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Gaussian graphical models (GGM; “networks™) allow for estimating conditional independence
structures that are encoded by partial correlations. This is accomplished by identifying non-
zero relations in the inverse of the covariance matrix. In psychology the default estimation
method uses ¢ -regularization, where the accompanying inferences are restricted to frequentist
objectives. Bayesian methods remain relatively uncommon in practice and methodological lit-
eratures. To date, they have not yet been used for estimation and inference in the psychological
network literature. In this work, I introduce Bayesian methodology that is specifically designed
for the most common psychological applications. The graphical structure is determined with
posterior probabilities, which allow for assessing conditional dependent and independent re-
lations. Additional methods are provided for extending inference to specific aspects within-
and between-networks, including partial correlation differences and Bayesian methodology to
quantify network predictability. I first demonstrate that the decision rule based on posterior
probabilities can be calibrated to the desired level of specificity. The proposed techniques are
then demonstrated in several illustrative examples. The methods have been implemented in the
R package BGGM.
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Introduction

Gaussian graphical models (GGM) have become increas-
ingly popular in the psychological literature (Epskamp,
Kruis, & Marsman, 2017; Epskamp, Waldorp, Mottus, &
Borsboom, 2018). In contrast to structural equations models,
an ubiquitous technique in the behavioral sciences, GGMs do
not characterize hypothesized relations between latent fac-
tors and observed variables (Borsboom & Cramer, 2013).
Rather, all variables are allowed to co-vary with relations en-
coded in the off-diagonal elements of the precision matrix
(i.e., the inverse of the covariance matrix; Dempster, 1972;
Whittaker, 1990). When the covariances are standardized
and the sign (%) reversed, assuming multivariate normality,
this results in partial correlations (p;;) that are conditionally
dependent relationships (p;; # 0) between two variables,
wherein the effects of all other variables have been controlled
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for (Baba, Shibata, & Sibuya, 2004; Baba & Sibuya, 2005).
For example, in the context of a clinical application, GGMs
allow for characterizing direct effects between a potentially
arbitrary number of symptoms (Cao et al., 2018; Hajduk,
Klein, Harvey, Penn, & Pinkham, 2018). Because direct ef-
fects are suggestive of causal pathways (Pearl, 2009), this
has contributed to the increased interest in GGMs. This
emerging line of psychological inquiry is often referred to
as “partial correlation networks,” and they have been used
to characterize several constructs that include political atti-
tudes (Dalege, Borsboom, van Harreveld, & van der Maas,
2017), psychosis (Isvoranu et al., 2017; van Rooijen et al.,
2017), post-traumatic stress disorder (Armour, Fried, De-
serno, Tsai, & Pietrzak, 2017; McNally et al., 2015), sub-
stance abuse (Rhemtulla et al., 2016), and well-being (De-
serno, Borsboom, Begeer, & Geurts, 2017).

Moreover, inquires have not been restricted to psycholog-
ical applications, but there has also been substantial research
into estimation methods that extends well beyond psychol-
ogy (Fan, Liao, & Liu, 2016; Kuismin & Sillanpad, 2017). To
my knowledge, most novel statistical methods for GGMs are
developed to address a very specific problem that is not com-
mon in psychological applications, wherein there are more
variables (p) than observations (n). The so-called large p
small n problem that is commonplace when studying regu-
latory networks (Kuismin & Sillanpdd, 2017), for example
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microarray expression profiles for potentially thousands of
genes (Mao, Van Hemert, Dash, & Dickerson, 2009; Wille et
al., 2004), or when applying functional magnetic resonance
imaging to capture the dimensionality of the whole-brain
(Das et al., 2017; Luo, 2014). In these situations some form
of regularization is necessary, because the covariance matrix
cannot be inverted (n < p), in addition to customary esti-
mators (i.e., maximum likelihood) becoming unstable when
approaching high-dimensional settings (p — n; Khondker,
Zhu, Chu, Lin, & Ibrahim, 2013).

Despite regularization not being necessary, the default
approach for estimating psychologyical “networks” is the
graphical lasso (“least absolute shrinkage and selection oper-
ator"; glasso) which makes use of ¢;-regularization (R. Tib-
shirani, 1996). In the familiar setting of regression, this
technique adds a penalty to the customary sum of squares,
whereas the penalty is applied to the covariances in multivari-
ate settings (Friedman, Hastie, & Tibshirani, 2008). While
this approach overcomes the large p small n problem, it has
primarily gained popularity in psychology because it pushes
smaller estimates to exactly zero, thereby achieving an im-
portant theoretical goal of estimating a sparse network (Ep-
skamp & Fried, 2016).

There are several important limitations of lasso (and re-
lated methods), especially as it relates to its use in applied
settings. It should first be noted that £;-regularization is a
relatively new technique, and thus remains an active area of
research in the statistical literature (Avagyan, Alonso, & No-
gales, 2017; Cai, Liu, & Luo, 2011; Mazumder & Hastie,
2012). While the £;-penalty can indeed push parameters to
zero, strong assumptions are necessary for model selection
consistency (Zhao & Yu, 2006). That is, even with infinite
data (n — o0), if only minimizing the sums of squares with
respect to the £;-penalty, the probability of selecting the true
model will not often tend to 1 (Williams & Rast, 2018; Zhao
& Yu, 2006). This stands in contrast to traditional approaches
in psychology that are known to be consistent, such nonreg-
uluarized model selection with the Bayesian information cri-
teria (Burnham & Anderson, 2004; Casella, Girdn, Martinez,
& Moreno, 2009). Indeed, in data structures more common
to psychology, it was shown that £;-regularization has dis-
tinct limitations compared to nonregularized estimation (see:
Williams & Rast, 2018; Williams, Rhemtulla, Wysocki, &
Rast, 2019).

Perhaps the most notable limitation, when considering
that psychology as a field is explicatory in nature (Yarkoni
& Westfall, 2017), is that £;-regularization presents chal-
lenges for statistical inference (Hastie, Tibshirani, & Wain-
wright, 2015). In this context, since lasso is a frequentist
approach, by valid I am referring to calibrated long-run fre-
quencies (e.g., @; Neyman, 1935). Of note, {;-regularization
only provides point estimates from convex optimization (i.e.,
no significance testing is involved). Most research has fo-

cused exclusively on point estimation and rates of conver-
gence, with only recently p-values (Lockhart, Taylor, Tibshi-
rani, & Tibshirani, 2014) and confidence intervals (CI) being
developed (Jankova & van de Geer, 2015, 2017). These ap-
proaches range from post-selection adjusted p-values (Tay-
lor & Tibshirani, 2017; R. J. Tibshirani, Taylor, Lockhart, &
Tibshirani, 2016) to obtaining valid measures of uncertainty
(Zhang & Zhang, 2014), which are not readily available with
customary bootstrap schemes (Bithlmann, Kalisch, & Meier,
2014). A recent approach for constructing Cls, which al-
lows for claiming there is a significant effect, is the despar-
sified ¢;-penalized estimator (Van De Geer, Biihlmann, Ri-
tov, & Dezeure, 2014). In other words the theoretical mo-
tivation (estimating exact zeroes), in psychology, for using
{;-regularization is non-existent when attempting to make
inference with null hypothesis significance testing. They
are also primarily characterized in high-dimensional settings
(Jankovd & van de Geer, 2017), which suggests that not
only is generalizability of concern, but it is unclear whether
they have advantages compared to nonregularized methods
(Williams & Rast, 2018; Williams, Rhemtulla, et al., 2019).

These limitations partially motivate this work, in that I
introduce a (nonregularized) Bayesian approach that should
converge on the true model with minimal assumptions, does
not require manual adjustments after model selection to re-
duce the false positive rate, and readily provides a valid mea-
sure of uncertainty. Further, an additional advantage is that
Bayesian inference focuses on posterior probabilities (Sec-
tion: Decision Rule), in addition to providing posterior dis-
tributions for each partial correlation. This allows for proba-
bilistically learning of conditional (in)dependence structures,
and straightforward extensions specifically developed for the
most common psychological applications (p < n).

Recently, the popularity of Bayesian methods has grown
in certain psychological applications (Wagenmakers, Love,
et al., 2018; Wagenmakers, Marsman, et al., 2018). To our
knowledge, however, Bayesian methods have only been used
to estimate partial correlations between two variables in the
psychological literature (Nuijten, Wetzels, Matzke, Dolan, &
Wagenmakers, 2015; Wetzels & Wagenmakers, 2012). The
only related example used Bayesian methods for estimating
a directed acyclic graph (McNally, Heeren, & Robinaugh,
2017), whereas GGMs encode undirected relationships be-
tween variables. This relative absence of Bayesian methods
is not restricted to psychology; for example, there are only
two R packages for estimating GGMs. Neither provides full
posterior distributions for the partial correlations (Leday &
Richardson, 2018; Mohammadi & Wit, 2015). This limits the
capabilities for psychological applications, in that the poste-
rior distributions allow for computing additional information
such as measures of uncertainty for variance explained and
predictive accuracy for each variable in the network (Sec-
tion: Network Predictability). This is particularly important,
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because there is growing interest in psychology to consider
the predictive capabilities of our models (Yarkoni & Westfall,
2017). By considering the predictive accuracy of individual
variables in the network, for example, this may provide more
targeted interventions for clinical applications. Indeed, there
is an emerging interest in evaluating predictive accuracy of
specific variables in psychological networks (Haslbeck &
Fried, 2017; Haslbeck & Waldorp, 2018). However, vari-
able importance is often inferred from point estimates which
in my view can lead to overconfident inferences (Birkeland,
Blix, Solberg, & Heir, 2017). Together, the present work
is not only a valuable contribution to the GGM literature
in general, but also provides novel Bayesian methodology
specifically designed for psychological applications. These
include measures of network predictability, with respect to
the posterior distributions, as well as learning the conditional
(in)dependence structure of psychological constructs.

The aim of the present work is to introduce Bayesian
methodology for estimating Gaussian graphical models, in
addition to describing techniques that can be used for expla-
nation and prediction. I first introduce the customary nota-
tion for GGMs that will be used for the remainder of this
work, and then describe the rationale for using nonregular-
ized estimation. The proposed methodology is then outlined,
which makes use of the Wishart prior distribution that is con-
jugate to the precision matrix, as well as the decision rule
for determining conditional relationships. I then describe
two techniques in which the estimated precision matrix can
be used to compute partial correlation differences, variance
explained, and out-of-sample predictive accuracy for each
variable in the network. In the following sections, the tech-
niques are employed in a series of illustrative examples. I
end by discussing future directions as well as limitations of
this work.

The Gaussian graphical model

The Gaussian graphical model captures undirected, condi-
tional relationships (Lauritzen, 1996), that are typically visu-
alized to infer the underlying structure (i.e., the “network";
Hgjsgaard, Edwards, & Lauritzen, 2012). The undirected
graph is G = (V, E), and includes a vertex set V = {1, ..., p}
as well as anedge set E ¢ VX V. LetY = ()’1,...,yp)T
be a n X p matrix, where each y is a n dimensional vector
that is indexed by the graphs vertices. Assume they follow a
multivariate normal distribution Y ~ N(u, X), with the mean
vector 4 = (01, ...,0,)" and p X p positive definite covariance
matrix . Denote the precision matrix @ = £~!. The graph
is obtained from the off-diagonal elements 6;; € ©;;. This is
used to construct an adjacency matrix A that follows

ifg;;#0, 1<i<j<p
otherwise,

ey

with 1 < i < j < p denoting the elements in the upper-
triangular of the p X p matrix. Further, (i, j) € E when the
variables i and j are not conditionally independent and set to
zero otherwise. Note that the selected edges, when standard-
ized, are partial correlations (p) determined to be non-zero.
These are computed directly from the precision matrix—i.e.,

pij = , 1<i<j<p. 2)

In this work, these partial correlations are explicitly used for
the methods that draw samples from the posterior distribu-
tion, whereas the precision matrix is primarily used for the
methods that have an analytic solution.

There are often many parameters estimated in psycholog-
ical networks—i.e.., the elements of ®. This does raise the
possibility of overfitting, which can be assuaged with regu-
larization (McNeish, 2015). However, it should be noted that
estimating @ is straightforward in low-dimensional settings
(Williams & Rast, 2018; Williams, Rhemtulla, Wysocki, &
Rast, 2018). However, even in low dimensional settings
(p < n) estimation error increases when p approaches n (e.g.,
mean squared error). In other words, n must be sufficiently
larger than p for the @ to be estimated accurately. As shown
in Williams et al. (2018), glasso does not show clear ben-
efits (even for predictive accuracy) compared to the maxi-
mum likelihood estimate with dimensions representative of
psychological networks (e.g., p = 20, n = 250; Hajduik et
al., 2018; McNally et al., 2017, 2015). Together, while reg-
ularized networks have emerged as the default approach in
psychology (Epskamp & Fried, 2016), the method described
below is nonregularized by default.

Bayesian Estimation of Gaussian Graphical Models

Bayesian methods often lack scalability to complex mod-
els with numerous parameters to be estimated (Barrientos
& Pena, 2017; Newton, Polson, & Xu, 2018). This is due
to computational demand, which can make sampling from
the posterior distributions not only slow but also inefficient
(Chopin, Gadat, Guedj, Guyader, & Vernet, 2015). This is
important to consider, in psychological applications, because
with even 20 variables there are 190 partial correlations in
total. To overcome this issue, conjugate prior distributions
can be utilized, where the posterior and prior are from the
same family of probability distributions (Gutiérrez-Pefia et
al., 1997). This is advantageous in that sampling from the
posteriors is expedited, thereby allowing for scaling to larger
dimension settings.

A popular Bayesian method for GGMs makes use of the
G-Wishart distribution, which is conjugate to ®. This is
a generalization of the Wishart distribution, where the off-
diagonal elements of @ can be constrained to zero (Atay-
Kayis & Massam, 2005; Dobra, Lenkoski, & Rodriguez,
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2010). Some of the earliest approaches employed reversible
jump MCMC (Green, 1995), for example in Wang (2012)
and Lenkoski (2013), whereas the most recent sampling
strategies use a birth and death MCMC algorithm (Moham-
madi & Wit, 2015). This provides the customary frame-
work for Bayesian model selection, in that covariance selec-
tion uses an indicator function analogous to spike and slab
prior distributions that are commonly used for general lin-
ear models (George & McCulloch, 1993; O’Hara & Sillan-
péd, 2009; Rouder, Haaf, & Vandekerckhove, 2018). That
is, the graph can be selected with either Bayesian model av-
eraging (Hoeting, Madigan, Raftery, & Volinsky, 1999) or
maximum a posterior probability (Barbieri & Berger, 2004).
Importantly, the software implementations of the G-Wishart
approach do not return full posteriors for the parameters, but
instead they provide only point estimates. For the present
purposes, where our aim is to provide tools specifically for
psychological applications, this limits extensions to ask addi-
tional questions related to the estimated network (e.g., edge
difference and network predictability)

Wishart Prior Distribution

The proposed method uses the Wishart prior distribution
that is directly conjugate for @ (Kubokawa & Srivastava,
2008). In Bayesian mixed-effects models, which are com-
monly used in psychology, the inverse-Wishart distribution is
often used to estimate the covariance matrix £ = @~! (Schu-
urman, Grasman, & Hamaker, 2016). The present applica-
tion stands in contrast to more common methodological in-
quiries into the properties of the inverse-Wishart distribution.
It is common to examine 2 X 2 matrices (Alvarez, Niemi,
& Simpson, 2014; Liu, Zhang, & Grimm, 2016), for ex-
ample the covariance between random slopes and intercepts,
whereas the proposed method is for much larger dimensions.
Nonetheless, as described below, the Wishart distribution is
not only efficient but also provides an accurate estimate for
© (Section: Decision Rule).

The joint posterior density for the precision matrix follows

p(OY) « p(Y|O)p(0), (©))

where Y is a n X p matrix drawn from a multivariate normal
distribution—i.e.,
Y ~ N(,07). 4)

When using the conjugate Wishart prior, W(k, €l,), with k
degrees of freedom and identity matrix I,,, the posterior dis-
tribution also has a Wishart distribution—i.e.,

OY ~ W(k+n,(S +el,)™), (3)

where S is the sums of squares matrix Y'Y and € is a con-
stant. The posterior mode then has a closed form

argmaxgp@lY) = (k+n—p-1)(S+e€l,)™',  (6)

as well as the posterior posterior variance
Var(@[Y) = (k +n)((S + €l,)"" +dd’), (7)

where d = diag(S+e€l,). By setting k = p+1, and € to a small
value, say, 1.0 x 107!°, results (approximately) in the maxi-
mum likelihood estimate n(S~"). Consequently, by assuming
p(6;;Y) is normally distributed (see pg. 88: “Asymptotic
normality and consistency”’; Gelman et al., 2014), allows for
constructing (equal tailed) credible intervals and computing
posterior probabilities. For example, the former can be ob-
tained as

f p0;IY)d6;; = 1 - a, (®)
I

where / and u denote the lower and upper bounds of the in-
terval. What remains is the choice of @, which as shown
below, can be (approximately) calibrated to the desired level
of specificity!. The latter follows

Pr(6;; > 0Y), ©9)

which corresponds to the posterior probability of a positive
effect. Both can be computed analytically with the point es-
timate in (6) and variance in (7). This simple solution can be
used for determining E and analytically deriving “network”
predictability.

There is one drawback of this analytic form. Because
there are no posterior samples, this limits its applicability for
extending inference beyond the graphical structure.. Indeed,
capturing uncertainty is a key aspect of this work compared
to, say, {;-regularization and alternative Bayesian methods
that also provide point estimates for @. I thus describe an
additional approach for conveniently drawing samples from
the posterior distribution. I implemented the noninformative
Jeffreys® prior |@|?*D/2_ This allows for posterior sampling
directly from a Wishart distribution—i.e.,

OlY ~Wn-1,8". (10)
'Specificity is a diagnostic measure commonly used to assess

the performance of methods used to estimate GGMs. It is equal to
1-a.

Table 1
Correspondence between direc-
tional posterior probabilities, «,
and specificity.
p(pij > 0]Y) a SPC
0.9975 0.005 0.995
0.995 0.01 0.99
0.975 0.05 095
0.95 0.10  0.90
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These samples, s = 1,...,S, are used to compute the poste-
rior distribution for the p X p partial correlation matrix, with
Pij € P—i.e.,

P = —([diag(o) V"' @V [diag() 1), (1)

where o are the square roots of diag(®) (Barnard, McCul-
loch, & Meng, 2000) and multiplying by —1 reverses the di-
rection (+) as in (2). Because p is a standardized effect, and
thus each p;; is on the same scale, this allows for defining
a region of practical equivalence (Kruschke, 2011). Rather
than determining E in reference to 0, as in (8) and (9), a
neighborhood around zero is defined (a null area; Betancourt,
2018). Consequently, given some region, |p;;| < 1y, there
is support for null values when the posterior probability is
above a pre-determined threshold,

o
f p(p,jlY)dp,j >1-a, (12)

o

where p(p;;|Y) is the posterior distribution. Conversely,

90 o
f piilY)dp;; +f piilY)dpij>1—-a, (13)

o o

denotes the posterior probability outside of the region of
practical equivalence exceeds 1 — a. This allows for both de-
termining conditional dependent and practically independent
relations, as well as comparing two edges (e.g., P12 — P13)-

Decision Rule

The Wishart distribution does not produce a sparse es-
timate for ®. This stands in contrast to {;-regularization
that provides exact zeroes. Thus, an explicit decision rule
is required for estimating the graphical structure. I view
this as advantageous, in that the evidence can be weighed
with respect to the question at hand. To our knowledge,
there have been two different decision rules applied to the
MAP estimate (Equation: 6). The first, described in Kuis-
min and Sillanpéd (2016), used the extended Bayesian infor-
mation criteria (EBIC) for setting values to zero. This was
accomplished with a step-wise procedure in which an algo-
rithm sequentially removed edges until EBIC could not be
further reduced. The second approach, specifically for high-
dimensional data (n < p), introduced an analytic solution
for Bayes factors in combination with a null sampling dis-
tribution for controlling the false discovery rate (Leday &
Richardson, 2018). Both of these approaches are not strictly
Bayesian, whereas the presented method obtains E from the
estimated posterior probabilities that are conditional only on
the data and the fitted model.

I determine E with directional posterior probabilities.
This approach does not test a point null hypothesis (Hp :
pij = 0) against an alternative hypothesis (H; : p;;). Rather,
relations are inferred in reference to the posterior distribu-
tion on either side of zero (Figure 1; panel A). Adopting this
perspective maps directly onto specificity which is a com-
mon metric for evaluating edge set identification. To see this,
consider, p(p;; > 0]Y) = 0.975, which is the posterior proba-
bility the edge is greater than zero. It follows that 1 — 0.975
is the posterior density less than zero. This is often referred
to as the Bayesian p-value. The decision rule can then be
calibrated to the desired level of specificity (SPC)-i.e.,

#TN
SPC= ——— 14
C= 9N+ #FP (14)
=1 - FPR,

where #T'N and #F P are the number of true negatives and
false positives, respectively, and FPR is the false positive rate
(i.e., @). In other words, by using the relationship between o
and 1 - p(p;; > 0]Y) (for determining positive relations), it is
possible to demonstrate that the proposed decision rule can
be calibrated to SPC (at least approximately so).

I conducted a brief simulation to make this point clear. I
assumed an identity matrix I, (p = 20) for ® and increased
the sample sizes n € {100,250, 500, 1000, 2500, 5000}. Be-
cause I, is a null matrix, this allows for examining the global
error rate for G. Since there are 195 covariances ”("T_l)
equal to zero, the number of false positives is approximately
a@. For each sample size, the error rates were average
across 50 simulation trials. The results for both the ana-
lytic solution (Equation 6) and the sampling based approach
(Equation 10) are displayed in Figure 1. The desired level of
specificity was set to 0.90, 0.95, and 0.99 (“Decision Rule”),
which can be seen in panel B. The dotted lines correspond
to the expected false positive rate (1 - SPC). The analytic
solution was consistently at the nominal level, whereas the
sampling based approach had a (slightly) higher error rate
that ultimately converged to the desired level of specificity
as n increased. The difference between approaches could be
attributed to the shape of the respective distributions. That is,
for the analytic solution, E is computed from the off-diagonal
elements of @ that are normally distributed, whereas the sam-
pling based approach uses the partial correlations that could
be skewed. Importantly, as revealed in this simulation, both
approaches can be (approximately) calibrated to the desired
level of specificity.

Illustrative Example

In this section, I use the proposed methodology to esti-
mate the underlying conditional (in)dependence structure of
post-traumatic stress symptoms (i.e., PTSD; McNally et al.,
2015). There are 20 variables (p) and 221 observations (n)
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Figure 1. A) This panel shows an example posterior distribution for an edge (partial correlation). The shaded regions corre-
spond to directional posterior probabilities. In this example, the probability of a positive effect was 95 % (thus the probability
of a negative effect was 5 %). These probabilities are used for determining the network structure—a connection is included
when the probability exceeds a threshold. B) This panel show that the decision rule based on probabilities can be calibrated
to a desired level of specificity. The y-axis is the false positive rate which corresponds to 1 - specificity. The dotted line is the
expect false positive rate. The analytic solution is provided in Equations (6 and 7). The sampling based approach is provided

in Equations (10 and 11).

in total, each of which was measured on the 5 values ordinal
scale. For demonstrative purposes, I also included the most
popular estimation method in psychology—i.e., the graphi-
cal lasso with the extended Bayesian information criterion
(glassogg;c Epskamp, 2016). The ¢;-regularized networks
were estimated with the R package qgraph using the de-
fault settings, in addition to bootnet for bootstrapping the
estimated networks (Epskamp, Borsboom, & Fried, 2018).
The Bayesian models were fitted with the package BGGM
(Williams & Mulder, 2019b).

Structure Learning

Conditional Dependence. By structure learning I am
referring to the edge set E or the conditional dependence
structure of the data (p;; # 0). For the Bayesian model three
decision rules were used (Figure 1). These corresponded to
expected specificity of 0.90, 0.95, and 0.99. Figure 2 (panel
A) displays the estimated networks. There are clear differ-
ences between glassogg,~ and the Bayesian methods. The
former estimated what could be considered a dense network,
in which almost half of the nodes shared a connection (x 0.52
9%). On the other hand, with the most conservative thresh-
old for BGGM (“Post prob: 0.999”), the estimated structure
had far (far) fewer connections than glasso,g,-. Specifically,
there was only 11 % connectivity. This discrepancy could be

due to the inflated false positive rate of {;-regularized esti-
mation (Williams & Rast, 2018; Williams, Rhemtulla, et al.,
2019).

Conditional Independence. A key aspect of Bayesian
inference is the ability to assess the null hypothesis of con-
ditional independence (p;; # 0). In this case, based on the
posterior distribution of the partial correlations, it is possi-
ble to compute the probability of null values (Equation 12).
For demonstrative purposes, I followed Cohen’s guidelines
and defined a practically meaningful edge as what is cus-
tomarily defined as a small effect size (o = 0.1 Cohen &
Cohen, 1983). The decision rule was then set to 0.95-i.e., to
be considered practically zero, 95 % of the probability den-
sity must lie within the region of practical equivalence +0.1.
Figure 2 (panel B) displays the estimated conditional de-
pendence (“Practically Zero”) and independence structures
(“Practically Nonzero”) estimated with the rope. For the
latter, we see that there was actually no evidence for con-
ditional independent relations in this data.”> This stands in
contrast to £|-regularized networks, where it might be tempt-
ing to conclude the zeros provide evidence for conditional

’I also varied the decision rule to consider various posterior
probabilities. With a posterior probability of 0.85, there were a few
conditionally independent effects. Of course, this also suggests a 15
% chance of a meaningful effect.
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Figure 2. A) This panel shows the estimated networks with glassoyp,~ and the Bayesian methods. For the latter, various
posterior probabilities were used to determine the network structure. B) This panel only includes networks estimated with
the proposed Bayesian methods. Rather than use a posterior probability in reference to zero, conditionally independent and
dependent relations were determined with a region of practical equivalence (a null region). In this example, none of the edges
were practically zero or conditionally independent. The node names are provided in Table 2.

independence. This is not much different than setting val-
ues to zero that were not statistically significant, which is
commonly done in psychology and also does not provide ev-
idence for the null hypothesis. The conditional dependence
structure is also much sparser, which is perhaps not too sur-
prising because a meaningful effect has been defined as 0.1.

Quantifying Uncertainty. As previously mentioned
(Section: Introduction), ¢;-regularization provides point es-
timates for the edges. This makes extending inference be-
yond exploratory challenging. For non-regularized methods,
as described in Williams et al. (2018), it is possible to boot-
strap @. This is generally not advisable with £;-penalized
estimates, in that a sparse solution has a point mass at zero
that produces a distorted sampling distribution. However, in
psychological applications, it is nonetheless common to con-
duct significance tests from bootstrapped ¢;-estimates. I thus

compared the Bayesian methods to bootstrapping glassop;c.
I generated 2,000 boostrap samples for glassogg~ that took
18.6 minutes in total, whereas BGGM provided 2,000 poste-
rior samples in less than 1 second. This difference arises be-
cause, for each bootstrap sample, glassoyp- fits a separate
model for each tuning parameter value (which controls the
sparsity level) and then one is selected according to EBIC.
As such, with 100 values (the default in ggraph), this results
in 200,000 models being fitted to provide the same number
samples as BGGM. For this dimension of data (p = 20 and
n = 221), this demonstrates that sampling from the posterior
can be accomplished very efficiently (Section: Wishart Prior
Distribution).

The estimated edge weights are displayed in Figure 3
(Panel A), with the interval width set to 99 %. There are
again clear difference between glassogy,~ and BGGM. For
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Figure 3. A) This panel includes the estimated edges from glassoyg; and the Bayesian methods. The former uses a bootstrap

approach, whereas the latter provides a posterior distribution.

This is meant to highlight the differences in the shape of the

distributions. That is, the regularized estimates are often bounded at zero and skewed (inferred from the location of the point
estimate on the error bar). The error bars correspond to 99 % confidence and credible intervals. B) This panel further highlights
the differences between the distributions. The ¢;-regularized distribution has a point mass at zero. This is a central challenge
for constructing valid confidence intervals from ¢;-based estimates. I refer to Dezeure, Biihlmann, Meier, and Meinshausen
(2014), and in particular the appendix, which shows how difficult it is to achieve correct coverage probabilities. On the other
hand, the Bayesian methods can be calibrated to have nominal coverage levels and thus specificity (Figure 1). C) This panel

includes edges differences for node 1 (“Intrusive Thoughts”).

The contrasts are between the largest edge “1-4” compared to

all the others. The grey area is the region of practical equivalence (+0.1).

example, it can been seen that the sampling distribution of
the £;-penalized estimates depends on the partial correlation
size. That is, if the value has sufficient separation from zero,
the distribution was approximately symmetric. This was not
the case for values closer to zero, where the distributions
were highly skewed and had a lower boundary of zero. This
can be inferred by noting where the mean is located in the
distribution. To make this point clearer, I selected one edge
from each model and displayed them Figure 2 (Panel B).
Here the point mass at zero for glassopg,~ can readily be
seen. In fact, while this edge was included in E, over 50
% of the boostrap samples were estimated as zero. On the

other hand, the posterior distributions were very similar and
approximately normally distributed. Together, glassoggc
could be ideal for determining the proportion of times an
edge was selected, but based on the shape of the sampling
distribution, it seems less than ideal for constructing inter-
vals. I refer interested readers to Dezeure et al. (2014), and
in particular the appendix, which shows how difficult it is
to achieve correct coverage probabilities with £;-based esti-
mates.

Edge Differences. It is important to extend inference
beyond identifying the graphical structure and to, say, test-
ing which edge has the most strength (i.e., the largest ef-
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fect size). Edge differences have customarily been com-
puted with bootnet from ¢;-regularized estimates. In this
work, based on Equation 11, the posterior distributions for
two edges can be subtracted from one another. This not only
allows for determining whether the edges are different, but it
is also possible to compute the posterior probability of prac-
tical equivalence. This is a powerful approach; for example,
a researcher can ask whether certain edges are of the same
strength for a given symptom. For demonstrative purposes, [
tested whether edges were different or the same as the largest
edge for node 1 or “Intrusive Thoughts” (Table 2). Here the
largest relation was with node 4 or “Emotional Cue Reactiv-

ity.”

Figure 3 includes the edge differences. They are summa-
rized with the posterior means and 99 % credible intervals.
Further, I also shaded the area from +0.1 to illustrate the cen-
tral idea behind the region of practical equivalence. That is,
if the interval excludes the shaded region there is a mean-
ingful difference (subjectively defined), whereas if the inter-
val is completely within the shaded region, the two edges
are practically equivalent. In this case, the edge “1-4” was
larger than many but not all the others. In particular, for three
edges the interval not only spanned +0.1 but they also in-
cluded zero. These results highlight a key aspect of Bayesian
inference, in that a measure of uncertainty is provided for the
edges that allows for computing posterior probabilities of the
difference or equivalence.

Network Predictability

The following is based on the correspondence between the
elements of ® and multiple regression. Detailed proofs are
provided in Stephens (1998), and further information can be
found in Kwan (2014). In the context of GGMs, using regres-
sion to select edges is referred to as “neighborhood” selection
(Meinshausen & Biihlmann, 2006). On the other hand, the
method described here work directly with either the poste-
rior distribution (Equation 10) or the maximum a posteriori
(Equation 6). The technique can be described with traditional
regression notation, in which p multiple regression models
are fitted. First let each node V; be defined as y—i.e., the
scores of the n subjects on the jth variable/node. Each node
is regressed on the remaining p—1 variables, which estimates
the potential “neighborhood" for each variable

y=XB;+¢ (15)

where € is an n-dimensional vector, with the mean as a vec-
tor of zeroes, and the covariance matrix as o2I,. Here X is a
n X (p — 1) design matrix, that excludes the ith node, and 8 is
(p—1)x1 vector. The intercept is excluded, due to standard-
izing the data, so B contains p — 1 regression coefficients.
To be clear, B; denotes the vector of coefficients for the jth
regression model, where the individual elements are defined
as B;;. The residuals are assumed to follow & ~ N(0, 0'%),

where o-? is the residual variance for the jth node. The re-
gression coefficients and error variances then correspond to
the off-diagonal and diagonal elements of ®-i.e.,

_ Bij

1
9,'.]' = ? and 0]/ = ;, (16)

J

.

where 6;; denotes the covariance corresponding to ith row
and jth column of @. The diagonal of @ is then denoted 6;;.
Consequently, for all posterior samples, s = 1, ..., S,

_g(f) 1
(5) ij 2(s)
B} =— and 05 = — a7
(s) J ()
9]'1' ij

results in the posterior distribution for each regression coef-
ficient and residual variance. This correspondence allows for
computing measures of predictive accuracy such as Bayesian
R2.

Bayesian R?

In this section, I describe a procedure for computing R?
for each node in the network. In a Bayesian setting, this can-
not be computed with classical R> because the estimate will
sometimes include impossible values (e.g., greater than 1). I
use the method for computing Bayesian R? that was recently
described in Gelman, Goodrich, Gabry, and Ali (2017). First
define a variance function—i.e.,

N
1
Vijzﬂi “N-1 Z(Zi -7, (18)
i=1

where z is an arbitrary N X 1 dimensional vector and N is
the number of subjects in the sample. Thus i indexes the
ith individuals score. This leads to the classical measure of
variance explained being defined as

R? = Viﬁlj’n
= VN
l':lyn

, 19)

where y is a vector the predicted values that is of dimensions
N x 1 and y is the observed outcome of the same dimensions.

The extension to Bayesian models is mathematically
equivalent to metrics commonly used in survival analy-
sis (Choodari-Oskooei, Royston, & Parmar, 2012; Kent &
O’Quigley, 1988). For each node or variable, instead of hav-
ing a point estimate, there is a set of posterior draws for each
regression coefficient that were obtained following Equation
16. Denote the posterior samples as 8, s = 1,...,5. The
predicted values are computed as y(,.‘:) =E(y j|XE‘_j), 0*“)), and
the errors as esf) =yj- )A);i. Here j refers to that specific node,
i is the respective observation, and * denotes the subset of se-
lected predictors and posterior samples—e.g.,, X(*_j) C X j.
This results in
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selected, and then R> was computed for each node. The Bayesian methods readily provide a measure of uncertainty. The error
bars correspond to 95 % credible intervals. The notable differences could be attributed to connectivity levels. The Bayesian
networks were relatively sparse compared to those estimated with glassogg;-. I confirmed this by using a more liberal decision
rule for the Bayesian method and the estimates converged to be very similar. B) This panel included out-of-sample variance
explained. The numbers inside correspond to how many times more edges were selected by glassogy,~ than the Bayesian
method. For example, 2.6 indicated that glasso g, had over twice as many connections in the network. Importantly, this plot
shows that regularization can be advantageous for predicting new data (although the networks were relatively dense).

N §(5)
Vie 3

—_—, (20)
N o® L N O
Vieldji + ViaiE,

Bayesian R* =

which can be summarized in a variety of ways, for exam-
ple the posterior mean, median or mode, as well as provid-
ing a measure of certainty. Note that, in contrast to Equa-
tion 19, Bayesian R? considers the predictive distribution in
both the numerator and denominator. Further, this method
can be extended to data that was not included in the original
fitting. This provides a measure of out-of-sample variance
explained.

lustrative Example

In this section, I compute Bayesian R2, both in- and out-
of-sample, for each variable in the post-traumatic stress dis-
order data (Table 2). As a point of reference, I also in-
clude classical R*> (Equation 19) that was computed from
glassogp;c. This was accomplished by first selecting the
network with the default settings of qgraph, and then each
row of the selected precision matrix @ was converted to the
corresponding regression coefficients (Equation 16). For the

Bayesian method, the edge set was selected with posterior
probabilities exceeding 0.975. This should correspond to an
expected specificity of 0.95 (Table 1).

In-Sample Predictability. These results are reported in
Figure 4 (panel A), where the estimates ordered from small-
est to largest based on the Bayesian method. Addition-
ally, for the Bayesian edges, I have included the distribu-
tion of R* estimates. There are again notable differences
between glassogz - and BGGM, when relying exclusively
on the point estimates, in that the order of importance (de-
fined according to R?) is not the same. That is, for BGGM
node 4 (i.e., emotional cue reactivity) has the largest esti-
mate, whereas the most important variable for glassoyp. is
apparently node 11 (i.e., negative trauma-related emotions).
Of course, because the Bayesian method provides a measure
of uncertainty, the differences in estimates can be evaluated.
Here the difference in R? was 0.02 (95 % Crl = [-0.10, 0.15]),
thereby indicating uncertainty with respect to the most im-
portant node in the network. This highlights an additional ad-
vantage of BGGM, in that accounting for uncertainty guards
against over confident inferences. Further, not only was the
ordering different, but it was also the case that one of the
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Figure 5. This figure includes edge differences between networks estimated from different groups (Table 3). The were com-
puted by first estimating the edges for each group, and then the posterior distributions were subtracted. The grey area is the
region of practical equivalence (+0.1). The error bars correspond to 99 % credible intervals. If an interval is fully contained
in the rope, this would suggest that the edges were practically equivalent. Differences can be inferred either in reference to
zero or the rope. For the former interval exclusion of zero would suggest a difference between networks. On the other hand,
interval exclusion of the rope would suggest a practically meaningful difference. The rope must be decided based on subjective
grounds, and perhaps is somewhat arbitrary, but I would argue no more than choosing a significance level.

glassoy ;- based estimates was not included in the Bayesian
measure of variance explained (e.g., node 18). This could
either suggest the Bayesian model is underfitting the data,
based on the relatively sparse network (Figure 2), or that
glassoy g is overfitting the data due to the dense graphical
structure (Figure 2).

QOut-of-Sample Predictability. In this section, I de-
scribe the out-of-sample R? results. I assumed varying sam-
ple sizes, in increments of 10, for the training data (Dyqin, =
100, ...,200). The sample sizes for the test data Dy was
then 221 — Dy,in. Importantly, this allowed for assessing pre-
dictability as a function of the p/n ratio. For example, with
Dyrain = 100 this corresponds to 20/100 = 0.20. For each
training size, a subset of data was randomly selected, the
network structure was selected, R?> was computed on D,
and then averaged across nodes. I was also interested in the
number of variables selected which allowed for evaluating
the trade-off between parsimony and predictive loss (Goutis,
1998; Piironen & Vehtari, 2017). R? and the sparsity levels
were averaged across 100 simulation trials.

The out-of-sample R? results are provided in Figure 5
(panel B). The numbers inside the plot corresponds to how
many times more edges were selected by glassozp; than the
Bayesian method. For example, a value of 1 would indi-
cate the graphs had the same number of connections. For
the smaller training data sizes, the Bayesian method had
better out-of-sample performance. This is possibly due to
glassog g selecting empty graphs. On the other hand, when
the training data sizes increased, the regularized method reg-
ularly outperformed the nonregularized method. These dif-
ference were around 5 %. However, there is also a trade-
off to consider. That is, if the goal is explicitly prediction
glassogp- 1s advantageous, but a researcher must consider
whether 5 % (approximately) more variance explained is
worth nearly 2.5 times as many connections (i.e., a denser
network)

Network Comparisons

The proposed methodology can also be extended to net-
works estimates from different groups. The customary ap-
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proach is to use the R package NetworkComparisonTest.
That approach employs ¢;-regularization and a permutation
based significance test. One of the methods tests edge differ-
ences between networks. In a Bayesian setting, this can be
accomplished by subtracting posterior distributions (Equa-
tion 11). Thus, for two networks, pairwise differences and
equivalence can tested. The latter is not possible with Net-
workComparisonTest. I applied the Bayesian method to
post-traumatic stress disorder symptoms that were measured
in two groups (N, = 926, and Ny = 956). The symptoms
and corresponding node numbers are provided in Table 3.
Detailed information about the samples is provided in Fried
et al. (2018).

Figure 5 includes the edge differences for the Bayesian
methods. They are summarized with the posterior means
and 99 % credible intervals. Further, I also shaded the area
from +0.1 which corresponds to the region of practical equiv-
alence. Note that, while not shown here, NetworkCompar-
isonTest does not provide a measure of uncertainty (e.g., a
confidence interval) for the edge differences. Thus this high-
lights a key advantage of the Bayesian methods, in that a
posterior distribution is provided for each edge difference. In
this case, the directional posterior probabilities exceeded 99
% for several edge differences. This can be seen by noting
the intervals that did not include zero. On the other hand,
with a rope defined as a small effect size, none of the interval
were fully included in the null region. Of course, it would
be possible to change both the rope and the credible interval
width.

Discussion

In this work, I introduced novel Bayesian methodology
for Gaussian graphical models. The presented methods were
specifically designed for low-dimensional settings (p << n),
although they can also estimate regularized networks (Sec-
tion: Regularized Estimation). I also provided methods
that allow for extending inferences beyond the conditional
(in)dependence structure. These methods are fully compati-
ble with recently developed techniques in the Bayesian litera-
ture for computing R> and out-of-sample predictive accuracy,
wherein the generalizability of the estimated network can be
determined. This is particularly important, because there is
an emerging interest in extending inference beyond expla-
nation to also consider prediction in psychology (Yarkoni
& Westfall, 2017). Further, although I specifically focused
on the most common psychological applications, this work
provides several novel contributions to the broader GGM lit-
erature which has relatively few Bayesian methods to date
(Kuismin & Sillanpéi, 2017).

With several illustrative examples, I contrasted Bayesian
methodology and the current default approach in psychol-
ogy (glassogg;c). Importantly, as previously mentioned (In-
troduction), £;-regularization only provides point estimates

which can present challenges for inference. For example,
even when using a bootstrap strategy, the point mass at zero
presents problems for computing valid confidence intervals
(Biihlmann et al., 2014) and thus maintaining nominal error
rates (Figure 3; panel B). The presented Bayesian method
overcomes this issue—a full posterior distribution is provided
for all quantities of interest such as the edge weights (Figure
5) and variance explained (Figure 4). These were obtained
efficiently, as indicated by the timing comparison between
methods (glassogg,-: 18.6 minutes vs. BGGM =~ 0.5 sec-
onds). This provides an opportunity for nuanced inferences
in practical applications, in that accounting for uncertainty
can guard against overconfidence that can arise when rank-
ing variable importance according to the respective point es-
timates.

Importantly, the contrasts I made between methods was
strictly for illustrative purposes. It is not possible to sug-
gest on method is better than another from a sample of data
(Jones, Williams, & McNally, 2019). Simulation would be
needed for this purpose. As such, I emphasize that the ad-
vantageous presented here are not that the Bayesian method-
ology is necessarily providing a more accurate estimate, but
rather there are key advantages in general. For example, the
ability to compute the probability of null values.

For this work I did not draw sharp contrast from frequen-
tist methods which has become commonplace when describ-
ing Bayesian methods in psychology (Kruschke, 2013). This
is not a position I adopted for this work, where I used re-
peated sampling to validate the performance of the proposed
decision rule (Figure: 1; Rubin, 1984). It should be noted
that the commonly cited benefits of Bayesian methods are
not readily apparent for GGMs, for example incorporating
information via prior distributions (Zondervan-Zwijnenburg,
Peeters, Depaoli, & Van de Schoot, 2017). In the context
of GGMs, while it is possible to strategically use the prior
distributions to provide shrinkage towards an identity ma-
trix (p;; — 0; Kubokawa & Srivastava, 2008; Kuismin &
Sillanpéd, 2016; Leday & Richardson, 2018), incorporating
question-specific prior information is not straightforward.
This is due to the number of parameters being estimated,
which makes specifying informative priors for each covari-
ance a challenging task, as well as the positive-definite con-
straint on the covariance matrix (Joe, 2006). However, in
my view, the greatest strength of Bayesian methods is the
richness of information provided from drawing samples from
the posterior distribution, in addition to what is being condi-
tioned on. That is, conditional on the data and fitted model,
Bayesian methods not only estimate probability distributions
for the parameters, but can also provide a measure uncer-
tainty for quantities of interest. It is this advantage, which
I highlighted throughout this work, that provides a valuable
contribution to the psychological network literature
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Regularized Estimation

This method can readily be extended to regularized esti-
mation. The Wishart distribution can provide a “ridge-type"
estimate that can be achieved in closed form (Kubokawa &
Srivastava, 2008; Kuismin & Sillanpid, 2016). For exam-
ple, in reference to the MAP solution (Equation 6), regular-
ization can be achieved by adjusting e. However, it should
be noted that the previously demonstrated calibration will be
compromised (Table 1 and Figure 1). Not only is the point
estimate shrunken towards zero, but the posterior can also
become narrower which can then increase the false positive
rate. Of course, if the explicit goal is prediction, then hav-
ing too dense of a graph is not necessarily an issue and thus
regularization would potentially offer some benefits in these
situations. This can be seen in Figure 5, where glassogg
had excellent performance predicting unseen data.

Future Directions

There are limitations that can be addressed with future
research. First, I did not perform extensive simulations to
characterize the performance of the presented methodology.
It should be noted that the dimensions of the most common
psychological applications (p < n) do not present challenges
for accurately determining the edge set (Williams & Rast,
2018). As such, considering that I demonstrated approxi-
mate calibration to specificity (Figure 1), examining less than
ideal simulation conditions (e.g., violated assumptions) is an
important future direction for both nonregularized and reg-
ularized method. Second, a commonly cited advantage of
Bayesian methods is gaining evidence for the null hypothe-
sis (Rouder, Speckman, Sun, Morey, & Iverson, 2009). How-
ever, the hypothesis being tested in this work provided evi-
dence for the direction of the partial correlations or a null
region. This cannot assess evidence in favor of the null hy-
pothesis compared to some alternative hypothesis. This dis-
tinction is often referred to as Bayesian estimation vs. hy-
pothesis testing. The methods in the work belong to the for-
mer, and thus, the prior distribution plays little role in infer-
ence. With colleagues, I have developed Bayesian method-
ology for hypothesis testing in GGMs (Williams & Mulder,
2019a; Williams, Rast, Pericchi, & Mulder, 2019). These
methods are also implemented in the package BGGM.

Conclusion

Gaussian graphical models are becoming increasing pop-
ular tool in psychology. To date, the default estimation
and inferential framework has been frequentist, relying upon
methods developed for high-dimensional data. It is not only
important to developed methods specifically for the most
common psychological applications, but also approaches
that utilize the advantages of Bayesian statistics. The pre-
sented Bayesian methodology was tailored for this purpose;

for example, by extending inference beyond the conditional
(in)dependence structure. I have implemented these methods
in the R package BGGM.
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Table 2

Node descriptions

Z
o
o
o

Symptom

0NN AW~

DO M= = = = e = e = = = \©
SO0 N AW~ O

Intrusive Thoughts

Nightmares

Flashbacks

Emotional cue reactivity
Psychological cue reactivity
Avoidance of thoughts

Avoidance of reminders
Trauma-related amnesia
Negative beliefs

Blame of self or others

Negative trauma-related emotions
Loss of interest

Detachment

Restricted affec

Irritability/anger
Self-destructive/reckless behavior
Hypervigilance

Exaggerated startle response
Difficulty concentrating

Sleep disturbance

Table 3

Node descriptions

Node

Symptom

01O\ AW

Intrusive Thoughts
Nightmares

Flashbacks
Physiological/psychological reactivity
Avoidance of thoughts
Avoidance of situations
Amnesia

Disinterest in activities
Feeling detached
Emotional numbing
Foreshortened future
Sleep problems
Irritability
Concentration problems
Hypervigilance

Startle response
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