the answer to a series of trivia questions. There were two experimental790

conditions. In the answer before condition, on each trial, participants first answered the791

trivia question and then subsequently estimated the proportion of other participants who792

would know the answer. In the answer after condition, participants first estimated for each793

trivia question the proportion of other participants who would know the answer and then794

answered the trivia questions. Experiment 2 included two manipulations. As in Experiment795

1, participants answered trivia questions either before or after estimating other participants’796

performance. In addition, feedback was manipulated: participants either did or did not797

received corrective feedback about the correct answer after answering each question.798

The left panels of Figures 9 and 10 summarize the key empirical findings. Results are799

reported as gamma correlations between 1) predictions of other’s knowledge and the time800

needed for the person to answer the question themselves and 2) predictions of other’s801

knowledge and the accuracy of the participant themselves. Figure 9A shows that participants’802

predictions of others’ knowledge were more strongly tied to their own performance when they803

were required to answer trivia questions themselves before estimating others’ knowledge on804

the same questions. This is consistent with our hypothesis that people draw information805

through the process of answering questions when assessing others. The results also show that806

participants’ assessment of others’ improved when they were provided feedback about the807
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accuracy of their answer (left panel of Figure 9B). This additional cue helped participants 808

better assess the difficulty of each question and hence make better assessments of others’ 809

performance. Moreover, negative gamma correlations between participant’s predictions for 810

others and the time they took to answer the questions suggests that participants expected 811

others to perform worse on questions that took them longer to answer. This supports our 812

assumption that participants use response time as a signal to assess the difficulty of 813

problems and therefore to inform their assessment of others. However, there was no 814

significant difference in this effect between the feedback and no-feedback conditions. 815

To apply the hierarchical knowledge assessment framework to the other-assessment 816

task presented in Tullis, 2018, we will assume that the experimental conditions determine 817

which metacognitive cues or knowledge signals are available to a person when assessing 818

themselves and others. We will use xF K
i,j , xRT

i,j , and xACC
i,j to denote the three types of 819

knowledge signals potentially available to participant i for problem j: feeling of knowing 820

(FK), response time (RT), and performance feedback (ACC) respectively. We assume that 821

these knowledge signals are produced according to: 822

xF K
i,j ∼ f(ps

i,j, η), xRT
i,j ∼ g(ps

i,j, ν), xACC
i,j ∼ h(ps

i,j) (7)

where functions f, g, and h link the knowledge signals to a person i’s estimate about their 823

probability of being correct on problem j (ps
i,j) and η, ν encode the noise in the mapping to 824

the observed knowledge. The mappings encode simple monotonic relationships between the 825

probability correct and the knowledge signals. For example, feeling-of-knowing (xF K
i,j ) is 826

modeled as a linearly related to ps
i,j - the more likely a person is correct, the stronger their 827

feeling-of-knowing. In contrast, we expect people’s response times xRT
i,j to be inversely related 828

to ps
i,j - the longer it takes people to solve a problem the harder they think it is. 829

In Experiment 1 in Tullis, 2018, in the answer after condition, participants judge other 830

participants’ performance before answering the question themselves, and hence participants 831
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only have a feeling of knowing signal available to make knowledge assessments, i.e.832

xs
i,j = {xF K

i,j }. In contrast, in the answer before condition, participants are required to answer833

the questions before evaluating others. Therefore, they have access to their response time in834

addition to the FK signal, i.e. xs
i,j = {xF K

i,j , xRT
i,j }. Table 4 details the assumptions about the835

types of knowledge signals available to people across different conditions and experiments.836

In the experimental task, participants have to estimate the percentage of other837

participants who know the answer to a series of trivia questions. This can be thought of as838

assessing the performance of an average person instead of a specific individual. Since839

participants do not have access to any knowledge signals (xo) pertaining to the other person,840

they can only make estimates about an average other person. In the absence of xo, our841

modeling setup assumes that ao is a random draw from the population and hence represents842

the ability of an average person. Therefore, we frame the inference problem for the843

participant to estimate ao and problem difficulty d on the basis of the observed knowledge844

signals xs. Since we do not have access to the raw experimental data from the paper, we first845

simulate experimental data for Experiments 1 and 2 using simple assumptions about846

individual differences in ability, variability of question difficulty as well as basic assumptions847

about the functional forms used in Eq. 7. Next, we apply the differentiated by ability model848

to simulate the inference process on the basis of the simulated experimental data (see849

Appendix E for details). The qualitative results shown here do not depend critically on the850

choice of simulation parameters.851

Our model’s predictions closely track the qualitative trends observed in the852

experimental data for Experiments 1 and 2, as demonstrated in Figure 9. In Figure 9A, the853

model predictions are consistent with the empirical observation that participants in the854

answer before condition showed a significantly stronger negative correlation between the time855

they took to answer a question and their accuracy of other assessment than participants in856

the answer after condition (i.e., participants estimated lower scores for others on questions857

that took them longer to answer). Additionally, the model predicts a positive correlation858
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between participants’ accuracy and their predictions of others’ knowledge (i.e., participants 859

tend to estimate higher scores for others on questions they themselves answered correctly). 860

Similarly, for Experiment 2 (9B), the model predicts that participants estimate lower scores 861

for others on questions that took them longer to answer. This effect is stronger in the 862

feedback condition than in the no feedback condition. Additionally, the model captures the 863

finding that participants tend to estimate higher scores for others on questions they 864

themselves answered correctly. Figure 10 shows that the model predicts, consistent with the 865

empirical observations, that participants’ estimates of others improved when they were 866

required to answer the question themselves and then were provided feedback. Overall, these 867

results show that our model is able to accurately capture knowledge assessment across 868

different experimental conditions. 869

Table 4
Assumptions about the types of knowledge signals available to people for the different
conditions in Experiment 1 and 2 in Tullis, 2018. FK=Feeling of Knowing; RT=Response
Time; ACC=Accuracy

Condition Types of Knowledge Signals

Exp 1 Answer After FK
Answer Before FK, RT

Exp 2

Answer Not Required, Feedback Not Given RT
Answer Not Required, Feedback Given FK, ACC
Answer Required, Feedback Not Given FK, RT
Answer Required, Feedback Given FK, RT , ACC

Overestimation and Overplacement 870

People’s assessment of their own performance and the performance of others is known 871

to be biased in several ways (Dunning, 2011; Larrick, Burson, & Soll, 2007; Moore, 2007; 872

Moore & Healy, 2008; Tullis, 2018). In particular, people tend to believe that they are less 873

likely than average to exhibit extraordinary abilities and more likely than average to exhibit 874

ordinary abilities (Moore, 2007). These beliefs about ability also depend on task difficulty. 875

Moore and Healy (2008) showed that on difficult tasks, people tend to overestimate 876

their performance but incorrectly believe that they are worse than others. Whereas, on easy 877
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A.

B.

Figure 9
Observed and model-predicted correlations between a person’s prediction of others’ knowledge
and the time needed for the person to answer the question themselves and their accuracy.
The observed data is from Tullis, 2018. The top row (A) shows the results from the answer
before and answer after conditions in Experiment 1. The bottom row (B) shows results for
the feedback and no feedback conditions in Experiment 2.

tasks, people tend to underestimate their performance but incorrectly believe they are better878

than others (Dunning, 2011; Moore & Healy, 2008). These findings can be attributed to two879

forms of overconfidence that people often display: overestimation and overplacement. For880

example, in the experimental paradigm from Moore and Healy, 2008, participants answered881

trivia questions and predicted their own score and the score of a randomly selected882

participant at three different stages of the experiment. First, participants made predictions883

about themselves and the other participant before they had any specific information about884

the quiz they were about to take. Second, they answered quiz questions and then estimated885

their own scores and the other participant’s score again. This is termed their interim886
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Figure 10
Observed and model-predicted correlations between a person’s prediction about others’
knowledge and the (sign reversed) difficulty of the questions. The observed data is from
Experiment 2 from Tullis, 2018 across the feedback and no feedback conditions. Note that the
difficulty of a question for the empirical observations was based on the empirical proportion
of participants that answered the question correctly. For the model predictions, difficulty of
the questions is the inferred latent difficulty.

estimate. Finally, participants were shown the correct answers to the quiz and asked to make 887

final estimates about their performance and the other participant’s performance. 888

The empirical observation columns in Table 5 show the degree of participants’ 889

overplacement and overestimation in the interim phase of the experiment. Higher positive 890

values correspond to higher levels of overestimation and overplacement, and negative values 891

correspond to underestimation and underplacement. The degree of overestimation was 892

evaluated by the difference between the estimate of their performance and the person’s true 893

performance (i.e., x̂s,ACC − xs,ACC). The degree of overplacement was evaluated by a 894

difference of two differences: first, the difference between the estimated performance of self 895

and other and second, the difference between the actual performance of self and other (i.e., 896

(x̂s,ACC − x̂o,ACC) − (xs,ACC − xo,ACC)). This can be understood as the difference between a 897

person’s estimate of how much better they are when compared to another person 898

(x̂s,ACC − x̂o,ACC) and the true difference between the two people (xs,ACC − xo,ACC). The 899

empirical results show that participants tend to overestimate their performance on hard 900

problems and underestimate their performance on easier problems. Furthermore, 901
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participants overplace their performance on easy problems and underplace their performance902

on difficult problems.903

Table 5
Empirical observations from Moore and Healy, 2008 and model predictions for overestimation
and overplacement when making self and other knowledge assessment at the interim phase
for three different question difficulties (standard deviations in parentheses).

Overestimation Overplacement
Difficulty Empirical Observations Model Predictions Empirical Observations Model Predictions

Easy -.22 (.93) -.72 (1.49) .48 (2.59) .51 (.81)
Medium .01 (1.27) 1.5 (1.54) .04 (3.91) -.1 (1.39)

Hard .79 (1.50) 2.74 (.73) -1.36 (2.39) -.87 (1.12)

We simulated the hierarchical knowledge assessment model for the interim stage of904

the experiment using the same setup and simulation parameters as used for the simulations905

of the Tullis, 2018 experiments (See Appendix F for details). At the interim stage of the906

experiment, we assume that participants have access to feeling-of-knowing and response time907

signals, similar to the answer-before condition in Experiment 1 of Tullis, 2018, i.e.908

xs
i,j = {xF K

i,j , xRT
i,j }. We use the model to simulate the knowledge signals available to909

participants in the experiment. We also simulate a distribution of problem difficulty and910

refer to the highest 33% difficulty values as hard, the lowest 33% as easy, and the rest as911

medium. Next, we simulate the task faced by the participant: the problem of inferring912

xs,ACC and xo,ACC (i.e., producing estimates x̂s,ACC , x̂o,ACC) given the available knowledge913

signals xs. Finally, to analyze the model predictions, we assess the degree of overestimation914

and overplacement using the same evaluation approach used to analyze the empirical data.915

The model prediction in Table 5 demonstrate our model’s ability to capture the relationship916

between task difficulty and people’s tendency to overplace or overestimate their performance.917

In line with the empirical observations, our model predicts that people underplace but918

overestimate their performance on difficult problems, and people overplace and919

underestimate performance on easy problems.920

The hierarchical knowledge assessment model is consistent with the theory presented921

by Moore and Healy, 2008. The authors present a theory of overconfidence which assumes922
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that people have imperfect information about their own performances and even worse 923

information about the performances of others. As a result, people’s estimates of themselves 924

are regressive, but their estimates of others are even more regressive. The left panel of 925

Figure 11 exemplifies the theory’s prediction of participants’ regressive estimates about 926

performance of self and others. The right panel of Figure 11 demonstrates that our model 927

predictions are consistent with the predictions of their theory of overconfidence - people’s 928

estimates of others’ performance are more regressive than their estimates of their own 929

performance. This qualitative trend is observed for a broad range of parameter values in our 930

simulations. The main difference between the two theories is that the hierarchical model was 931

designed to apply to a broader variety of empirical manipulations and tasks. The 932

hierarchical framework provides explicit ways to model manipulations of problem difficulty, 933

feedback, ordering of answering relative to other assessment, as well as situations that lead 934

to knowledge signals specific to other people. 935
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Figure 11
Relationship between the estimated performance of self and other and true performance of
self and other as predicted by the theory of overconfidence (Moore & Healy, 2008) and as
predicted by the hierarchical model.

Discussion 936

Knowing what other agents know is central to communication and cooperation 937

between agents. Much of the current computational work on theory of mind has focused on 938

inferring beliefs and goals of other people by observing intentional behavior in spatial 939
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environments (Baker et al., 2017; Baker et al., 2009). However, developing an accurate940

model of another agent not only requires an understanding of their goals and beliefs which941

can explain their movements in a physical environment but also their knowledge states which942

can explain their performance on knowledge tasks. In our theoretical framework, we focus on943

understanding how people assess the knowledge states of other people in the absence of any944

physical or verbal cues — they only receive quantitative feedback about their assessment of945

the other person’s performance. The key idea of our work is that people combine their own946

experience on a task with information received about the other person’s performance to947

make assessments of the other’s knowledge states.948

Previous research to understand how humans infer knowledge states of other humans949

was limited to empirical studies (Jameson et al., 1993; Nelson, 1984) and descriptive theories950

(Nickerson, 1999). However, there is increasing interest in developing models of reasoning951

about other people’s knowledge states (Aboody et al., 2021; Berke & Jara-Ettinger, 2021).952

Aboody et al., (2021) present a computational account of how people infer knowledge of953

another person based on the expectation that the other person maximises epistemic utility954

when making choices. In this research, we take a complementary view of knowledge955

assessment of others. Our framework formalizes how humans construct mental models of956

other humans’ knowledge solely based on observed quantitative performance of the other957

person. We developed and tested three computational models on the basis of a simple958

empirical paradigm where the participant is asked to make inferences about the other person.959

As the experiment progresses, limited information about the other person is made available960

to the participant. For example, after receiving feedback about their first prediction, there is961

only one data point about the other person that is available to the participant. Still, despite962

the small amount of information, participants are able to update their mental model of the963

other person and improve their predictions over subsequent prediction rounds. We suggest964

that there are two main components that drive people’s estimation of the other person’s965

performance. The first is people’s tendency to generalise their experience with the task to966
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the other person’s behavior. This explains the close association between people’s self and 967

other estimates - people use their estimates of task difficulty to adjust their beliefs about the 968

other person’s performance. The second component is their capacity to distinguish between 969

their own ability and the other person’s ability. This is made apparent by people’s quickly 970

diverging estimates of top- and bottom - other performers in our experiment. 971

Sparse Data Encourages Linking Mental Models of Self and Other 972

From a computational perspective, people are often faced with situations where not 973

many observations are available about another individual, making it difficult to learn 974

detailed and complex mental models of that individual. Instead, a simpler mental model 975

with few parameters to estimate might be effective (at least in the initial interaction with the 976

individual). In this research, we contrasted three computational models for the inference of 977

knowledge states. The models varied in the degree to which the mental models of self- and 978

other are differentiated. In the simplest mental model of other (M3; undifferentiated), no 979

parameters need to be updated as the mental model for the other person is the same as the 980

mental model for self. In the most complex mental model of other (M2, fully differentiated), 981

not only the ability of the other person needs to be estimated but also the experienced 982

difficulty for each type of problem. This model allows for the possibility that what is easy for 983

one’s self could be challenging for the other and vice versa. We found evidence for an 984

computational model with an intermediate level of complexity (M1; differentiated by ability) 985

that involves just a single parameter: the relative ability of the other individual. This simple 986

mental model allows one to quickly extrapolate how likely it is that an individual can 987

successfully perform a task with very few observations. 988

Our results support our claim that in the presence of feedback, people learn about the 989

other person’s ability relative to their own while also drawing information from their own 990

experience from the task. The differentiated-by-ability model that best accounts for the 991

observed data makes the assumption that the way people reason about the other person’s 992
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performance is through the lens of their own self-assessment process. This assumption is993

consistent with a second-order model of metacognition which suggests that humans994

self-reflect and think about others using similar mental processes (Fleming & Daw, 2017).995

We posit that the same machinery that enables people to estimate their performance also996

enables them to judge another person’s performance. However, we do not address the issue997

of the number of systems involved in metacognition and mindreading. Our results simply998

point out that self-knowledge can be informative and is used by people to make predictions999

about other people’s knowledge.1000

Proposals for Future Investigations1001

We now discuss in greater detail how the self- and other-assessment can be extended1002

to handle other interesting situations involving multidimensional ability, multiple agents, and1003

AI agents assessed by humans and humans assessing AI agents.1004

Assessing Multiple Other Agents1005

More often than not, people work with multiple other agents to accomplish tasks. An1006

important extension of the current work is to see how easily peoples’ mental models scale to1007

groups of others, or how well can people make inferences about knowledge states of multiple1008

other teammates when working in a group. For example, when playing a trivia quiz with a1009

group of people, players continuously appraise other players’ expertise on a variety of1010

domains. This mechanism of group appraisal and coordination was formalised by Wegner,1011

(1987) as a transactive memory system (TMS). TMS is a property of a group that consists of1012

knowledge stored in each person’s memory and metamemory that encodes different1013

teammates’ domains of expertise. Mei et al., (2017) mathematically formalize TMS as an1014

appraisal network and describe asymptotic properties of the team. However, how people1015

learn such an appraisal network in practice is not well investigated. Here we focused on1016

assessing only one other person and the model that best described the empirical data was a1017

low-dimensional model. It is likely that humans learn a sparse representation of ability to1018
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differentiate between multiple teammates. Such parsimony would be essential to manage 1019

cognitive overload and resource constraints. 1020

Humans Assessing AI 1021

Humans are increasingly interfacing with artificial agents (AI) to make joint decisions 1022

in a variety of real-world applications (Kleinberg, Lakkaraju, Leskovec, Ludwig, & 1023

Mullainathan, 2018; Ott, Choi, Cardie, & Hancock, 2011; Patel et al., 2019; Rajpurkar et al., 1024

2020; Wright et al., 2017). A common pitfall of such collaborative human-AI decision making 1025

is the ineffective treatment of advice from an AI agent by the human. To correctly assess 1026

and use an AI agent’s advice, the human must infer the AI agent’s expertise and knowledge 1027

about the task at hand to build a good mental model of the AI’s ability. Our work presents 1028

a first step to understanding a human’s assessment of other human’s ability from a 1029

computational perspective. Future work should investigate how humans update their 1030

assessment of ability when the other agent is an AI agent. 1031

An important assumption of the current model is that humans can generalize their 1032

subjective assessment of difficulty of the task to the relative difficulty experienced by another 1033

human. In essence, people assume that what is difficult for them is difficult for another 1034

human. However, this assumption might not hold true when humans interact with AI agents. 1035

Extensions of the current framework may be used to investigate how humans assess ability of 1036

an AI agent that has complementary abilities to the human (finds different tasks difficult or 1037

easy when compared to the human) – Can people simultaneously learn a nuanced model of 1038

ability and build a high-dimensional representation of another agent’s experience in the task? 1039

Multidimensional Ability 1040

In daily life, people often interact with domain experts. For example, we expect a 1041

birder to have a wider knowledge of birds than a lay person. However, information about the 1042

birder’s knowledge of birds does not necessarily position us better to assess their knowledge 1043

in related domains such as classifying dog breeds or unrelated domains such as identifying 1044
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Renaissance painters. An important simplification in the self- and other-assessment models1045

is that they encode ability as a one dimensional parameter. We focused on a simple mental1046

model where differentiation was based on a single dimensional ability. However, we don’t1047

rule out the possibility that people are developing increasingly complex multidimensional1048

mental models of others, as more information is observed.1049

We know that humans are capable of planning based on beliefs, goals, and resource1050

constraints (Baker et al., 2009; Gopnik & Meltzoff, 1997; Lieder & Griffiths, 2020), and can1051

use inverse-planning to infer beliefs and goals from observed behavior of other agents (Shum,1052

Kleiman-Weiner, Littman, & Tenenbaum, 2019; Tauber & Steyvers, 2011). While traditional1053

accounts of theory of mind provide important qualitative insights into how humans make1054

these complex inferences about other minds (Gopnik & Meltzoff, 1997), recent work provides1055

computational frameworks to capture human judgments across a range of social interactions1056

(Baker, 2012; Baker et al., 2017; Shum et al., 2019). However, quantitative variation in1057

human ability to reason about knowledge of other agents is not well studied.1058

A straightforward extension of the self- and other-assessment models would be to1059

account for differences in ability across different categories presented to the participant.1060

Multidimensional Item Response Theory (MIRT) is often used to analyze performance on1061

tasks where multiple abilities are at play (Ackerman, Gierl, & Walker, 2003; Hartig &1062

Höhler, 2009). MIRT is a generalisation of unidimensional IRT models where the probability1063

of success is modeled as a function of multiple ability dimensions. Such models can also be1064

applied to instances where mixtures of abilities are required for individual test items.1065

Conclusions1066

How a mind understands another mind is a fundamental question in psychology.1067

While there is prior research on how people make theory of mind judgments about intentions1068

and goals of other agents, there is relatively little investigation of how people assess1069

knowledge of other agents. In this work, we develop a theoretical framework that describes1070
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the underlying computation that people employ when assessing the knowledge of other 1071

agents. Our empirical results and model predictions demonstrate that people’s evaluation of 1072

the other person’s performance (a theory of mind computation) is linked to their evaluation 1073

of their own performance (a metacognitive computation). The models presented in the paper 1074

provide a starting point for a more comprehensive exploration of how humans assess other 1075

agents. 1076
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Appendix A

The ordered probit model

The ordered probit model, x ∼ OrderedProbit(p, v, σ) is a generative model that maps a 1239

(latent) value p to one of M + 1 discrete scores x ∈ {0, . . . , M}. In this process, noise is added 1240

is added to the latent value resulting in a new latent value, p′ = p + ϵ, where ϵ ∼ N(0, σ) and 1241

the resulting discrete score is determined by the interval where p′ lies: 1242

x =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if p′ ≤ v1

1 if v1 < p′ ≤ v2

2 if v2 < p′ ≤ v3

M if p′ > vM

(A1)

The ordered vector v = [v1, . . . , vM] represents the transition points between different discrete 1243

scores. With this construction, the probability of producing a score x = k conditional on the 1244

latent value p is: 1245

P (x = k∣p, σ) = Φ((vk+1 − p)/σ) −Φ((vk − p)/σ) (A2)

where Φ is the cumulative standard normal distribution and v0 = −∞. 1246

To simplify the model, we divide the 0-1 range into M + 1 equal intervals, (i.e., 1247

v = [1/(M + 1), 2/(M + 1), ..., M/(M + 1)]). With this construction, when M = 12 (as in our 1248

experiment), a latent value p′ = 1/12 will result in a score x = 1, p′ = 2/12 will result in a 1249

score x = 2, etc. Figure A1 shows an example of how the latent scores are mapped to scores 1250

when M = 6. Note that the higher value of the parameter σ (top panel) results in a noisier 1251

mapping of latent probabilities to discrete scores. 1252
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Figure A1
Illustration of the ordered probit model when M = 6. Top and bottom panels are produced
with σ = 1/10 and σ = 1/60 respectively
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Appendix B

Graphical Models

Figure B1 shows the graphical models for the prediction problem corresponding to the three 1253

assumptions about the relationship between self- and other assessment. These graphical 1254

models illustrate the relationships between the observed and unobserved variables. Note that 1255

what is observable or unobserved is all from the perspective of the person reasoning about 1256

the other person. 1257
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Figure B1
Graphical models corresponding to three different other-assessment models for predicting the
performance of another person. Shaded nodes show information that is known from the
perspective of the person reasoning about the other person. Unshaded nodes show latent
variables that need to be inferred. The key variable to infer is xo

t+1, the performance of the
target person on problem t + 1.
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Appendix C

Classification Problems

Table C1 shows a list of the 16 types of classification problems used in the Experiments1258

along with the 4 response options for each classification problem.

Table C1
List of the classification problems by basic category

# Category Response options
1 Bird Crane (bird), Common redshank, Limpkin, Dunlin
2 Bird Little blue heron, Oystercatcher, Dowitcher, Great egret
3 Bird Bustard, Spoonbill, Hornbill, Bittern
4 Bird Hummingbird, Bald eagle, Vulture, Kite
5 Dog Shetland Sheepdog, Old English Sheepdog, Rottweiler, Komondor
6 Dog Lhasa Apso, Airedale Terrier, West Highland White Terrier, Kerry Blue Terrier
7 Dog Norwich Terrier, Irish Terrier, Scottish Terrier, Norfolk Terrier
8 Dog Afghan Hound, Ibizan Hound, Norwegian Elkhound, Redbone Coonhound
9 Primate Macaque, Titi, White-headed capuchin, Guenon
10 Primate Langur, Black-and-white colobus, Marmoset, Common squirrel monkey
11 Primate Gorilla, Chimpanzee, Gibbon, Baboon
12 Primate Ring-tailed lemur, Geoffroy’s spider monkey, Howler monkey, Siamang
13 Reptile Green iguana, Desert grassland whiptail lizard, European green lizard, Carolina anole
14 Reptile Ring-necked snake, Eastern hog-nosed snake, Vine snake, Worm snake
15 Reptile Smooth green snake, Night snake, Kingsnake, Saharan horned viper
16 Reptile Indian cobra, Sea snake, Water snake, Garter snake

1259
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Appendix D

Coefficient of Predictive Ability (CPA)

CPA is a rank-based measure that generalizes the Area under the Curve (AUC) to ordinal 1260

and continuous variables. For binary outcomes CPA equals AUC, and for continuous 1261

outcomes CPA relates linearly to Spearman’s coefficient. We direct the readers to 1262

Ref. Gneiting and Walz, 2021 for a detailed discussion on CPA. 1263

Consider data of the form: 1264

(x1, y1), . . . , (xn, yn) ∈ R ×R, (D1)

where xi and yi are real numbers, for i = 1, . . . , n. Let z1 < ⋯ < zm denote the m ≤ n unique 1265

values of y1, . . . , yn, and define nc = ∑n
i=1 1{yi = zc} such that n1 +⋯+nm = n. We can reorder 1266

and write (D1) as 1267

(x11, z1), . . . , (x1n1 , z1), . . . , (xm1, zm), . . . , (xmnm , zm) ∈ R ×R, (D2)

where xi1, xi2, . . . , xini
represent the ni different values of x corresponding to y = zi. This 1268

allows us to compute the CPA as the following 1269

CPA =
∑m−1

i=1 ∑m
j=i+1∑ni

k=1∑
nj

l=1(j − i) s(xik, xjl)
∑m−1

i=1 ∑m
j=i+1(j − i)ninj

. (D3)

where s is: 1270

s(x, x′) = 1{x < x′} + 1
21{x = x′}, (D4)
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Appendix E

Simulation Details for Tullis, 2018

Tullis, 2018 explores how people use a variety of metacognitive cues to infer the proportion1271

of other people who know the answer to general knowledge questions. This section provides1272

details on the simulation studies we conducted to apply our proposed hierarchical model to1273

the data from Experiments 1 and 2. Since we do not have access to the raw experimental1274

data from the paper, we simulate experimental data for Experiments 1 and 2 and then apply1275

our model to simulate the inference process of others’ performance.1276

To simulate data at the participant level, we randomly generated ability levels,1277

ai ∼ N(0, 1), for 128 simulated participants who are performing the assessment, as well as 1281278

other participants to serve as a set of other participants. At the question level we randomly1279

generated the difficulty levels for 40 questions, dj ∼ N(µd, σd), where µd = 1 and σd are1280

simulation parameters that determine overall mean performance and variability in question1281

difficulty. For the self-assessed abilities, we use the same process as in Eq. 2, to model the1282

self-assessed abilities, as
i ∼ N(ai, σa), where parameter σa determines the noise in1283

self-assessment. We use the IRT model in Eq. 1 to calculate pi,j, the true probability of1284

correctly answering a question for every person i on every question j.1285

The true probability of being correct (p) is used to generate different knowledge1286

signals, including: feeling of knowing (xF K), response time (xRT ), and accuracy (xACC). We1287

assume feeling of knowing is a random draw from a normal centered around pi,j and with an1288

individual specific variance δi:1289

xF K
i,j ∼ N(pi,j, δi), δi ∼ Uniform(0, η) (E1)

Lower values of δi correspond to less noise in a participant’s feeling of knowing and1290

simulation parameter η determines the degree of noise. To simulate response times, we1291
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assume an inverse relationship between RT and pi,j: 1292

xRT
i,j ∼ LogNormal( 1

pi,j + .01 , ν) (E2)

where .01 is added to pi,j to avoid numerical instabilities. Simulation parameter ν determines 1293

the noise in the relationship between RT and accuracy. Figure E1 shows the RT distribution 1294

for different values of pi,j. Our assumption results in people having higher RT for problems 1295

they have a lower probability of answering correctly and lower RT for problems they have a 1296

higher probability of answering correctly. 1297
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Figure E1
Simulated response time distributions for different values of pi,j and ν = 2.

We model participants’ correctness on each problem j as a Bernoulli draw with 1298

probability pi,j 1299

xACC
i,j ∼ Bern(pi,j) (E3)

To simulate the different experimental conditions of Experiment 1 and 2, we follow 1300

the logic of Table 4 that determines which knowledge signals are available in each condition. 1301

Next, we apply the hierarchical model of knowledge assessment on the simulated data. Based 1302
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on the observed knowledge signals x and the long-term self-estimate of ability as, the goal for1303

the participant is to infer xo,ACC (which in this setup represents the performance of a1304

randomly sampled person from the population). We used MCMC sampling to infer model1305

parameters for the cognitive model presented in Figure 1A with different metacognitive1306

signals x and obtain samples from the posterior distribution of ao. We used the Stan1307

computing environment for posterior inference (Stan Development Team, 2020).1308

For simulating the experimental data, we use model parameters µd = 1, σd = 2,1309

σa = 0.5, η = .5, ν = 2. As we do not have the raw experimental data available, the goal was1310

not to pursue quantitative model fits and instead show that the model can capture the1311

results from Tullis, 2018 at a qualitative level. We found that experimenting with different1312

parameter values does not affect the qualitative model predictions. We also used the same1313

simulation parameters when modeling the results of Moore and Healy, 2008 in Appendix F.1314
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Appendix F

Simulation Details for Moore and Healy, 2008

This section provides details on the simulation studies we conducted to apply the 1315

hierarchical model to the experiment from Moore and Healy, 2008. The authors present a 1316

synthesis of different ways in which overconfidence has been defined in the literature 1317

including the overestimation of one’s actual performance and the overestimation of one’s 1318

performance relative to others. The experimental results show that these forms of 1319

overconfidence manifest differently depending on the difficulty of the task. Since we do not 1320

have access to the raw data, we simulate data for the experiment presented in the paper, 1321

including different levels of difficulty, and apply the hierarchical model to predict how people 1322

assess their own performance and place themselves relative to others. 1323

Prior Interim Posterior

Experiment Timeline

Figure F1
Timeline of the experiment in Moore and Healy, 2008 with the hypothesized metacognitive
signals available to participants shown in parentheses.

In the experiment, 82 participants answer 180 (10 questions in 18 categories) trivia 1324

questions and predict their own score and the score of 1 randomly selected previous 1325

participant (RSPP) at three different stages of the experiment. Figure F1 shows the timeline 1326

of the experiment and the hypothesized metacognitive signals available to participants when 1327

assessing their own performance and the performance of another person. First, participants 1328

made prior predictions about themselves and the RSPP before they had any specific 1329

information about the quiz they were about to take. Second, they answered 10 quiz 1330
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questions from a category and then estimated their own scores and the RSPP’s score again.1331

This is termed their ‘interim’ estimate. Next, participants are shown the correct answers to1332

the quiz and asked to make ‘posterior’ estimates about their performance and the RSPP’s1333

performance. Finally, they were given feedback about their own scores and the RSPP’s1334

scores.1335

We focus our model predictions on the interim stage of the experiment. We use the1336

same process used for the Tullis data (Appendix E) with the same simulation parameters1337

(µd = 1, σd = 2, σa = 0.5, η = .5, ν = 2) to generate the experimental data for 180 questions1338

and 82 participants. Next, we apply the hierarchical model from Figure 1A, Eqs. E1-E2 and1339

the same setup as used in Appendix E to obtain the participant’s self and other estimates of1340

the number of questions scored correctly out of 10 trivia questions, x̂o,ACC and x̂s,ACC . We1341

use a binomial link function to simulate these scores, xACC ∼ Bin(10, pi,j). On the basis of1342

the simulated actual scores (xs,ACC and xo,ACC) and the person estimated self and other1343

performance (x̂o,ACC and x̂s,ACC), we calculate two empirical measures used by Moore and1344

Healy, 2008. First, we assess the degree of overestimation, based on the participant’s actual1345

score subtracted from their estimated score, x̂s,ACC − xs,ACC . Second, we assess the degree of1346

overplacement: which measures whether a participant’s assessment of themselves relative to1347

others is in line with the actual observed difference, (x̂ACC
i − x̂ACC

j ) − (xACC
i − xACC

j ) where1348

x̂ACC
i is an individual’s estimate of their own expected performance, x̂ACC

i is their estimate1349

of another person’s expected performance on the same problem, and xACC
i and xACC

j refer to1350

the actual scores of the individual and the other person.1351
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