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ABSTRACT

The link between mind, brain, and behavior has mystified philosophers and scientists for millennia.
Recent progress has been made by forming statistical associations between manifest variables of the
brain (e.g., EEG, fMRI) and manifest variables of behavior (e.g., response times, accuracy) through
hierarchical latent variable models [1]]. Within this framework, one can make inferences about the
mind in a statistically principled way, such that complex patterns of brain-behavior associations
drive the inference procedure. However, previous approaches were limited in the flexibility of the
linking function, which has proven prohibitive for understanding the complex dynamics exhibited
by the brain. In this article, we propose a data-driven, non-parametric approach that allows complex
linking functions to emerge from fitting a hierarchical latent representation of the mind to multivariate,
multimodal data. Furthermore, to enforce biological plausibility, we impose both spatial and temporal
structure so that the types of realizable system dynamics are constrained. To illustrate the benefits
of our approach, we investigate the model’s performance in a simulation study and apply it to
experimental data. In the simulation study, we verify that the model can be accurately fit to simulated
data, and latent dynamics can be well recovered. In an experimental application, we simultaneously
fit the model to fMRI and behavioral data from a continuous motion tracking task. We show that the
model accurately recovers both neural and behavioral data, and reveals interesting latent cognitive
dynamics. Finally, we provide a test of the model’s generalizability by assessing its predictive
accuracy in a cross-validation test.

Keywords Model-based cognitive neuroscience - Joint modeling - Gaussian process - Dimensionality reduction

1 Introduction

In the present technological state, the mind remains a latent construct that cannot be directly observed. However, clever
experimental designs as well as technological advancements have enabled the collection of many important manifest
variables such as response time, the blood oxygenated level dependent (BOLD) response in functional magnetic
resonance imaging (fMRI), and the electroencephalogram. Each of these measures ostensibly reflect signatures of
mental operations, potentially revealing insight into latent cognitive dynamics. Despite these innovations, the key to
understanding what the mind is and ultimately how it produces complex patterns of thought and decisions, lies in our
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Figure 1: Framework for Connecting Mind and Brain. Schematic of the joint modeling framework, where experi-
mental and structural information specify the structure of a generative model of brain function. The generative model
is used to jointly explain all available manifest variables such as response times, blood oxygenated level dependent
response, or electroencephalogram activity. In the present article, a latent Gaussian process is used to link the manifest
variables, enabling the most plausible linking function to emerge directly from data.

ability to explain the structure between manifest variables of the brain, and manifest variables of behavior. The set of
possible links connecting these variables are known as linking propositions [215].

Linking propositions have been a productive route forward because they facilitate quantitative assessments of the
contribution of physiological variables to psychological processes. For example, Teller [3]] devised a set of linking
propositions by specifying logical relations among physiological variables and psychological states. Teller’s families of
linking propositions were specified to be axiomatic in the sense that they relied on strict equality statements, which
are impossible to satisfy in the context of measurement noise [4]]. Recognizing these practical limitations, Schall [4]
developed the concept of statistical linking functions, where probability distributions could replace axiomatic statements
to accommodate the uncertainty associated with manifest variables. Finally, Forstmann and colleagues [6,/7] concretized
statistical linking functions by performing null hypothesis tests among patterns of neural data and the parameters
of computational models. Later, Forstmann and colleagues further articulated the concept of reciprocity in linking
functions, where latent representations of the mind (i.e., as instantiated by computational models) could inform the
analysis of manifest variables of brain and behavior [8].

There now exist many techniques for imposing linking functions, varying along several dimensions such as the manner
in which they impose directionality (e.g., neural data constrains a computational model, computational model guides
analysis of neural data, or equal reciprocity between all variables), the manner in which the mind is represented
(e.g., a latent representation or set of transformation equations), and the complexity of their implementation [9].
One promising framework that exploits the aforementioned concepts of statistical linking and reciprocity is the joint
modeling framework [10] shown in Figure 1. Constraints about the manifest variables, such as structural connectivity or
experimental design, are used to specify the structure of a generative model. In turn, the generative model is specified to
simultaneously describe all available manifest variables, regardless of their modality. The manner in which the latent
states are connected to the manifest variables forms the linking function. By fitting the model to data using hierarchical
Bayesian methods [[11]], one can infer the most plausible set of linking functions that connect the manifest variables.

Although joint models have proven effective in linking subject- (e.g., [[10]), modality- (e.g., combining fMRI and
EEG:; [12]) and trial-specific (e.g., single-trial BOLD response; [[I13H15]]) information, so far all joint modeling
applications have imposed a linearity assumption among the latent and manifest variables. While linearity may be a
reasonable assumption in some cases, because the brain is highly dynamic [16]], this assumption is surely violated in
many realistic settings. In this article, we expand the general structure used in joint modeling to enable any conceivable
form of linking function to emerge directly from data.

2 Gaussian Process as a Linking Function

The new approach, discussed here, uses a Gaussian process (GP) to model the latent variables that represent the cognitive
states underlying observed neural and behavioral data. Our Gaussian process joint modeling (GPJM) framework can be
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viewed as a temporal and nonparametric extension of the covariance-based linking function [9l|15]. In this section, we
provide a brief conceptual introduction to Gaussian processes and the GPJM.

2.1 Gaussian Process Regression

Our goal is to find a function that best describes the data assuming Gaussian noise:
y = f(x) + € where € ~ (0, 02)

where NV (u, 02) is a normal distribution with mean 1 and covariance o2. Typical linear regression methods model the
function f as a sum of pre-specified bases X weighted by regression coefficients 3, e.g., f = X .

On the contrary, Gaussian process regression directly models the function f as a sample from a distribution over
functions. Specifically, the distribution over functions is assumed to be a multivariate Gaussian distribution with mean
m and covariance matrix K, both defined as a function of input x [17}[18]. Given an input vector x = (z1,--- ,2)’, a
function f is modeled as a Gaussian process by
f(x) ~ N(m(x), Kro)
where K, := [k'(x“ xj)] )

ij

= E[{f(z:) ~ m(z)} {£(z;) —m(z,)}]

Here the covariance matrix K, is called the kernel or covariance function.

ij

In a Gaussian process with noisy observations assuming Gaussian-distributed error, mean predictions about unobserved
input X*, denoted f*, are modeled using a joint multivariate normal distribution prior with the kernel K, the observed
input X and output y [[17L{18]]:

LRGN e 81

The predictive mean f* and predictive covariance matrix ¥* are analytically derived as follows:

f* = K(X*, X)[K(X,X) +021] 'y (1)
S = K(X*, X*)
— K(X*, X)[K(X,X) + 021

(X X7) )
where K (M, N) = [k(m;,n;)];; is the kernel whose elements are determined by the i-th row of matrix M (denoted
m;) and the j-th row of matrix N (denoted n;). This fact suggests that appropriate choice of kernels is important for
the performance of the model.

Some popular kernels are Matérn class, radial basis function (RBF), and rational quadratic (RQ) kernels. Each kernel
generates different types of functions based on their functional form. For example, Matern /2 kernels generate non-
differentiable functions, whereas RBF kernels generate infinitely differentiable, smooth functions. Hyperparameters
(which typically include a scaling factor often called ‘variance’) of the kernel also affect the characteristic evaluating
covariance across input pointsﬂ In particular, all the kernels introduced above have a hyperparameter called ‘length-
scale’ that scales the distance between two points. This hyperparameter plays an important role in determining the
influence or ‘relevance’ of each latent dimension in generating data, which will be discussed later.

2.2 Gaussian Process Joint Models

GPJMs inherit the motivation of Bayesian joint modeling approaches accounting for brain-behavior reciprocity
[104{12H15}/20]]: Imposing common statistical constraints for both neural and behavioral data when informing theoretical
and mechanistic explanations of cognitive processes. However, instead of summarizing the relationship between neural
and behavioral measures by collapsing across temporal information, the GPJM framework aims to learn latent temporal
dynamics that simultaneously govern both neural and behavioral data. The GPJM framework is based on Gaussian
process latent variable models (GPLVMs) and their hierarchical extensions [21-24]], which pursue commonly shared
latent representations across simultaneous observations from multiple measurement sources. In a previous application, a
GPLVM has been used successfully to model the latent structure embedded in multivariate neural spike train data [25].

'To avoid confusion between the kernel variance and the variance of the noisy observations, we will refer to the latter as
‘observation noise’ and the former as ‘variance’.
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Figure 2: The Structure of Gaussian Process Joint Models. (A) The generative mechanism of the Gaussian process
joint models. Given the time vector t, the linking function describing latent cognitive states is modeled by Gaussian
processes with a temporal kernel as a function of t (top right). The linking function, denoted X, generates a cognitive
state kernel K x x and is introduced as the covariance function of Gaussian processes modeling neural and behavioral
data (bottom left). Depending on the nature of neural data, K x x can be applied after transformation (e.g., convolution
with a hemodynamic response function for fMRI data). In this study, we use automatic relevance determination
(ARD; [19]) so that each dimension of the latent cognitive state can contribute to the generation of data with different
weights of influence. Here, kernel parameters capture sensitivity of data to each latent cognitive dimension using
dimension-wise length-scale parameters (bottom right). (B) Details of the ARD-based feature selection mechanism.
A small length-scale parameter means that the covariance between two input points are more penalized by their
distance and therefore differences in the input values are interpreted more importantly (bottom). Meanwhile, a greater
length-scale parameter can make even distant input points covary and therefore minor differences in the input are treated
negligible (top). fMRI = functional magnetic resonance imaging.

Joint models of neural and behavioral data consist of three components: a neural submodel, a behavioral submodel, and
a linking function. As illustrated in Figure 2] in GPJM a latent variable X with a GP prior enables a linking function
that constrains the generative process for neural and behavioral data:

X ~ N(O, Ktt)

where 0 is a column vector with all zeros, and Ky, is a kernel defined by time points. For example, given a time vector
t = (t1, - ,tr) of length T, a radial basis function (RBF) kernel is defined as

t: —t:)2
Ky = [ke(ti, t;)]ij := |57 exp ( — Q)
215 ij
where ¢, € {1,2,--- T}, and s; and [; are the hyperparameters of the RBF kernel (variance and length-scale,
respectively). Here, we assume that the latent cognitive dynamics are noise-free.

Given the latent cognitive dynamics X, a neural submodel describes the relationship between the latent dynamics at the
hyper level and the neural data. Specifically, a neural submodel of the GPJM assumes that the neural data are described
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by a Gaussian process with a RBF kernel K'x x () based on X:
Yy ~N(0,Kxxn) +ox1),

Ty — X4 2
Kxx(vy = [kn(zi,2)]ij := |s% exp ( - %) 3)
20%, i
where zi(k € {1,---,T'}) indicates the k-th row of X, and sy and [y are the hyperparameters of the RBF kernel

(variance and length-scale, respectively). Note that the temporal dynamics kernel K x x () requires additional adjust-
ments depending on the nature of the neural data (see “GPJM and Technical Issues in Brain-Behavior Modeling”). To
capture the residual noise in Y, a noise parameter 012\, scales an identity matrix I.

A behavioral submodel provides a formal description of how cognitive dynamics produce behavioral responses. In
typical joint modeling applications, cognitive models are used to describe the computations underlying decision
processes. In this particular study, because there are no suitable computational models for our task, we will use a
Gaussian process as a statistical model to describe continuous mouse trajectories, derived from the cognitive dynamics.
For our purposes, the behavioral submodel incorporates the temporal dynamics using a Matérn /2 kernel:

Yp ~N(0,Kxx(p) +0pl),

Xr; — X5
Kxx(p) = [kp(zi,25)]ij = [SZB exp ( - ||le]||>} 4)
]
where llall means the norm or length of the vector a, and sp and [ are the hyperparameters of the Matérn /2 kernel
(variance and length-scale, respectively). As in the neural data, residual error in Yp is accounted for by the noise
parameter 0'%,.

In Equations [3]and ] length-scale parameters y and [ scale the distance between pairs of input points and control
their covariance. Figure 2B illustrates the role of length-scale parameters: when the length-scale parameter is large,
the covariance between two input points is weakly penalized by the distance between them. Hence, large length-scale
parameters allow distant pairs of points to covary and makes sampled functions relatively constant across input values
(see Figure2B). By contrast, when the length-scale parameter is small, only nearby input points can covary whereas
distal points are uncorrelated. Automatic relevance determination (ARD; [[19]) extends this idea to each latent input
by assigning one length-scale parameter per dimension. By applying ARD to the kernels of the behavioral and neural
submodels, the GPJM can learn how much each dimension contributes to the data generation process; in other words,
the relevance of the latent input in the context of the data (lower right, Figure 2JA).

2.3 GPJM and Technical Issues in Brain-Behavior Modeling

One of the major issues in joint modeling approaches is the mismatch of the task-related timeline between neural and
behavioral data. This problem is more salient when applying the model to data from fMRI experiments due to the
hemodynamic lag between the neural response and the experimental event. Hemodynamic activities are characterized
by a delayed increase in response, attaining a maximum value approximately 5-6 seconds after an event (e.g., stimulus
presentation), a slow decrease in the neural response, and finally a drop in the neural response below the baseline,
followed by a recovery to a baseline state. Because of this temporal profile, the hemodynamic lag obscures precise
temporal profiles of neural activity.

The interaction between underlying neural activities and hemodynamics in the brain is typically modeled by convolving
neural activations with a hemodynamic response function (HRF), which facilitates general linear model analyses of
fMRI data [26]. Early joint modeling approaches have taken advantage of this assumption, and used event-wise neural
activation estimates [27] for trial-level summaries of neural activity [[13}/14].

In the Gaussian process framework, one way to enforce temporally-lagged, convolved neural signals is to convolve the
GP kernel with a secondary function — a HRF in our case. This approach is justified from the fact that convolution of a
Gaussian process with another function is another Gaussian process [28-30]]. In the GPJM, we use a kernel convolved
with an HRF as a key component of the neural submodel. Here, the latent cognitive dynamics are expected to be
relatively well aligned to the real-time neural activity because the resulting kernel instantiates hemodynamic lag.

To instantiate hemodynamic lag, we use the canonical double-gamma HRF:

h(t) = t1=1pi exp (—bit) B 675‘1271632 exp (—bat)
I(a1) I(az)
where ¢ represents time, and I'(z) = (x — 1)! is the gamma function. Although estimating shape parameters of the HRF
is theoretically possible, here we rely on the canonical shape by fixing the shape parameters to values based on previous
work by Glover [31]] and commonly used in brain analysis software packages: a; = 6, a2 = 16,b; = by = 1,¢ = 1/6.
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Figure 3: Simulation Results. (A) Spatial, latent temporal, and Kronecker-product kernels used to generate synthetic
data (left) and those estimated from fitting the model (right) are shown. Only a subsection of each kernel is presented
here for visual clarity. (B) Latent representations used to generate the data (top) and estimated from fitting the model
to data (bottom). Each representation is shown as a two-dimensional trajectory, arbitrarily color-coded according to
moments within one of two cycles. (C) Data (black) and model predictions (blue behavioral; red: neural) are shown for
behavioral (top) and two representative neural (middle, bottom) time series. For the model predictions, solid lines are
the mean prediction and the surrounding bands are 95% credible interval.

Another methodological issue in joint modeling approaches is applying plausible spatiotemporal constraints on the
neural data. For computational convenience, previous joint modeling applications have assumed statistical independence
between regions of interest (ROIs; e.g., ), which has clear limitations given the structural and functional
connectivity of the brain. An ideal statistical representation would incorporate both spatial (e.g., nearby and well-
connected ROIs should correlate) and temporal (e.g., activity at one time point in one ROI should affect activity at later
time points in other, “downstream" ROIs) dependencies among ROIs. To instantiate such constraints, we will separately
define kernels for space K g and time K7, and combine them using the Kronecker product (e.g., [32/[33])) such that

VeC(YN) ~ N(O, KS ® KT)

where Yy is a (M x V) matrix with M measurements and V' voxels (or ROIs), vec(M) represents a vectorization
operator stacking columns of a matrix M as a single column vector, and ® is the Kronecker product operator. In
using the Kronecker product, we are assuming that although space and time have independent influences on the neural
dynamics, their conjunction can be appropriately enforced when modeling the neural data. When we cannot assume
independence between the spatial and temporal aspects of our data, non-separable kernels are useful alternative options

(e.g., [34D).

In the following two sections, we examine the potential of Gaussian processes as a linking function connecting neural
and behavioral measures in two ways. First, we examine our ability to correctly recover the spatiotemporal dynamics
in a simulated example using the Kronecker-product method. Next, we apply our GPJM to data from a real fMRI
experiment in which subjects are asked to provide a continuous report of motion coherence.

3 Simulation: The Kronecker Method for Spatiotemporal Modeling

Before applying the GPIM to data, it is important to evaluate our ability to accurately fit data and recover latent dynamics.
In particular, we examine whether it is possible to recover accurate spatiotemporal dynamics of the Kronecker-product
kernel governing the distribution of behavioral and neural data. In this section, we perform a simulation study with
similar structure as the experiment we report below.

The latent cognitive states C;(t) (i = {1, 2}) were defined by two sine waves with different frequencies:
Cy(t) sin(?/8), and
Ca(t) = sin(Y/4).

These state vectors comprised a latent state matrix X, and were used to generate synthetic neural and behavioral data.
For the neural data, we assumed 27 adjoining voxels in a three-dimensional space, and for the behavioral data we
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assumed one joystick trajectory data vector. As in the neural (temporal) kernel K x x (), we used a RBF kernel for
describing the spatial covariance. Note that (1) we did not apply ARD in this simulation; and (2) the variance parameter
of the spatial kernel (corresponding to s% in Equation|3) was fixed to one to avoid identifiability issues; specifically, this
constraint is necessary because the two variance parameters corresponding to the spatial and temporal kernels cannot be
distinguished after applying the Kronecker product.

Figure[3JA illustrates a subset of the three kernels used to generate the data (left) and estimated from the data (right):
spatial (top), temporal (middle), and resulting Kronecker product (bottom). Figure 3B illustrates the true latent dynamics
(top) and the recovered latent dynamics (bottom) as a joint trajectory through a two dimensional space. Colors gradually
changing across points specify the relative position in the cyclic temporal dynamics. Figure [3|C shows the data (black)
and model predictions (neural: red; behavioral: blue) for the behavioral data (top) and two selected voxels (middle,
bottom). These plots reveal that (1) the spatiotemporal GPJM can capture the spatial relationship among voxels using
the Kronecker method; and (2) the model can estimate the latent dynamics that explain the generative process of the
data with high accuracy. Note that the latent dynamics do not have a naturally unique solution, and so we cannot expect
our estimated latent dynamics to perfectly match. Instead, to evaluate the quality of the latent dynamics, one must
comprehensively consider model fit to data and statistical structure of the latent dynamics (e.g., the frequency and
cyclical information).

4 fMRI Experiment

As a proof of concept, we next apply the GPJM to experimental data from an ongoing study. In the experiment, the
participant was presented with a cloud of randomly moving dots, with a subset of those dots moving in a coherent
direction. The proportion of dots exhibiting coherent movement had the possibility of changing every second. The
proportion of dots formed the independent variable of coherence, which was defined by nine points along a left-right
axis. The participant was instructed to report the average direction of the dots from the beginning of the trial to the
current point in time using a joystick.

We used the GPJM defined in the simulation study above to capture dynamics of the neural and behavioral data in our
task. However, to scale the model to fit the data, we made a few simplifications of the full spatiotemporal GPIM: (1) we
performed an ROI-based analysis; (2) neural data were introduced into the model after averaging signals across voxels
within a set of 16 ROIs; and (3) we used only a temporal kernel rather than the full spatiotemporal Kronecker-product
method. Figure dJA shows the ROIs, which were pre-selected using a general linear modeling (GLM) analysis (see the
“Materials and Methods” section and Supplementary Information for full details).

4.1 Fits to Data

FigureE] summarizes the results of the model fit to data. Although we tested GPJMs using three, four, five, and six latent
dimensions, Figure 4| summarizes the result of the three dimensional model for visual clarity (but see Supplementary
Information for the four dimensional model). Figure @A shows the ROIs that were first extracted from our GLM
analysis, from which the neural time series were extracted. Figure shows some example neural (top; middle)
and behavioral (bottom) time series data (black) along with corresponding model fits (blue: behavior; red: neural).
Figure {[C illustrates the latent temporal dynamics that emerged in the GPJM using a three-dimensional representation.
Figure 4D shows the time series information for each of the three latent dimensions. Some abnormal deviations of
the latent dimensions are highlighted (gray) in Figure D, and these deviations have corresponding paths in Figure dC
(demarcated by orange dots).

4.2 Out-of-sample validation

Dimensionality of the latent representation used within the GPJM is crucial in accurately fitting data. Although more
latent dimensions tends to fit observed data better, it may not generalize well to new data. To evaluate the generalizability
of the GPJM, in this section we will perform a quantitative model comparison by evaluating how the number of latent
dimensions affects generalization performance in an out-of-sample validation test.

To examine the effects of the number of latent dimensions on the GPJM’s generalization performance, we will attempt
to predict behavioral data from the combination of latent dynamics and temporal structure in the behavioral data.

As our modeling approach depends on the temporal dependencies of the data, typical approaches in cross-validation
practices, such as excluding an entire trial (roughly corresponding to 70-80 time points), will unfairly penalize a
dynamical model due to the lack of context in the structure of the data. Instead, we removed = data points at random
points in time from within each trial in the task, and treated this set of data points as the test data. Such a procedure
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Figure 4: Fits to Experiment Data. (A) Regions of interest used within the Gaussian process joint model (GPIM).
One region of interest located in cerebellum is not shown here. (B) Selected time series data from neural (top, middle)
and behavioral (bottom) data, along with model fits (neural: red; behavioral: blue), along with 95% credible intervals.
(C) A three-dimensional representation of the latent temporal dynamics emerging from the data after fitting the GPJM.
(D) Temporal dynamics of the three latent dimensions extracted from the GPJM. Gray highlighted areas in (D) have
corresponding time series information, demarcated by orange dots in (C).

allows us to examine not only how the model generalizes temporal dynamics at different points in time, but also how
the error in the generalization changes as a function of the length of consecutively removed time points.

Figure5JA shows the observed behavioral data (black) along with predictions from a four-dimensional GPJM (red lines).
The blue vertical lines designate the points in time that designated the first moment from which the n consecutive
points were removed, creating the test set. Figure 5B shows a zoomed in version of Figure [5]A for each of the four
withheld-data conditions, where the observed behavioral data are shown in black, and the model predictions are shown
in red. Even when zooming in, the model provides a reasonably good generalization to the true time series, although the
accuracy of the generalization is noticeably worse as the number of withheld data points are increased.

To quantitatively evaluate the generalization performance, we used log posterior predictive density (PPD) and root
mean squared error (RMSE). Figure 5|C summarizes the predictive performance metrics across different model variants
and sizes of the test data set. The log PPD (top) consistently supports the three-dimensional latent space. However,
this performance is achieved by covering biased predictions with a greater margin of predictive uncertainty. The
interpretation of the RMSE makes this issue clear — the RMSE of the three-dimensional model variant keeps increasing
according to the size of the test data set, whereas the four-dimensional model variant tends to perform better than other
model variants on average. The models with the five- and six-dimensional latent space were neither supported by log
PPD nor providing accurate predictions consistently, suggesting that these model variants were overfitting the data.

5 Discussion

In this article, we extended an existing framework for connecting mind, brain and behavior by specifying Gaussian
process linking functions for the dynamics of both latent and manifest variables. This extension allows a few key
advantages that will be important in the field of model-based cognitive neuroscience [5,8}9,/35]]. First, our approach
inherits all the advantages that a hierarchical structure provides, such as statistical reciprocity through conditionally
independent variables within a global model, and flexibly accounting for missing observations [1}/10,36]. Second, the
model’s representation of the mind is a latent dynamical system. Because the mind is a latent construct, we believe it is
best specified as a set of conditionally independent variables that can be estimated, rather than as a transformation of
either neural or behavioral data (see [9] for discussions). Third, the representations of all variables within the GPJM are
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Figure 5: Out-of-sample Validation. (A) Complete time series of a participant’s behavioral response (black) along
with 95% credible interval of predictions from the four-dimensional model (red). The z-axis ticks indicate fixation
onset for each trial and blue highlighted regions show the time points selected as test data for the largest set size (i.e.,
four points per trial). (B) Magnified view of panel A, separated by the number of consecutive test points. As the number
of consecutively removed points increases, the accuracy of the model decreases. (C) The top-row and bottom-row plots
show log posterior predictive densities (PPD) and root mean squared errors (RMSE) of the mean predictions from the
tested models, respectively. The z-axis represents the dimensionality of the model and colors indicate the size of the
test set.

dynamic, allowing us to infer periodic changes at both local and global time scales. Fourth, the GPJM can be specified
to allow for both spatial and temporal structure through the Kronecker product. The fusion of space and time in the
latent dynamics allow us to appreciate the spatiotemporal constraints that any biological system must obey.

‘We have only begun to investigate the advantages provided by GPJM, and so at present, there remain a number of
important aspects of this innovation that merit further investigation. First, strategies for interpreting the representation
inferred from the GPJM’s fit to data will be important for understanding the cognitive dynamics that emerge from the
model. In the simulation study, although the latent dynamics shown in Figure 3B separated two cognitive states from
one another, there were other estimated dynamics that were not an essential part of the ground truth. Although complex
and ambiguous representations often emerge in many other machine learning applications, the field will require some
type of guideline for interpretation of these cognitive dynamics if GPJMs are to advance our understanding of the
connections between mind, brain and behavior.

Another limitation is the resolution of the data in constraining the GPJM. Although our experimental application used a
continuous motion tracking task, most experiments in psychology and cognitive science use discrete, “event related"
designs rather than block-type manipulations. Although GPJM could be used in a similar way as earlier joint modeling
work [13] to exploit trial-to-trial changes in cognitive states (e.g., attention), additional theoretical innovation is needed
to account for changes in cognitive states between two stimulus presentations.

From our perspective, the biggest challenge facing GPJMs is computation. To fully capitalize on all the complexities
that GPJMs offer, computational solutions will be needed to increase the scalability of our approach to full-brain,
spatiotemporal investigations. Although there have been attempts to increase the scalability of joint models [[12,/14]
and Gaussian processes, many interesting opportunities are just out of reach. For example, hierarchical extensions
for voxel-wise or group-level modeling are obvious next steps, but they are currently computationally infeasible.
Alternatively, two promising directions are sparse GP approximations and variational inference (e.g., [|24}37,/38]), but
the tradeoffs of these approximations have yet to be well studied. For now, we propose the GPJM for its theoretical
advantages, and save computational innovations for future investigations.
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One final limitation worth acknowledging is the GPJM’s stationarity assumption for latent cognitive processes throughout
each block. Although stationarity provides clear computational advantages, it remains an open question as to whether
or not this assumption functions as a good approximation of reality. In many neural time series investigations, time-
frequency analysis methods such as wavelet convolution are commonly applied to avoid the pitfalls of assuming
stationarity, and further work is needed to assess the effects of stationarity in GPJM applications (e.g., [39]]).

6 Conclusion

In this article, we have laid the statistical groundwork that will allow data to inform the links among mind, brain, and
behavior. At their core, Gaussian process joint models rely on Gaussian processes (GP) that fuse temporal and spatial
information, allowing complex latent dynamics to emerge from the intrinsic biological dynamics of the brain. We
view the GP structure as one new way to alleviate the burden of specifying the particular shape of the linking function;
instead, by specifying a flexible, nonparametric functional form, the shape of the linking function can emerge directly
from data.

Acknowledgment

The authors would like to thank Michael Shvartsman for helpful discussions that motivated the present research. This
research was supported by a CAREER award from the National Science Foundation (BMT).

10



A PREPRINT - NOVEMBER 13, 2019

7 Materials and Methods

7.1 Model Implementation and Training

The model was implemented using GPflow [40]], a Gaussian process modeling library based on TensorFlow [41]]. The
linking function and neural submodel used RBF kernels, whereas the behavioral submodel used a Matérn /2 Kernel.
Although we assumed that the linking function should be free from observation noise, we had to add a small fixed noise
parameter (07 = 107%) because GPflow does not support the noise-free assumption.

For efficient training, the model initialized a k-dimensional latent variable using the first £ principal components
estimated from the neural data, following the suggestion from [23]]. To match the number of time points between the
PCs and behavioral data, we performed PCA after interpolating the neural data at all missing observation points.

For the simulation, we used L-BFGS-B [42]] to obtain MAP estimates of the model parameters. Following the default
setting of GPflow, optimization steps were limited to 1000 iterations at maximum. For the fMRI experiment, we used a
stochastic optimization algorithm Adam [43|]. The default learning rate recommended by the authors (o = 0.001) was
too small for efficient model fitting. To speed up the initial learning phase, we first initialized the learning rate parameter
as ap = 0.20 for fitting to the complete data and oy = 0.25 for the cross-validation analyses. Then we updated the
learning rate every 20 iterations following a decreasing function of the optimization steps: o, = @0/\/t—(t mod 20)+1.
The optimization steps were limited to 600 iterations at maximum.

7.2 Participant

The data presented here was acquired, after obtaining informed consent, from a 19-year-old male as part of a larger
study that is ongoing. All participants in the data set have normal or corrected-to-normal vision and are self-reported to
be right-handed. The study was approved by The Ohio State University’s Institutional Review Board.

7.3 Task and Stimuli

The participant completed four blocks of a random dot motion task in which he was instructed to continuously track
the direction (left or right) and the magnitude of coherence of the dots throughout each trial. Each block contained
20 trials separated by inter-trial intervals ranging from 6 to 8 seconds. Trials began with a 2-second fixation cross at
the center of the screen followed by 30 seconds of the randomly moving dots stimulus centered on the screen. There
were 150 dots that were each 3x3 pixels and the diameter of the entire dot cloud subtended 5.4 degrees of visual
angle. The proportion of coherently moving dots ranged from -0.35 to 0.35 (possible values were -0.35, -0.25, -0.15,
-0.05, 0, 0.05, 0.15, 0.25, 0.35) where negative coherence indicates leftward motion, positive coherence indicates
rightward motion, and zero indicates uniform circular noise. Coherence for each trial was initialized by randomly
sampling one coherence level from the set of all possible values. This first state variable was also initialized to
have an “age" of zero seconds. At each new second, a shift in the value of the coherence level was stochastically
considered. Specifically, we sampled a value z ~ U(0,1). If z < 1 — exp(—0.1 x (age)), the state moved to a
new coherence value by randomly sampling one value from only the nearby coherence values to maximize smooth
transitions; in this case, the age of the state was reset to zero. If not, the state remained the same and the age
was incremented. The coherence sequences were generated prior to the experiment using SMILE (State Machine
Interface Library for Experiments; https://smile-docs.readthedocs.io/en/latest/), a Python library for
programming psychological experiments. Stimuli were displayed at a viewing distance of 74 cm on a rear-projection
screen with a resolution of 1280x 1024 pixels and a 60 Hz refresh rate. The participant used a Current Designs TETHYX
HHSC-JOY-5 joystick to indicate the direction and magnitude of coherent motion by moving the joystick left or right
along a continuous slider, which allowed him to monitor his responses in real time. Because the behavioral data was
output as the pixel position of the slider, responses were later rescaled to be -1 to 1 with .01 precision for the neural
GLM analyses and .00001 for the GPIM.

7.4 Behavioral Data Processing

SMILE recorded the cursor position with adaptively changing sampling rate, changing from 1 Hz (when the cursor does
not move) to 332 Hz. For the modeling purpose, we interpolated and downsampled the data to 2Hz for the neural GLM
analyses and the GPJM.

The horizontal cursor position is not appropriate to model with the assumption of Gaussian likelihood because the
cursor position is bounded to the range of [0, 1280]. To model the data using a GP with Gaussian noise, we rescaled the
data to the range of [0, 1] and logit-transformed them. As the rescaled data points with the value of 0 and 1 cannot be
logit-transformed, those points were adjusted to 1075 and 1 — 1075,
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7.5 MRI Data Analysis

FMRI data preprocessing and analysis was performed primarily with FEAT (FMRI Expert Analysis Tool; [44])
Version 6.00 in FSL (FMRIB’s Software Library; https://fsl.fmrib.ox.ac.uk/fsl/). A typical preprocessing
pipeline including motion correction, fieldmap-based EPI distortion correction, removal of non-brain structures, spatial
smoothing, high-pass filtering, and normalization via grand-mean scaling was used to clean each block of the 4D task
data. Additionally, the T1 image was segmented into gray matter (GM), white matter (WM), and cerebrospinal fluid
(CSF). EPI data were registered first to the T1-weighted image, then transformed to standard space using the same
transformation matrix acquired from registering the T1 image to standard space. See supplementary materials for
complete preprocessing details.

After preprocessing, FSL’s general linear model tool (FILM; [45]]) was used to calculate activity estimates for the
preprocessed functional data from each block. Three primary predictors were included in the model: participant
responses, non-zero stimulus coherence, and zero stimulus coherence. Participant responses and stimulus coherence
were rescaled such that they ranged from -1 to 1. The predictors were convolved with a double-gamma HREF to create
the main regressors. Nuisance regressors including mean WM and CSF signal as well as 24 realignment estimates (X,
Y, Z, pitch, yaw, roll, and their first and second order temporal derivatives) were also added to the model to account for
motion and other variance of no-interest. The temporal derivatives of all regressors in the model were also added as
confounds of no-interest. Finally, the time series was prewhitened within FILM to correct for autocorrelations in the
BOLD signal. Contrasts for each of the three predictors of interest were calculated as the effect of interest versus no
activity (i.e., zero). Additional contrasts included non-zero coherence greater than response, non-zero coherence less
than response, non-zero coherence greater than zero-coherence, and non-zero coherence less than zero-coherence.

Following the block-wise analyses, a fixed-effects analysis was conducted in FEAT to assess the average effects of each
contrast collapsed across blocks. The resulting clusters of the fixed-effects analysis were thresholded at Z > 2.33 and
corrected for family-wise error at p < .05. Unsurprisingly, many of the resulting clusters from the contrasts comparing
non-zero coherence to participant response or zero-coherence shared significant overlap with clusters from the main
predictors. Due to the constraints of the GPJM, we selected ROISs that did not have any spatial overlap. Thus, ROIs were
defined as the clusters resulting from the contrasts of non-zero coherence versus no activity and participant response
versus no activity. This yielded 16 ROIs whose mean time series from a single block served as target data for the GPJIM
(see "Regions of Interest" in Supplementary Information for more details).
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8 Supplementary Information A: Methods for Model Implementation

8.1 Convolution Processes

We assumed that neural data are obtained from a functional magnetic resonance imaging (fMRI) experiment. The blood
oxygenated level dependent (BOLD) responses measured in the MRI scanner are dominated by hemodynamic activities
in the brain, rather than reflecting neural activities as they are. From a modeling perspective, this problem is addressed
by assuming that BOLD responses are the result of convolving unknown neural activities with a hemodynamic response
function (HRF), which describes the temporal profile of hemodynamics in the brain.

One of the complications in our approach is that neural data are convolved signals. However, we can still rely on
Gausian processes for modeling BOLD responses because a Gaussian process convolved with another function is
known to be a Gaussian process [28-30]. Here we introduce how we can convolve a latent function with a HRF based

on the discussion of Alvarez and Lawrence [29]. Assume that a mean prediction of neural data f(#) is a product of
convolving a latent activity function u(z) and a HRF h, and the observation is defined by the mean production f plus
observation noise e:

y(t) = f(t) +(t)

:{/Oo h(t — 2)u ()dz}Jre()

— 00

The covariance between y(t;) and y(t;) is then
k(y(t),y(t;)) = k(f(ta), £(t;)) + k(e(t), e(t)))
{/ h(t; — z / h(t; — 2*)k(u(z), u(z*))dz*dz} + k(e(ts), e(t;))

Here, we can use the kernel generated by the latent signal u for k(u(z), u(z*)) if u is a Gaussian process.

In our study, the observation noise was assumed to be independent (i.e., k‘(e(ti), e(tj)) = 0] where o2 is a generic
expression of the observation noise parameter). In the simulation, we added the noise after the Kronecker-product
spatiotemporal kernel was defined (see “Data Generation” subsection of “Simulation: Synthetic Data Generation”).

8.2 Adjusting for Mismatched Temporal Resolutions in the Data

In the joint modeling of neural and behavioral data, the mismatch of the measurement time always occurs due to
different temporal resolutions across modalities. In our case, behavioral data (i.e., coordinates of the mouse position)
has higher temporal resolution than neural data (i.e., BOLD responses from the MRI machine).

We solve this mismatch problem by imposing partial observations. We assume a latent temporal dynamics kernel
K (75 xTy), the time vector for the neural measurement z = (21, -+, 21y ), and the time vector for the behavioral
measurement ¢t = (t1,--- ,tr,) (where Ty and Tz are the number of samples of neural and behavioral data,
respectively). To evaluate the likelihood of the neural data at only a limited observations, we downsize K as follows:

Ky = M'KM,

M(TB xTn) = [m(l,])]” where m(ug) = {0 otherwise

wherei € {1,--- ,Tp}andj € {1,--- ,Tn}.
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9 Supplementary Information B: Synthetic Data Generation for the Simulation

In this section we describe the procedures used for generating neural and behavioral data. Table [I| summarizes the
parameters used for generating simulated data.

Table 1: Parameters used for generating the simulation data.

Parameter Value Parameter Value
Neural kernel (spatial): Variance sy = 0.5 | Observation noise: Neural % =0.015
Neural kernel (spatial): Length-scale lyy = 0.75 | Observation noise: Behavioral 0123 =0.015
Neural kernel (latent-temporal): Variance sx =1

Neural kernel (latent-temporal): Length-scale [x = 0.75

Behavioral kernel: Variance sp =0.75

Behavioral kernel: Length-scale lp=3

9.1 Latent Dynamics

The simulated data was defined by pre-defined latent dynamics: given time ¢ (0 < ¢ < 100), two-dimensional latent
dynamics were defined as
{C’1 (t) = sin(Y/s),

Cy(t) = sin(t/4).

Here we assumed a maximum sampling rate of 1.5 Hz for generating data (i.e., three measurements every two seconds),
producing 151 measurements in total. The latent state matrix X was defined by taking C; and C} as its columns (i.e.,
X =[C1|Ca)).

9.2 Spatial Kernel

For generating neural data, we assumed measurements from 27 voxels in a three-dimensional grid space. Each
dimension could have three points 0, 1, and 2:

00 0
00 1
0 0 2

V=10 1 0
2 2 2

where each row of V' specifies the three-dimensional coordinates of a voxel. The spatial kernel K-y, was defined as a
RBF kernel

Vi — U5 2
Kyv = [kv(vi,v;))i; = |53 exp ( - %)
20y ij
where i, j € {0, 1,2}, v; refers to the i-th row of V, and sy, = 0.5 and Iy, = 0.75 are the hyperparameters of the RBF
kernel (variance and length-scale, respectively).

9.3 Data Generation

For the neural data, we first defined the RBF kernel based on the latent dynamics X:

T;— T; 2
Kxx = lkx(zi,z;)]ij = [sg( exp ( _ (2l2j)>:|
X ij
where 7, j € {1,2,---, 151}, x; refers to the i-th row of X, and sy = 1 and [y = 0.75 are the hyperparameters of the

RBF kernel (variance and length-scale, respectively). The kernel K x x was convolved with a double-gamma HRF:

h) t=1ptt exp (—bit) 9271052 exp (—bat)
= —c
INCY) I(az)
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where a1 = 6,a2 = 16,b1 = by = 1,¢ = /6, t represents time, and I'(z) = (z — 1)! is the gamma function. We
denote the convolved latent temporal kernel as K% y. (The details of convolving a kernel with an HRF are discussed in
“Convolution Processes”.)

As discussed in “Adjusting for Mismatched Temporal Resolutions in the Data”, one issue in generating neural data is
that the temporal resolution of neural measurements do not match that of behavioral measurements (i.e., repetition time
(TR) = 2 seconds, 51 measurements in total). To resolve this mismatch, we assumed partial observation. Given the
convolved latent kernel K% ., the time vector for the neural measurement z = (21, - - , 251)’, and the time vector for
the behavioral measurement ¢ = (¢1, - - ,t151)’, we downsized K% y:

Kxxny = MKxxM,
. . lift; = z;
Masixan) = [mli, iy where m(i,j) = {O otherwis]e
where i € {1,---,151}and j € {1,---,51}.
Finally, we sampled neural data with a Kronecker-product spatiotemporal kernel defined as Kyy ® Kx x(n) and
Gaussian observation noise 0%, = 0.015:

vec(YN) NN(O,K\/V ® KXX(N) + 0'12VI)

where vec(A) represents the vectorization operator that stacks up all the column vectors of A. After sampling, the
vector was reshaped into a (51 X 27) matrix. When fitting the GPJM, we used the detrended data by subtracting the
voxel-wise mean from each voxel-wise data.

For the behavioral data, we used a Matérn /2 kernel with observation noise U% = 0.015:

Yp ~N(0,Kxx(p) +0pl),

T; — X4
Kxx(p) = [kp(@i, 2;)]i; = [823 exp ( - HZJHH
B ij
where o% is the observation noise parameter, [ is an identity matrix, and s = 0.75 and [z = 3 are the hyperparameters
of the Matérn !2 kernel (variance and length-scale, respectively). ||a|| represents the Euclidian norm of a vector a:
llal]| = v/>_,;(a;)?. When fitting the GPJM, we detrended the data by subtracting the overall mean from the original
values.

15



A PREPRINT - NOVEMBER 13, 2019

10 Supplementary Information C: Simulation Results

10.1 Estimated Kernel and Noise Parameters

Table [2] provides the maximum a posteriori estimates of the kernel and noise parameters (rounded up to three decimal
points).

Table 2: Simulation: Maximum a posteriori kernel and noise parameters. Rounded up to three decimal places.

Parameter Estimated value | Parameter Estimated value
Temporal kernel: Variance 0.480 Observation noise: Neural 0.016
Temporal kernel: Length-scale 9.216 Observation noise: Behavioral 0.003
Neural kernel (Spatial): Variance 1 (fixed)

Neural kernel (Spatial): Length-scale 1.235

N eqral kernel (latent-temporal): 0.042

Variance

Neural kernel (latent-temporal): 0324

Length-scale

Behaworal kernel (latent-temporal): 0.497

Variance

Behavioral kernel (latent-temporal): 1.624

Length-scale

10.2 Fits to Simulated Data
Figures[6] and [7] show the model fit to the simulated neural and behavioral data, respectively. Black lines present the

simulated data. Red solid lines show the mean predictions from the model, and red dotted lines represent the 95%
predictive intervals.
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11 Supplementary Information D: fMRI Experiment

11.1 MRI Data Acquisition and Preprocessing

MRI data was collected on a Siemens 3T MAGNETOM Prisma MRI system with a 32 channel head coil at the Center
for Cognitive and Behavioral Brain Imaging at The Ohio State University. Structural images were obtained with an
axial T1-weighted sequence (TR = 1900 ms, TE = 4.44 ms, TT = 991 ms, flip angle = 8 degrees, field of view = 256
x 256 mm, 176 slices, voxel size = 1 x 1 x 1 mm). During each block of the task, we used an axial multiband-EPI
sequence (TR = 1000 ms, TE = 28 ms, flip angle = 60 degrees, field of view = 216 x 216 mm, 45 interleaved slices with
no spacing, voxel size = 3 x 3 x 3 mm, multiband acceleration factor = 3, 784 volumes) to acquire whole-brain BOLD
signal data. Lastly, we acquired a field map (TR = 512 ms, TE1 = 5.19 ms, TE2 = 7.65 ms, flip angle = 60 degrees,
field of view = 225 x 225 mm, 45 slices, voxel size = 2 x 2 x 3 mm) to correct for static field inhomogeneity during
preprocessing.

FMRI data preprocessing and analysis was performed primarily with FEAT (FMRI Expert Analysis Tool; [44]) Version
6.00, a tool within FSL (FMRIB’s Software Library; https://fsl.fmrib.ox.ac.uk/fsl/). Preprocessing for each
block of the 4D task data consisted of head motion correction using MCFLIRT [46], fieldmap-based EPI distortion
correction, removal of non-brain structures with BET [47]], spatial smoothing with a 4.5 mm FWHM Gaussian kernel,
highpass filtering with a 100 second cutoff, and normalization via grand-mean scaling. The EPI data was first registered
to the T1-weighted image using the brain-boundary-based registration method in FLIRT [46L[48]], then transformed into
standard space using the same transformation matrix created when registering the T1-weighted image to standard space
(MNI152 with 1 mm spatial resolution) with FNIRT. The T1-weighted image was segmented into gray matter, white
matter, and cerebrospinal fluid using FAST [[49] then warped into EPI space using the aforementioned transformation
matrices. The transformed WM and CSF masks were then applied to the EPI data and a mean time series was extracted
for each.

11.2 Regions of Interest

The resulting clusters from the fixed-effects analysis were corrected for family-wise error at p < .05; however, they
contained significant overlap. Specifically, many of the clusters resulting from the contrasts comparing non-zero
coherence to participant response or zero-coherence shared significant overlap with clusters from the main predictors
(participant responses, non-zero stimulus coherence, and zero stimulus coherence). In an effort to eliminate redundant
signal in the neural data, we selected clusters that did not overlap. Enforcing this constraint yielded 16 ROIs (7
associated with non-zero coherence, 9 associated with participant response). Figure [§]shows the Z-statistic map for
these ROIs from the fixed-effects analysis (see Tables |3| and E] for details). Individual masks of these ROIs were
generated then warped into the preprocessed functional data space from the first block of the task. Finally, the masks
were applied to the functional data and a mean time series vector was extracted for each ROIL.

Table 3: Regions of interest associated with non-zero coherence. Data presented in 1 mm MNI space.

Region X Y Z  Cluster size Max Z score
R visual cortex V1 7 729 3387 3.93
R inferior parietal lobule 49 -40 9 1903 4.48
L visual cortex V2 -9 88 26 1543 4.11
L frontal pole -48 48 -14 1487 3.34
RcrusII 29  -69 -41 1266 3.46
R premotor cortex 32 23 64 1159 3.82
L inferior frontal gyrus -54 23 0 1003 3.07

11.3 Fits to Real Data

Tables [5] and [6] show the maximum a posteriori estimates of the kernel and observation noise parameters from the fMRI
experiment. Table [5|reports the results from the GPJM assuming three-dimensional latent dynamics. Table [6]reports the
results from the GPJM assuming four-dimensional latent dynamics.

Figures [9] and [12] show the model fit to the neural and behavioral data observed from the fMRI experiment.
The first two figures are the results from the Gaussian process joint model with three-dimensional latent dynamics.
The latter two figures are the results from the Gaussian process joint model with four-dimensional latent dynamics.
Black lines present the observations. Red solid lines show the mean predictions from the model, and orange dotted lines
represent the 95% predictive intervals.
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Table 4: Regions of interest associated with participant response. Data presented in 1 mm MNI space.

Region X Y Z Clustersize Max Z score
L superior parietal lobule -10 -56 68 8664 6.71
L primary auditory cortex -53 21 10 5151 4.09
R inferior parietal lobule 60 -25 13 3923 4.71
L primary motor cortex 520 32 2522 3.65
L premotor cortex 44 -3 61 1606 4.24
R premotor cortex 10 -6 72 1579 3.78
L inferior parietal lobule 44 -64 11 1366 4.27
R primary auditory cortex 54 -14 6 1311 3.90
R primary somatosensory cortex 66 -3 22 1066 3.40

Table 5: fMRI experiment: Maximum a posteriori kernel and noise parameters of the Gaussian process joint model with
three-dimensional latent dynamics. Rounded up to three decimal places. fMRI: functional magnetic resonance imaging.

Value Value
Temporal kernel: Variance 0.014 Observation noise: Neural 0.039
Temporal kernel: Length-scale 0.657 Observation noise: Behavioral 0.105
Neural kernel: Variance 17.137
Neural kernel: Length-scale [0.186, 0.227, 0.525]
Behavioral kernel: Variance 14.308
Behavioral kernel: Length-scale [0.578, 0.546, 0.399]

Figures|13|and |14] present the latent dynamics estimated from the four-dimensional GPJM. Figure [13|shows the time-
series representations of the dynamics, whereas Figure [T4] provides two three-dimensional trajectory representations of
the latent dynamics. For visual clarity, we smoothed the dynamics used in Figure [T4]using the Savitzky-Golay filter [50]
with a window size of 51 and the third-order polynomial approximation.

11.4 Model Evaluation

We used log posterior predictive density (PPD) and root mean squared error (RMSE) for evaluating the predictive
performance of each model variant. First, the log PPD was computed using the posterior predictive mean and covariance
functions for the test data.

We separate the training behavioral data y, the test behavioral data y*, part of the latent dynamics X trained by both
neural and training behavioral data, and another part of the latent dynamics X ™ trained only by the neural data. The
latent dynamics the predictive mean f* and predictive covariance matrix * are analytically derived as follows [[17]:

= K(X* X)[K(X,X) +021] 'y
S = K(X*, X*)
— K(X*, X)[K(X, X) + 02| K(X, X")

where K (M, N) = [k(m;,n;)];; is the kernel whose elements are determined by the i-th row of matrix M (denoted
m;) and the j-th row of matrix N (denoted n;).

We derived the posterior predictive mean and variance with the equations above using the trained latent dynamics,
complete neural data, and partially observed behavioral data. Then, the log PPD for the test behavioral data y* is

1 _ _
log PPD = —3 [log det =% + (y* — F*)'S* (y* — £*) + klog Qﬂ

where det M means the determinant of a matrix M, and & is the number of test data points. The RMSE was defined as

RMSE = /") " ~F)/i.

High PPD and low RMSE suggest that a model provides better predictions about the unobserved data.
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Table 6: fMRI experiment: Maximum a posteriori kernel and noise parameters of the Gaussian process joint model with
four-dimensional latent dynamics. Rounded up to three decimal places. fMRI: functional magnetic resonance imaging.

Value Value
Temporal kernel: Variance 0.010 Observation noise: Neural 0.038
Temporal kernel: Length-scale 0.597 Observation noise: Behavioral — 0.001
Neural kernel: Variance 22.039
Neural kernel: Length-scale [0.440, 0.260, 0.202, 21.362]
Behavioral kernel: Variance 8.649
Behavioral kernel: Length-scale  [3.225, 1.352,4.773, 0.571]
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Figure 6: Model fits to the simulated BOLD responses. Black and red solid lines are the simulated data and the mean

predictions from the model, respectively. Red dotted lines represent the 95% predictive intervals of the model prediction.
BOLD: blood oxygenation level dependent.
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Figure 7: Model fits to the simulated behavioral data. Black and red solid lines are the simulated data and the mean
predictions from the model, respectively. Red dotted lines represent the 95% predictive intervals of the model prediction.

Figure 8: Map of Z statistics from regions of interest associated with non-zero coherence (red-yellow) and participant
response (blue-green) resulting from the fixed-effects analysis. Clusters were thresholded at Z > 2.33 and corrected for
family-wise error at p < .05.
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Figure 9: Fits of the GPJM with three-dimensional latent dynamics to the BOLD responses observed from the fMRI
experiment. Black and red solid lines are the observed data and the mean predictions from the model, respectively.
Orange dotted lines represent the 95% predictive intervals of the model prediction. ROI: Regions of interest. NZC:
Regions of interest associated with non-zero coherence (see Table [3). Resp: Regions of interest with participant
response (see Table ). GPJM: Gaussian process joint model. BOLD: blood oxygenation level dependent. fMRI:
functional magnetic resonance imaging.
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Figure 10: Fits of the GPJM with three-dimensional latent dynamics to the behavioral data observed from the fMRI
experiment. Black and red solid lines are the observed data and the mean predictions from the model, respectively.
Orange dotted lines represent the 95% predictive intervals of the model prediction. GPJM: Gaussian process joint
model. fMRI: functional magnetic resonance imaging.
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Figure 11: Fits of the GPJM with four-dimensional latent dynamics to the BOLD responses observed from the fMRI
experiment. Black and red solid lines are the observed data and the mean predictions from the model, respectively.
Orange dotted lines represent the 95% predictive intervals of the model prediction. ROI: Regions of interest. NZC:
Regions of interest associated with non-zero coherence (see Table [3). Resp: Regions of interest with participant
response (see Table[d). GPJM: Gaussian process joint model. fMRI: functional magnetic resonance imaging.
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Figure 12: Fits of the GPJM with four-dimensional latent dynamics to the behavioral data observed from the fMRI
experiment. Black and red solid lines are the observed data and the mean predictions from the model, respectively.
Orange dotted lines represent the 95% predictive intervals of the model prediction. GPJM: Gaussian process joint
model. fMRI: functional magnetic resonance imaging.
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Figure 13: The estimated four-dimensional latent dynamics from the GPJM from the fMRI experiment. Latent

dimensions are color-coded differently. GPJM: Gaussian process joint model. fMRI: functional magnetic resonance
imaging.
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Figure 14: Three-dimensional plots of the four-dimensional latent dynamics estimated by the GPJM from the fMRI
experiment. For visual clairty, the latent dynamics are filtered using the Savitzky-Golay filter with a window size of 51
and the third-order polynomial approximation. (A) Comparison of the Dimension 1 (x-axis), 2 (y-axis), and 3 (z-axis).
A black line represents the three-dimensional trajectory of the dynamics generated by Dimensions 1, 2, and 3. Red,
yellow, and blue lines are the two-dimensional projections of the dynamics trajectory generated by Dimensions 1 and 3,
2 and 3, and 1 and 2, respectively. (B) Comparison of the Dimension 4 (x-axis), 2 (y-axis), and 3 (z-axis). A black line
represents the three-dimensional trajectory of the dynamics generated by Dimensions 4, 2, and 3. Red, yellow, and blue
lines are the two-dimensional projections of the dynamics trajectory generated by Dimensions 4 and 3, 2 and 3, and 4
and 2, respectively. GPJM: Gaussian process joint model. fMRI: functional magnetic resonance imaging.
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