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Abstract

Gaussian graphical models (GGM; partial correlation networks) have become increasingly
popular in the social and behavioral sciences for studying conditional (in)dependencies
between variables. In this work, we introduce exploratory and confirmatory Bayesian tests
for partial correlations. For the former, we first extend the customary GGM formulation
that focuses on conditional dependence to also consider the null hypothesis of conditional
independence for each partial correlation. Here a novel testing strategy is introduced that
can provide evidence for a null, negative, or positive effect. We then introduce a test for
hypotheses with order constraints on partial correlations. This allows for testing theoretical
and clinical expectations in GGMs. The novel matrix—F prior distribution is described
that provides increased flexibility in specification compared to the Wishart prior. The
methods are applied to PTSD symptoms. In several applications, we demonstrate how the
exploratory and confirmatory approaches can work in tandem: hypotheses are formulated

from an initial analysis and then tested in an independent dataset. The methodology is
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implemented in the R package BGGM .

Keywords: Gaussian graphical model, Bayes factor, partial correlation, order-constraints,

matrix—F' prior

1. Introduction

Gaussian graphical models (GGM, aka partial correlation networks) have become in-
creasingly popular in psychological science (Epskamp et al., 2018). The underlying ra-
tionale is that a group of variables, say, items from a psychometric scale, are thought to
measure a dynamic system that mutually influence and interact with one another (Bors-
boom and Cramer, 2013). This is distinct from customary approaches, such as structural
equation models, where observed items are indicators that are thought to share a common
cause represented by an unobserved or latent variable. The items are usually assumed to
be independent, conditionally on the latent variable. This perspective has been criticized
by network proponents because it ignores the possibility of functional associations among
observed variables (Borsboom and Cramer, 2013; Cramer et al., 2010). Exploring these
relations has shed new light upon a variety of research areas including personality (e.g.,
Costantini et al., 2015) and psychopathology (e.g., Di Pierro et al., 2019; Werner et al.,
2018).

In GGMs, the primary objective is to characterize conditional dependencies between
pairs of variables. This is typically accomplished by determining which off-diagonal ele-
ments in the inverse of the covariance matrix (i.e., the precision matrix) are non-zero. This
is referred to as covariance selection (Dempster, 1972; Peng et al., 2009). When these
elements are standardized and the sign reversed, this results in partial correlations (p) that

are pairwise relations controlling for all other variables in the model (Baba and Sibuya,
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2005; Baba et al., 2004). The non-zero partial correlations constitute the underlying net-
work structure of conditionally dependent effects. In a graph, they are represented visually
as “connections” that link variables (Jones et al., 2018).

This work fills two gaps in the network literature. First, our methodology allows re-
searchers to formally test the null hypothesis of conditional independence for each rela-
tion. Partial correlation networks are thought to represent causal skeletons (but see Ryan
et al., 2019; Dablander and Hinne, 2019) and an important aspect of causal inference is
conditional independence (Pearl, 2009). This requires assessing evidence for the null hy-
pothesis. However, the typical approach merely detects non-zero effects and those not
detected are set to zero (see for example, Drton and Perlman, 2004; Williams and Rast,
2019). Secondly, we introduce a method for confirmatory testing. GGMs are often es-
timated with data-driven procedures that do not readily allow for incorporating a priori
expectations (e.g., see all methods in Table 1 of Kuismin and Sillanpédd, 2017). In net-
work theory, however, it has been argued that psychopathology symptoms “do not function
as protective factors in the development of other symptoms” (p. 6, Borsboom et al., 2011).
Hence, all of the partial correlations in a given network are often expected to be positive.
This one-sided or order-restriction corresponds to the theoretical idea of a positive man-
ifold (Horn and Cattell, 1966). Note here that testing such expectations directly implies
more statistical power compared to less precise hypotheses, also from a Bayesian perspec-
tive (e.g., Mulder and Raftery, 2019). Additionally, there is now a wealth of networks
analyses in the literature and synthesizing this information into formal theories to then test
is a pressing challenge (Haslbeck et al., 2019). Together, these innovations are particularly

useful for psychological applications.



Our methodology is built around exploratory and confirmatory Bayesian testing in
GGMs. The former is specifically geared towards individual partial correlations, includ-
ing two-sided and one-sided testing, as well as an exhaustive approach (i.e., Hy: p = 0 vs.
Hi:p>0vs. Hy: p <0). The confirmatory aspect builds upon Mulder (2016) and allows
for testing competing sets of order constraints on multiple partial correlations. Network
theory may suggest that a set of partial correlations, say, pa, is expected to be larger than
another set of partial correlations, say, pg, which are all expected to be positive. This can
be translated to an order hypothesis H; : p, > p, > 0 that can be tested against competing
order hypotheses or its complement, “not #;,” for instance. We are not aware of any work
in the classical literature for testing order hypotheses on partial correlations, although tests
have been proposed for equality constrained null hypothesis testing of bivariate correla-
tions (e.g., Krishnamoorthy and Xia, 2007; Preacher, 2006; Steiger, 1980). Furthermore,
while our extension to partial correlations is novel, Bayes factors have been developed for
testing order-constrained hypotheses in ANOVA (Klugkist et al., 2005), regression coef-
ficients (Braeken et al., 2015), group variances (Boing-Messing et al., 2017; Dablander
et al., 2020), bivariate correlations (Mulder, 2016), intraclass correlations (Mulder and
Fox, 2013, 2018), network autocorrelation models (Dittrich et al., 2019, 2020), and multi-
nomial models (Heck and Davis-Stober, 2019). The present work adds to this growing
body of literature.

There are a variety of Bayesian approaches in the GGM literature, although they re-
main uncommon in practice (reviewed in Kuismin and Sillanpidi, 2017). In the psycho-
logical literature, a Bayesian hypothesis test for one partial correlation has been developed

under a linear regression model (Wetzels and Wagenmakers, 2012; Mulder et al., 2012).



In the broader GGM literature, there are several methods that primarily focus on condi-
tionally dependent relations (o # 0), including with the Bayesian information criterion
(Kuismin and Sillanpid, 2016), posterior inclusion probabilities (Mohammadi and Wit,
2015; Bhadra and Mallick, 2013), credible interval exclusion of zero (Khondker et al.,
2013; Liet al., 2017), predictive utility (Williams et al., 2018), and Bayes factors (Giudici,
1995). Perhaps the most notable of these approaches employs the Wishart distribution
(Kuismin and Sillanpéé, 2016; Leday and Richardson, 2018; Tsukuma, 2014), or a gen-
eralization thereof (e.g., G-Wishart, Mohammadi and Wit, 2015), which is the conjugate
prior distribution for the precision matrix (Gutiérrez-Pefa et al., 1997). These methods
have limitations of their own, for example, none allow for testing one-sided constraints.
Furthermore, the customary Wishart distribution has been criticized for being too restric-
tive (e.g. the entire precision matrix is governed by only two parameters, Leonard and Hsu,
1992; Hsu et al., 2012). In this work, we overcome this issue by testing partial correlations
with the recently introduced matrix—F prior.

This paper is organized as follows. First notation specific to GGMs is introduced in
Section 2. In Section 3, we introduce the method for exploratory testing for each partial
correlation in the network. Here the focus is conditional independence, exhaustive testing,
and prior specification. The confirmatory aspect of this work is then described in Section
4. Here the importance of testing order-constrained hypotheses in psychological networks

is emphasized. The paper ends with a short discussion in Section 5.



2. The Gaussian Graphical Model

For multivariate normal data (Baba et al., 2004; Baba and Sibuya, 2005), a GGM cap-
tures conditional relations that are typically visualized to infer the underlying dependence
structure (i.e., the partial correlation “network™; Hgjsgaard et al., 2012; Lauritzen, 1996).
There is an undirected graph that is denoted G = (V, E), consists of a vertex V = {1,..., p}
and edge set E C V x V. The former refers to “nodes” that are, say, symptoms in a psy-
chopathology scale, whereas E is the estimated network structure. Lety = (yi,...,y,)
be a random vector indexed by the graph’s vertices that is assumed to follow a multi-
variate normal distribution, y ~ N, »(u, X), with the mean vector u = (0;,...,0,) and a
p X p positive definite covariance matrix X. In the following, we use Y to denote the
n X p data matrix, where each row corresponds to the observations from the ith individual
i={1,...,n}

The undirected graph is obtained by determining which off-diagonal elements in the
precision matrix, @ = X!, are non-zero. That is, (i, j) € E when node i and j are deter-
mined to be conditionally dependent and set to zero otherwise. One option is to compute
credible intervals for ¢;;. This has an analytic solution when using the Wishart prior for
® (Equation 7 in Williams, 2018). Alternatively, standardizing ® and reversing the sign

yields partial correlations, that is,

Pijz = ——, (1

where z contains the nodes conditioned on. To simplify the notation, we now denote the

partial correlations with p;;. Hence, it is possible to determine E by testing each partial



correlation in isolation (i.e., % p(p — 1) hypothesis tests). We adopt this strategy, which is

then used to construct the p X p adjacency matrix, AP, that is defined as

1 ifp,'j #0
ACP = 2

0 otherwise,

where diag(A?) = 0. The position of 1’s in a given row corresponds to the “neighbor-
hood” for node j (Meinshausen and Biihlmann, 2006) and they encode the conditional de-
pendence structure (i.e., CD in 2). Although this is the customary formulation for GGMs,
it is important to note that evidence for conditional independence (i.e., p;; = 0) is not con-
sidered. This has resulted in some confusion in the psychological literature, in that nodes
not sharing an edge are sometimes misinterpreted as conditionally independent. Our inno-
vation is to define an additional p X p adjacency matrix, A/, that encodes the conditional

independence structure. This is similarly defined as

1 lfplj =0
AC! 3)

0 otherwise.

Both (2) and (3) are determined with our novel Bayesian test introduced below. Hence,
both adjacency matrices include relations that were supported by the data. Note that (2)
can also include edges corresponding to an order-constrained hypothesis, say, H;: p;; > 0,
which results in a structure with only positive relations. Furthermore, by characterizing

both the conditional dependence and independence structures, this leads to an “ambigu-



ous” network (there was not evidence for or against an edge). Thatis, 1,,, — I, — AT —
AP = A%, where 1,,, is a px p matrix of 1’s and thus the 1’s in A* denote the ambiguous
relations. The end result is that each partial correlations is classified into one of the three
adjacency matrices.

To summarize, we have extended the customary GGM formulation to reflect the the-
oretical relevance of conditional independence. As an added bonus, there is a third adja-
cency matrix, A?, that guards against over confident inferences by indicating the nodes for
which there was inconclusive evidence. These extensions beyond A“? are major contribu-

tions.!

3. Exploratory Hypothesis Testing

3.1. Conditional independence and dependence

We determine the conditional independence and dependence structures (Equations 2

and 3) by comparing an equality constrained (null) hypothesis versus an unconstrained

hypothesis
Ho L Pij = 0 4)
Hu 1 pij € (—1, 1)

This resembles a classical testing framework, although, in this case, we are not assuming

the null hypothesis of conditional independence is true. Rather, relative evidence for the

'Note that assessing null values is also possible with classical statistics. However, we are not aware of
any examples doing so in Gaussian graphical models.



competing hypotheses is quantified for each partial correlation. One null hypothesis testing
strategy employs a likelihood ratio test (e.g., pp 87 - 88, Hgjsgaard et al., 2012). This is
informative because it indicates that we are testing nested models in (4). As a result, we
use the Savage-Dickey ratio which simplifies computing the Bayes factor (Dickey, 1971;
Wagenmakers et al., 2010). The hypothesis test in favor of the null hypothesis can be

formulated as

_ p(Y[Ho)
"7 p(YIH,)
[ o (YIZ0, Ho)mo(ZolHo)dZo

[ YIS HOm(EAH)AE,

)

where f;(Y|Z;, H;) and m;(¥;|H;) are the likelihood functions and the prior of the parameters
under each hypothesis i € {0, 1}. Furthermore, X, denotes a covariance matrix with 6;; = 0.
This clarifies the relationship to the likelihood ratio test, as the full model is compared to
a nested model with an off-diagonal element of @ constrained to zero (p. 87, Hgjsgaard
et al., 2012). This general formulation was used in Leday and Richardson (see Equation
4, 2018), which extended the approach described in Giudici (1995) to high-dimensional
settings (n < p). In Leday and Richardson (2018), an analytic expression was introduced
for two-sided testing. However, the resulting Bayes factor was not scale-invariant and
required rescaling. This is a result of testing Ho : 6;; = 0 vs. H,: 6; # 0 (p. 5,
Leday and Richardson, 2018), as opposed to the scale-invariant partial correlation in (4).
Furthermore, focusing on ® presents challenges for prior specification. This is also due to

lacking scale-invariance.



Our analytic and sampling-based solutions target the partial correlations in isolation of

one another, that is,

_ p(YHo) _ ppij =0Y, H,)
p(YIH,) plpij =O0H,) ~

(6)

Ou

where the off-diagonal elements in ® have been standardized (Equation 1). In words, by
only considering H, with respect to p;;, the Bayes factor can be computed as the uncon-
strained posterior density evaluated at zero divided by the prior density also evaluated at
zero. This is the Savage-Dickey ratio (Dickey, 1971; Wagenmakers et al., 2010; Mulder
et al., 2012). This expression of the Bayes factor holds under certain prior conditions
(Dickey, 1971; Heck, 2018), which will be discussed later. In the psychological literature,
an analogous approach has been used for both correlations (Wagenmakers et al., 2016;
Marsman and Wagenmakers, 2017) and one partial correlation (Nuijten et al., 2015). The
advantage of (6) is that the necessary property of scale-invariance is satisfied (p. 1556,
criterion 6, Bayarri et al., 2012). This allows for specifying a prior directly on p;; (Section

3.3).

3.2. Exhaustive testing

It is important to extend inference beyond two-sided hypothesis testing (Equation 5).
In clinical applications, say, post-traumatic stress disorder (PTSD, McNally et al., 2015;
Fried et al., 2018; Armour et al., 2017), a researcher may expect symptoms to share a posi-
tive association with one another. This prediction reflects a central tenet of network theory

(i.e., symptoms are hypothesized to follow a positive manifold, Borsboom et al., 2011) and
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it also has a long tradition in psychometrics (see references in Borg, 2018). Furthermore,
it may be important to assess the evidence between a positive and negative edge (i.e., “neg-
ative manifold,” Bork et al., 2019). This can be accomplished by quantifying the relative
support for p;; = 0 vs. p;; < 0 vs. p;; > 0. We term this approach exhaustive testing and
further note that it is a novel contribution to the GGM literature.

Our exhaustive approach simultaneously tests the following hypotheses

Ho:pij=0 (7)
Hl : Pij >0

7‘[2 Ip[j<0,

for each separate partial correlation. The Bayes factor for each hypothesis in (7) is com-
puted from the inverse of the Bayes factor given in (6). This corresponds to the evidence
in favor of the unrestricted model (i.e., BF;,). To compute the one-sided Bayes factor for
‘H; (BF,g), evidence between the unrestricted and order-restricted model is first assessed

(BF,,) as

by ol Y. Hdo;  Pr(p; > O, H,)

BF, = =) = ,
I ploiH)dp:; Pr(p;; > O[H.,)

8)

where the numerator and denominator denote the posterior and prior probability that p;;
is greater than zero under the unrestricted model H, (Equation 5, Klugkist et al., 2005).
This can be computed by sampling from the prior and posterior distributions, respectively,

or by assuming each follows a normal distribution. The latter leads to an analytic solution,
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which allows for scaling to large matrices. We present an analytic and sampling-based
solution below. Due to the transitive property of the Bayes factor, the relative evidence for
‘H, against H, is then given by BF,, = BF,, - BF;,. The Bayes factor for a negative edge
is obtained in a similar fashion (resulting in BF,;). With the three Bayes factors in hand,

each compared to H,,, the posterior hypothesis probabilities can then be computed

p(Hl)BFlu

7‘[ Y = s
PO = ) BFos + p(H1)BF1y + p(H)BFa

)

where p(.) is the prior probability for each hypothesis. This results in the posterior prob-
ability for a positive edge (i.e., H,). Together, the formulation in (7) provides an exhaus-
tive assessment for all individual relations in the network. The ratio of these posterior
probabilities can then be used to compare theoretically relevant hypotheses. For exam-
ple, BFi, = p(H,1Y)/p(H,|Y) gives the posterior odds in favour of p;; > 0 compared to

Pij < 0.

3.3. Prior specification

For Bayes factor hypothesis testing, it is important that the encompassing prior for the

partial correlations has the following two properties:

I. The prior should be computationally feasible which implies that it should be conju-
gate or conditionally conjugate.

II. The prior distribution should allow researchers to incorporate the expected edge

size (nonzero partial correlations) based on external prior knowledge (e.g., from the

psychological network literature).
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We discuss these properties for two prior distributions: (i) the Wishart prior; and (ii) the
matrix—F prior (Mulder and Pericchi, 2018). The latter is novel in the literature on Gaus-

sian graphical modeling.

3.3.1. Wishart prior

The conjugate Wishart prior is the gold standard for modeling precision matrices. Due
to its conjugacy, Bayesian computation can be relatively efficient, as will be discussed
later, and therefore the prior property I is met. To our knowledge, however, the implied
marginal prior for the partial correlations based on a Wishart prior for the precision matrix
has not been carefully investigated. This stands in contrast to the inverse Wishart prior for
the covariance matrix, as the marginal prior for bivariate correlations is well understood
(pp. 1285 - 1287, Barnard et al., 2000).

The Wishart prior under the unconstrained model in (4) is defined by

O[H, ~ W(vo, B), (10)

with vy > p — 1 degree of freedom and a positive definite scale matrix By. The covariance
matrix X ~ IW(vy, B, 1 then follows an inverse-Wishart (/W) distribution. For the follow-
ing, we set vo = p and By = I, (i.e., an identity scale matrix), resulting in the standard
Wishart distribution (Drton et al., 2008). By setting the degrees of freedom equal to the
smallest possible integer, the prior can be said to be minimally informative. Furthermore,
the identity scale matrix implies that the off-diagonal elements of the precision matrix are
centered around zero. As partial correlations can be seen as normalized versions of the

off-diagonal matrix (see Equation 1), this suggests that the implied priors for the partial
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correlations are also centered around the null value. Note that centering the prior around
the null value already dates back to Jeffreys (1961). When testing partial correlations, this
implies that negative and positive partial correlations are equally likely (which seems to be
an objective choice), and that small partial correlations are more likely than large partial
correlation (Table 2, Wysocki and Rhemtulla, 2019).

Although the marginal prior for p;; is not available in closed form, the moments of
the Wishart are readily available (e.g. Drton et al., 2008). As a result, we investigated the
implied prior by working with known properties of the Wishart distribution and numeri-
cally by drawing samples from it. Note that the former leads to an analytic solution for
computing the Bayes factor in (6). For brevity, this is provided in the Appendix. For the
latter, we sampled from the Wishart distribution with v = p. Note that this reflects the di-
mensions, p X p, of a given network. The implied prior was then obtained by standardizing
each draw with (A.8). The corresponding densities for p € {3, 20, 50, 100, and 200} are
visualized in Figure 1. It can be seen that the density is a function of p: the prior is approx-
imately uniform with p = 3, whereas, with p = 200, the density is narrowly concentrated
around zero and there is essentially zero density greater than 0.20 (this often considered
a medium effect size, Cohen, 1992). In fact, it can be shown that the marginal prior for
a partial correlation is approximately normally distributed with A/(0, 1/p) (see Appendix
A.l).

The dependency on p could be reasonable as partial correlations may on average be
smaller for larger networks. It is unlikely however that this happens at the exact rate
implied by the Wishart prior. Furthermore, the prior would not allow researchers to specify

the anticipated magnitude of nonzero partial correlations based on external knowledge
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Figure 1: Panel A includes the implied prior for the partial correlations under the Wishart prior. The degrees
of freedom, v (Equation 10), was set to the number of variables, p, in the GGM. This highlights the relation
between the prior density and the matrix dimensions. Panel B compares p(7|Y) for the matrix—F (Equation
17), Wishart (Equation 10), and corrected-Wishart (Equation 12) priors. This indicates that p influences the
posterior probabilities for the Wishart prior, whereas the corrected-Wishart overcomes this limitation and
approximates the matrix—F prior.
(e.g., Table 2 in Wysocki and Rhemtulla, 2019). Therefore, in general the Wishart prior
does not satisfy prior property II.

Before introducing an alternative to the Wishart prior which does satisfy both prior
properties, it is important to note that the undesirable property of the Wishart prior can be

corrected via the prior probabilities of the hypotheses. To see this, note that the posterior

odds in (6) are given by the product of the Bayes factor and the prior odds, i.e.,

pHolY) _ ploy = O H)  p(Ho)
PRI~ plpy = 0 p(H)'

(11)

The marginal posterior and prior at p;; = 0 in the Bayes factor can be approximated
by simple analytic solutions given their approximate normal distributions (see Appendix

A). Now assume that equal prior probabilities are assigned to Hy and H, (i.e., p(Hy) =
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p(H,) = 0.5), and a uniform prior is assumed for the partial correlation under H,, (so that

p(pij = OH,) = 0.5). In that case, the posterior odds in (11) would be computed as

p(HolY)  plpij =0lY,H,) 0.5

P(H|Y) ~ 05 X035 (12)

Now when using the Wishart prior, the approximately normal marginal prior for the partial
correlation, A/(0, 1/p), results in a denominator in the first term on the right hand side of
(11) of \/P/E Thus, if we want to obtain posterior odds that are based on the assumed
priors mentioned above while using the Bayes factor based on the Wishart prior in (12),

the prior odds should be set to % = 4/2p/m in the second term of (11), or in general,

p(HolY) _ y P (pij = O, p(Ho)
pAHIY) 0.5 p(H.)

(13)

This method would provide researchers with a fast method to perform exploratory Bayesian
testing of partial correlations in GGMs while correcting the Wishart prior via the prior
odds for the hypotheses. This is particularly useful because GGMs can include hundreds
of nodes (i.e., 1000’s of partial correlations). Note also that the denominator in the first
term of (12) can accommodate additional priors (i.e., not only a uniform distribution). This
would require replacing 0.5 with p(p;; = O|H,), given the choice of H,. The performance

of this approximated method will be investigated at the end of this section.
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3.3.2. Matrix—F prior

Recently, Mulder and Pericchi (2018) proposed the matrix—F prior distribution as a
more flexible alternative to the Wishart and inverse Wishart prior for covariance and pre-
cision matrices (for another application of F' distributed priors, see, for example, Mulder
and Fox (2018)). To our knowledge the matrix—F prior has not yet been considered for
modeling the precision matrix of GGMs. We specify an encompassing matrix—F prior

distribution for the precision matrix,

O ~ F(,6,B), (14)

where v > p — 1 and 6 > O are the first and second degrees of freedom, which controls
the behavior near the origin and in the tails, respectively, and B is a positive definite scale
matrix. For completeness, the prior density of the matrix—F prior is given in Appendix B.

The matrix—F prior satisfies the prior property I because it can be written as a scale

mixture of Wishart distributions with an inverse Wishart mixture distribution, i.e.,

O ~ WHY) (15)

¥ ~ IW©G+p-1,B).

Because the Wishart prior is conjugate, the matrix F prior is conditionally conjugate where
the conditional posterior of ® given ¥ has a Wishart distribution, and the conditional
posterior of ¥ given @ has an inverse Wishart distribution (see the collapsed Gibbs sampler
in Appendix B where p is integrated out). This makes the matrix—F prior computationally
feasible for GGMs.

To see whether the matrix—F prior satisfies prior property II, we make use of the fact
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that the prior can be written as a scale mixture of inverse Wishart distributions with a

Wishart mixture distribution, i.e.,

O ~ IWGS+p-1,®) (16)

® ~ W(©,B).

Furthermore, due to Barnard et al. (2000) it is known that a covariance matrix having an

inverse Wishart prior distribution with an identity scale matrix, i.e., IW(v,1,), results in

v—p+1 v—p+1

marginal priors for the bivariate correlations having scaled bera(——, —

) distributions
on the interval (-1, 1). Consequently, if a precision matrix would have an inverse Wishart
prior distribution, i.e., @ ~ IW(6 + p— 1, 1), the partial correlations would follow a scaled
beta($, $) distribution in the interval (—1, 1), which is invariant for the dimension of the
network p. We therefore set B = €I, and v = €1, for a very small value for e, say, 0.00001,
so that ® =~ I,, and © is approximately distributed as IW(6 + p — 1,1,,).

In sum, the prior for the precision matrix and the implied marginal prior for the partial

correlations are specified as

® ~ F(e',6,€l,) (17)

Pij ~ beta(g7g) on (_1’ 1),

fori # j € {l,..., p}, respectively. The prior hyperparameter, d, can be chosen such that
the prior standard deviation of p;; is approximately equal to the expected deviation of a
partial correlation from zero under the unconstrained model. This is given by /ﬁ(é + 1)1

2, which is the standard deviation of a beta distribution that is multiplied by 2 (due to the
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interval length of 2).

Furthermore, Bayesian computation is relatively straightforward as the matrix—F prior
is conditionally conjugate for the precision matrix. Thus a posterior sample can straight-
forwardly be obtained using a Gibbs sampler (see Appendix B). Given the flexibility to
tune the prior for partial correlations and its conditional conjugacy, the matrix—F prior
both satisfies properties I and II.

As the Bayes factor for a null hypothesis H : p;; = 0 versus H, : p;; € (=1,1) is
based on the Savage-Dickey density ratio in (6), it is well-known (e.g., Dickey, 1971;
Verdinelli and Wasserman, 1995; Heck, 2018) that the prior for the nuisance parameters
under H,, denoted by ¢;; (i.e., all model parameters excluding p;;) is implicitly specified

as the unconstrained prior of the nuisance parameters under H, given p;; = 0, i.e.,

p(@ii|Ho) = p(@ij|Hu, pij = 0) < p(pij = 0, @;;|H.,) (18)

As the unconstrained prior follows a matrix—F prior, the prior for the nuisance parame-
ters follows a matrix—F distribution under a graph without an edge between nodes i and
J- This can be viewed as the matrix—F equivalent of the generalized Wishart distribu-
tion for a given graph structure G. The generalized Wishart distribution is proportional
to the Wishart distribution when the partial correlations lie in the graph and zero else-
where (Roverato, 2002; Letac et al., 2007). Given the proven effectiveness of the general-
ized Wishart for GGMs (e.g., Mohammadi and Wit, 2015), the generalized version of the

matrix—F prior seems a reasonable prior for the nuisance parameters under H,.
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3.4. Numerical experiments: exploratory

3.4.1. Posterior probabilities for conditional independence

In this experiment, we investigated the performance of the posterior hypothesis prob-
abilities obtained from the Wishart prior, its correction, and the matrix—F prior. To
this end, we generated multivariate normal data with an empty network (i.e., no edges),
y ~ N,(0,1,), and quantified p(#,|Y) for the partial correlation p;, = 0. Note that with
more control variables (i.e., a larger network) the posterior standard deviation of p;, nec-
essarily becomes larger. We accounted for this by setting the sample size to n + p, for
n ={100, 500} and p = {10, 20, ...,50}. This isolates the effect of the prior density on
p(HolY). The results were averaged across 100 simulation trials.

Figure 1 (panel B) includes these results. The non-invariance of the Wishart prior to p
is readily apparent, in that p(H,|Y) steadily decreases as the network included more nodes.
This is most striking for the smallest sample sizes and p = 50, where, on average, p(Ho|Y)
was below 0.50. This indicates that there was more support for H,, although H, was true.
Our proposed adjustment to the Wishart prior (Equation 12) corrected this behavior and
closely mirrored the matrix—F with a uniform prior for p;;. In other words, the judicious
use of prior hypothesis probabilities can be used to overcome the limitations of using a
Wishart prior. Note that for moderate p, say, less than 50, the matrix—F prior only takes a
couple seconds to draw 10,000 samples from the posterior. Hence, our analytic solution is

ideal for large networks or when an almost instant estimate is desired.

3.4.2. Bayes factor consistency
A desirable feature of Bayes factor is consistency, that is, as n goes to infinity it ap-

proaches infinity in favor of the true hypothesis. To investigate Bayes factor consistency,
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we quantified p(H,|Y) and p(H,|Y) in (4). Assuming that, say, H, is true, a consistent
Bayes factor translates into p(#H|Y) approaching one. To this end, we defined the follow-

ing true precision matrix

1
—-0.10 1
0= 0 -010 1 ;
-0.10 0 0 1

0 -0.10 0 -0.10 1|

which corresponds to partial correlations of 0 and 0.10 (see Equation 1). We then com-
puted the average hypothesis probabilities across 100 trials for »n ranging in size from 250
to 100,000. We included both the matrix—F (6 = 2) and the corrected-Wishart priors.
Figure E.4 includes these results. It can be seen that the probabilities for each hypothesis
approached one, although this happened more quickly for H, than H,. This behavior is re-
viewed in Johnson and Rossell (2010) and note that it is possible to “gather evidence more
quickly” for H by defining non-overlapping hypotheses (Mulder and Fox, 2018; Dablan-
der et al., 2020; Morey and Rouder, 2011). Together, this numerically indicates that both

priors provide a consistent Bayes factor for conditional independence and dependence.

3.4.3. Model selection performance

This simulation study addressed three aims: (1) the proposed methods were compared
to both an alternative Bayesian method that employs the G—Wishart prior in the R pack-
age BDgraph (inclusion probabilities are used to determine the graph, Mohammadi and

Wit, 2015) and significance testing of Fisher-Z partial correlations (NHST, Williams and
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Rast, 2019). The latter serves as an important baseline, because there is a defined false
positive rate (set to @ = 0.01); (2) for the proposed methods, performance was evaluated
for detecting a true null hypothesis of conditional independence; and (3) for matrix—F
prior, performance for delta values corresponding to standard deviations of 0.20 (6 = 24)
and 0.40 (0 ~ 5) were investigated. We followed the simulation procedure outlined in
Epskamp (2016) and Williams et al. (2019). Partial correlations were first estimated from
20 PTSD symptoms (Armour et al., 2017) and then absolute values less than 0.05 were set
to zero. This was the frue network structure for the current simulation. For our methods,
we used an arbitrary Bayes factor threshold of 3 (although this is commonly considered
moderate or “positive” evidence Kass and Raftery, 1995). These steps were followed for

each of 500 simulation trials:

1. Generate multivariate normal data with a given sample size n € {250, 500, 1, 000,
and 10, 000}.
2. Estimate the conditional dependence A“? and independence A’ (only for our meth-

ods) structures.

#TP
#TP+#FN

and specificity o

3. Compute two performance measures: sensitivity pre =

Here TP and FP denote the number of false positives, whereas TN and FN are the
number of true and false negatives. For estimating A“?, note that on average speci-
ficity is equal to 1 — « (Figure 1 in Williams and Rast, 2019) and sensitivity is equal
to the average power, 1 — 3, across all edges (see Equation 7 in Williams, 2020). A<’

was estimated by reversing the labels (0 and 1) in the true network.

Table 1 includes these results. We first discuss the results for estimating A“?. As

a point of reference, specificity for NHST was perfectly calibrated to 0.99 (i.e., 1 — ).

22



Table 1: Simulation results based on 500 generated datasets (Section 3.4.3).

Conditional Dependence (AP)

Specificity Sensitivity
Method n 250 500 1,000 10,000 | 250 500 1,000 10,000
Matrix—F (6 ~ 24) 0.95 0.97 0.98 1 0.41 0.54 0.68 1
Matrix—F (6 = 5) 0.98 0.99 0.99 1 0.31 0.45 0.61 1
corrected-Wishart 0.99 1 1 1 0.25 0.39 0.57 1
Wishart 0.97 098 0.99 1 0.37 0.51 0.67 1
G—Wishart 0.96 0.98 0.99 1 0.39 0.52 0.65 1
NHST 0.99 0.99 0.99 0.99 |0.27 0.45 0.64 1

Conditional Independence (A“")

Specificity Sensitivity
Method n 250 500 1,000 10,000 | 250 500 1,000 10,000
Matrix—F (6 ~ 24) 0.87 0.85 0.90 1 0.37 0.65 0.79 095
Matrix—F (6 = 5) 0.62 0.70 0.81 1 0.81 0.88 0.93 0.98
corrected-Wishart 0.50 0.62 0.75 1 0.91 0.94 0.96 0.99
Wishart 0.86 0.83 0.89 1 0.39 0.68 0.81 0.96

This resulted in relatively low sensitivity that was comparable to the corrected-Wishart.
Interestingly, the uncorrected Wishart prior was almost identical the G—Wishart prior,
where the scores were either the same or within 0.02. The advantage of the matrix-F
is also apparent. For example, using a large ¢ value (i.e., a smaller standard deviation) had
the highest sensitivity while not sacrificing much in terms of specificity. For the condi-
tional independence structure, A/, the Wishart and matrix—F prior (6 = 24) had similar
performance. This is due to the Wishart prior having a similar prior standard deviation
(1/v20 ~ 0.22 vs. 0.20). Specificity was relatively low for both the corrected-Wishart

and the matrix—F prior with 6 = 5. This is due to placing too much density on large val-
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ues, which, in turn, can erroneously favor the null hypothesis with small sample sizes in
particular. Given enough data, however, all prior specifications detected nearly all the null
effects with perfect specificity.

There is one important distinction between the Bayesian methods and NHST: the
Bayesian methods converged on the frue model with increasing n, that is, they are model
selection consistent (Casella et al., 2009). This can be seen by noting the scores for both
sensitivity and specificity converged to 1 as the sample size increased, whereas this is not
the case for frequentist methods in general (but see Bauer et al., 1988). Importantly, this
indicates that our proposed method satisfies the desirable properties of scale-invariance, as
well as Bayes factor and model selection consistency (see references in Chib and Kuffner,
2016).

At this point it worth discussing the notion of consistency in reference to our testing
strategy, wherein % p(p — 1) individual hypotheses are tested against the full or uncon-
strained model. A detailed proof is provided in Leday and Richardson (see Lemma 2,
2018) that demonstrates individual testing is consistent for model selection. For intuition
why this works, consider Q partial correlations, that is, (o1, p2, po), and we want find those
that are zero and nonzero. If we would consider a test of whether one specific p, say p,, is
equal to zero (Ho,) or nonzero (Hi,) then, as the sample size grows, the evidence would
grow to infinity in favor of Ho, or H,, if the true values equals O or not, respectively, re-
gardless of the true values of the other partial correlations. This holds because the Bayes
factor is consistent. Now this will be the case for all p,, for g = 1, ..., O, and therefore our
method will be consistent for finding the true zeros and nonzeroes in the vector (o1, p2, pg)

when the sample size grows.
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Table 2: Posterior hypothesis probabilities based on 500 generated datasets (Section 3.4.4).

p(H.IY)
Method pi; (0,0.1] (0.1,0.2] (0.2,0.3] (0.3,0.4] (0.5,0.6] (0.6,0.7]
matrix—F (6 = 24) 0.58 0.67 0.76 0.89 0.99 1
matrix—F (6 = 5) 0.40 0.48 0.61 0.80 0.97 0.99
matrix—F (6 = 2) 0.29 0.37 0.50 0.72 0.94 0.98
corrected-Wishart 0.28 0.34 0.45 0.64 0.90 0.96
G—Wishart 0.22 0.33 0.48 0.80 0.98 1

3.4.4. Comparison of posterior probabilities

The matrix—F prior confers advantages for Gaussian graphical modeling. First, plac-
ing a prior on the partial correlations (i.e., an effect size) is desirable and not possible
with alternative methods. Second, the increased flexibility due to the hyperparameter 6
can be harnessed to overcome the informativeness of the Wishart prior (Figure 1, panel
A), which, in turn, can provide more support for the true hypothesis. To demonstrate this
important aspect of the matrix—F prior, we generated a true network (p = 20) where the
probability of an edge between two nodes was 10%. The partial correlations were sam-
pled from uniform(0.05,0.70) and n was set to 50. We then quantified p(H,|Y) in (4) for
the matrix—F prior, with 6 = {24,5, 2}, as well as the corrected-Wishart and G—Wishart
priors. Recall that he latter provides posterior inclusion probabilities (PIP) computed from
a binary indicator. The posterior probabilities were average across 500 simulation trials.

Table 2 includes these results. Although Table 1 indicated that the matrix—F with
0 = 24 and the G—Wishart provided comparable performance, the posterior probabilities
were much larger for the matrix—F prior in Table 2. In fact, across all ¢ values p(H,|Y)

was larger for the matrix—F prior. Note that the G—Wishart approach employs the median
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probability model strategy for selecting the graph (i.e., PIP > 0.50, Barbieri and Berger,
2004) and not the Bayes factor. The matrix—F also had clear advantages compared to the
corrected-Wishart prior. For example, while the correction in (13) approximates ¢ = 2,
the posterior probabilities were larger for the matrix—F. This can also be seen in Figure
1 (panel A) and Figure E.4. Finally, note that our exhaustive approach would provide
the posterior probability for a positive partial correlation in (7). Given the true network
included only positive relations (a “positive manifold”), the posterior probabilities would

be even larger for this one-sided hypothesis than for two-sided hypotheses considered here.

3.4.5. Summary

We emphasize that the similarity between our method and the G—Wishart approach for
model selection is not too surprising, given these dimensions of data do not pose estimation
issues (e.g., compared to n < p). However, there are several novel and useful aspects of

our proposed methodology:

1. The prior distribution can be specified for the partial correlations (e.g., Equation 17),
that is, in reference to a standardized effect size.

2. As aresult of point 1, this opened the door for our exhaustive approach in (7). This
is especially relevant for psychological networks, because edges are often expected
to be positive.

3. The matrix—F prior provides increased flexibility compared to the Wishart prior.
This more readily allows for incorporating prior knowledge about the effect size and
it can also provide larger posterior hypothesis probabilities (Table 2).

4. Our analytic solution provides a computationally efficient and accurate solution

(Figure 1, panel B). This side-steps the cumbersome nature of Bayesian methods
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for estimating large networks (i.e., many nodes) or when an almost instant solution

is desired.

3.5. Empirical application: exploratory

In all applications, we use PTSD datasets that include 16 symptoms from three pro-
posed clusters (see Table D.4). Although networks would typically include all items, this
presents challenges for highlighting important aspects of our methodology and also the
example you get unwieldy. Hence, we use only two items from each cluster (see Table
D.4), resulting in 15 partial correlations in total (n = 956 and p = 6). This is “Sample 4”
in Fried et al. (see Table 1 therein, 2018). In this example, we adopt the customary per-
spective of estimating the network and describing the results. In Confirmatory hypothesis
testing of order constraints, we demonstrate how exploratory results can then be tested in
an independent dataset. This is particularly important because it connects our exploratory
and confirmatory approaches. We used the matrix—F prior with 6 = 24 (see Table 2 in
Wysocki and Rhemtulla, 2019) and drew 50,000 samples from both the posterior and prior

distributions.

3.5.1. Exhaustive testing

We implemented the exhaustive strategy described in Section 3.2. A posterior hypoth-
esis probability greater than 0.75 was considered evidence for a given hypothesis (i.e., BF
> 3 against the complement). Note that a threshold of 3 is arbitrary. In practical applica-
tions, this should be decided on with care and a robustness check can be used in the case of
prior uncertainty. The conditional dependence structure, ACP (Figure 2), indicates that all

edges for which the Bayes factor indicated a positive partial correlation. Recall that net-
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Figure 2: Estimated graphical structures. AP (Equation 2) is the conditional dependence structure that
includes relations supported by the data. This was determined with the exhaustive approach in (7), with
p(H11Y) or p(H,|Y) greater than 0.75. This corresponds to a Bayes factor greater than three (against the
respective complement). A¢/ (Equation 3) is the conditional independence structure. This was similarly
determined as p(Ho|Y) > 0.75. A” is the ambiguous network that includes those relations for which there
was not sufficient evidence to be included in either A°? or A/, The node descriptions are provided in Table
D.4.
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Table 3: Bridge symptoms identified in the exploratory analysis (Figure
2). These results were used to formulate and then test a confirmatory
hypothesis (see 22). The node descriptions are provided in Table D.4.

Edge M SD  p(HolY) p(H.Y) p(H-Y)
1-4 0.067 0.031 0.186  0.800  0.013

1-5 0.156 0.031 0 0.999 0
2-5 0.341 0.028 0 0.999 0
4-5 0.182 0.31 0 0.999 0
1-6 0.159 0.031 0 0.999 0

2-6 0.091 0.031 0.006 0.992 0.002
4-6 0.066 0.032  0.219 0.766 0.015

work theory expects all positive edges, and, in this case, these symptoms appear to follow a
positive manifold. There are also conditionally dependent effects between clusters. These
are called “bridge” symptoms and an emerging literature focuses on discovering symp-
toms that link clusters (see references in Jones et al., 2019a). Note that these inferences
are much different than bivariate correlations. In this network, the bridging relation be-
tween, say, node one (“intrusive thoughts™) and six (“irritability”), indicates an effect that
persists after controlling for all other symptoms. The posterior hypothesis probabilities for
all bridge symptoms are provided in Table 3.

Evaluating the conditional independence structure, A“’, with Bayesian hypothesis test-
ing is a novel contribution of this work. Hence, Figure 2 includes the first insights into
conditionally independent PTSD symptoms. Before describing these results, recall that
validated psychometric scales are commonly used in network analysis. By construction,
they typically include items with large bivariate correlations. On the other hand, there

are several pairs of PTSD symptoms that appear to be conditionally independent. Most
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notable is node three (“avoidance thoughts™) that can be considered independent of all
other symptoms in the network, excluding node four (“avoidance of situation”) which be-
longs to the same cluster. This highlights the powerful inferences made possible with our
methodology.

The ambiguous network, A”, naturally arises from considering both A“? and A’
There is only one ambiguous relation between node one (“intrusive thoughts™) and four
(“‘avoidance of situations”). We emphasize that this will not always be the case. In these
data, the sample size is large and the network is small in size which leads to clearer ev-
idence towards either conditional dependence or independence. When analyzing the full
dataset (p = 16), for example, A% included 22 relations. These insights are not possible

with the customary GGM approach that only estimates and visualizes A7,

4. Confirmatory hypothesis testing of order constraints

Psychological theories can be formulated in the language of mathematics, which, in
turn, can be expressed as hypotheses with multiple order constraints on the parameters of
interest (Hoijtink, 2011). In a GGM, it may be expected that a set of partial correlations
are approximately equal to each other (given a maximal upper bound), larger or smaller
than another set of partial correlations, or larger or smaller than a constant (typically zero).
These kinds of hypotheses can be derived from a guiding theory or an exploratory analysis.
For the latter, note that order-constraints for edges can be read directly from Figure 2 and
Table 3. Here the focus is not on determining the graph, but rather Bayesian testing of the

interrelations among partial correlations.
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In matrix notation, such constrained hypotheses can be formulated as
7-[[ . Rl‘p > Iy, (19)

fort = 1,...,T competing hypotheses. In (19), [R/|r,] is a matrix, r is a vector, and the
inequality specifies the constraints under H,. The subspace under a constrained hypothe-
sis H, that satisfies the constraints on p will be denoted by €2,. In order to compute Bayes
factors between these 7" hypotheses two important aspects needs to be addressed. First,
proper priors need to be specified for the free partial correlations under all hypotheses.
Second, once the priors have been formulated, marginal likelihoods under the separate hy-
potheses need to be computed which can be computationally expensive (Kass and Raftery,
1995).

Both aspects become considerably simplified when adopting an encompassing prior
approach (Klugkist et al., 2005). The idea is to specify an unconstrained (or encom-
passing) prior under an unconstrained model with no constraints on the partial corre-
lations (besides the constraints that ensure positive definiteness). The priors under the
constrained hypotheses are then truncations of this encompassing prior truncated in the
constrained subspaces. Thus, instead of having to formulate T separate priors, only one
unconstrained prior needs to be formulated. Furthermore, due to the encompassing prior
approach, marginal likelihood computation can be avoided because the Bayes factor of
each constrained hypothesis against the unconstrained hypothesis 4, can be expressed as
the ratio of the posterior and prior probability that the order constraints of #, hold under

the larger unconstrained model,

B _ Pr(p € QZ|Y, Hu)
"7 Pr(p e QM)

(20)
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The general expression first appeared in Klugkist et al. (2005). For order hypotheses on
partial correlations, the same steps can be done as for order hypotheses on bivariate corre-
lations (Mulder, 2016). Mulder (2014) referred to the posterior probability in the numer-
ator and the prior probability in the denominator as measures of ‘relative fit” and ‘relative
complexity’ of H, relative to ‘H,, respectively. To see this, in the case the order constraints
are (not) supported by the data, this results in a large (small) posterior probability, which
implies a good (bad) fit of the order constraints. Furthermore, in the case of many (few)
constraints, the prior probability that the constraints hold under 4, will be relatively small
(large), which implies a very precise/simple (imprecise/complex), hypothesis. Once (20)
has been obtained for all constrained hypotheses of interest, the Bayes factors between

competing constrained hypotheses can then be computed using the transitivity property of

BF]u

the Bayes factor, e.g., BF; = B,

Due to the attractive properties of the matrix—F distribution, the encompassing prior
for the confirmatory test will also follow a matrix—F" distribution. An efficient method for
obtaining the prior and posterior probabilities in (20) is presented in Appendix C. This
algorithm for computing Bayes factors for the confirmatory test of order hypotheses in

GGMs is implemented in the R package BGGM.

4.1. Numerical experiment: confirmatory

This simulation study addressed three aims: (1) we evaluated the sample sizes needed
to gain evidence for an order-constrained hypothesis, which also investigates the consis-
tency of the posterior hypothesis probabilities; (2) the number of constraints were varied
to examine the posterior probabilities for increasingly complex/simple hypotheses; (3) two

values for 6 = 1,2 ( Equation 17) were included to evaluate the extent to which the prior
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influences the posterior probabilities. For the true GGM, we used the partial correlations
estimated from the symptoms included in Figure 2. We then formulated the following true

hypotheses

7‘[} P34 > P12 > P45 (2D
H7 2 paa > P12 > Pas > Pss

H% L P34 > P12 > Pas > pse > 0.

Note that each hypothesis in (21) was compared to the corresponding complement, A, :
“not Hi”, i = 1,2,3. To this end, we assumed equal prior probabilities (i.e., %). Each
hypothesis was first compared to the unconstrained model, H,, that results in BF! and
BF,,. Note that these Bayes factors are not of substantive interest, but they are needed
for then computing BF),. We considered sample size sizes ranging from 100 to 1,000 (in
increments of 100). The posterior hypothesis probabilities, p(H||Y), were averaged across
100 simulation trials.

Figure 3 includes these results. The panels correspond to the order-constraints in (21),
indicated by their respective complexity (i.e., the prior probability that the constraints
holds under #H,). The posterior hypothesis probabilities approached one as the sample
size became larger. Gathering evidence for H; was influenced by the number of constraints
tested. For example, when testing more specific hypotheses, this was rewarded with larger
probabilities in favor of ;. Note that the hyperparameter, 6, value had a minimal effect

on the results. This indicates that the corresponding Bayes factors would be robust to
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Figure 3: Simulation results (Section 4.1). p(#;|Y) is the posterior probability for the hypotheses in (21)
compared to the respective complement. Pr(p € Q[H,) is the denominator in (20), with smaller values
indicating a more specific hypothesis (relative to H,). The hyperparameter, ¢, governs the informativeness
of the prior distribution in (17). 6 = 24 corresponds to a standard deviation of 0.20 and § = 2 corresponds

to an approximate uniform distribution with a standard deviation of 0.58. The ribbons denote 95 % credible
intervals.

different priors (Mulder, 2014).

4.2. Empirical application: confirmatory

In the following, we continue our running example with PTSD symptoms. To this end,
we first show how to formulate and test hypotheses from our exploratory method (Figure
2) in an independent dataset (n = 926 and p = 6). This is “Sample 3” in Fried et al.
(2018). The next example considers a priori, clinical expectations, regarding clusters of
PTSD symptoms. For all models, we employed the matrix—F prior (6 = 5) and drew
50,000 samples from both the posterior and prior distributions. Note that for testing order
hypotheses, the Bayes factor is very robust to different prior choices (e.g., the Jeffreys-
Lindley paradox is not an issue, Mulder, 2014), and therefore a relatively vague matrix—F

prior is used.
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4.2.1. Bridge symptoms

Identifying symptoms that link clusters in psychopathology networks is an active area
of research. Typically, metrics are used to quantify, say, the sum of “bridging” edges for
a given node to identify the most central or “important” symptom. In reference to Table
3, this would be accomplished by adding together the partial correlations for node 6 (“‘ir-
ritability”). Conversely, our approach allows for zooming in to examine the interrelations

within or between bridging nodes, e.g.,

Hi 2 pas > pas > pis > P3s (22)

H, : “not H,.”

This hypothesis was formulated from our exploratory testing approach (Table 3) and it
captures the order of bridging relations for node 5 (“sleep problems™).? Further, because
nodes 3 (“avoidance of thoughts™) and 5 were determined to be conditionally independent
(see A" in Figure 2), this implies that the relation is smaller than p,s. In reference to (19),

the system of inequalities under H,; can be formulated as

ZNote that p3s in Figure 2 is nearly zero which implies that it is less than the other relations. An exact
equality constraint, e.g. p35 = 0, is beyond the scope of this work.
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P15

0 1 0 -1 0
P25
Ryp=|-10 0 1 >10 |, (23)
P35
1 0 -1 0 0
| P45 |

where Ry, denotes a matrix containing the coefficients of the contrasts of interest. This
is then tested against it complement, #,. The Bayes factors were first computed with
the unconstrained hypothesis, resulting BF;, = % = 22.4 and BF,, ~ % = 0.016°.
Assuming equal prior model probabilities, p(H;) = p(H,) = %, the posterior model proba-
bilities are then p(H;|Y) > 0.99 and p(H,|Y) < 0.01, which corresponds to overwhelming
evidence for H; (BF;; = 256.2). This indicates that these bridge relations are not only

replicable, but there is a specific order among edges bridging the hyper-arousal symptom,

“sleep problems,” to the other clusters of PTSD symptoms.

4.2.2. Replicating edge order

The topic of replicability has recently captivated the network literature (Forbes et al.,
2019; Jones et al., 2019b; Williams, 2020). To assess replicability, it is common to focus
on the individual edges with either classical (van Borkulo et al., 2016) or Bayesian testing
(Williams et al., 2020). Although the latter has the advantage of directly providing evi-
dence for equality of partial correlations across groups, testing order-constraints allows for

asking even more fine grained questions. For example, the exploratory results in Figure 2

3The denominator also shows the accuracy of our method for computing the prior probabilities (ﬁ =

1 _
& =0.0417).
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encode ordered hypotheses such as

Hi:p3a > (P12, 25) > (P15, P16 P45) (24)
Hy 2 p3a > (P12, p25) > (P15, P16, P45) > 0

Hs : “not H; or Hy.”

In (24), p34 1s the relation between nodes 3 (“avoidance of thoughts™) and 4 (“avoidance
of situations”), which is the largest edge in the exploratory analysis, and the other edges
have been grouped according to size. H, then adds the further constraint that all edges
are positive, that is, they all obey the theoretical expectation of a positive manifold. Note
that we have only included partial correlations larger than 0.10, which translates into an
ordered hypothesis among the strongest edges in Figure 2. For completeness, we also
included H; that can be understood as neither 7, or H,. The Bayes factors were first
~ 077

computed with the unconstrained hypothesis, resulting in BFy, ~ 75 = 494, BF, »

0%8(3)1 = 6300, and BF;, = % = 0.014. Assuming equal prior model probabilities,

p(H1) = p(Hy) = p(H3) = %, the posterior model probabilities are then p(#H;|Y) ~ 0.01,
p(H,2lY) =~ 0.99 and p(H;3]Y) < 0.001. Whereas there was evidence for H; (BF;3 >
3000) and H, (BF,; > 300000) compared to H3, the additional constraint to positive
values indicated overwhelming evidence for H; (BF;; = 93.7). In other words, an order-
constrained hypothesis derived from an initial, exploratory analysis, was confirmed in an
independent dataset. This implies that there is a replicable order, constrained to positive

values, for the strongest edges in these PTSD symptoms.
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4.2.3. Clinical expectations

The previous examples demonstrated how our exploratory and confirmatory approaches
can work in tandem. In this example, we formulate hypotheses directly from the Diagnos-
tic and Statistical Manual of Mental Disorders edition four (DSM-IV). In the DSM-1V,
PTSD are thought to have three clusters (experiencing symptoms, avoidance, and hyper-
arousal). This clinical expectation implies that partial correlations within a cluster are
larger than those between clusters. In other words, there are implicit order-constrained

hypotheses, say,

Hi 2 pse > (015, 0255 035 P455 P165 £265 P365 L46) (25)

H, : “not H,y,”

which focuses on the hyper-arousal cluster. H; expresses that the relation within the clus-
ter, pse, 1s larger than all the relations with the other two clusters. This is again tested

against the complement, H,. The Bayes factors were first computed with the uncon-

strained hypothesis, resulting in BF,, = % = 0.026 and BF,, = % = 1.122. Assuming

equal prior model probabilities, p(H;) = p(H,) = 5, the posterior model probabilities are

1
2’
then p(H,|Y) = 0.023 and p(H,|Y) = 0.977. This results in a Bayes factor providing
evidence against H, (BF;; = 0.024 or BF,; = 42.5), that is, these data do not support the

notion that conditional dependencies are larger within the hyper-arousal cluster.
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5. Conclusion

We introduced novel methodology for Bayesian hypothesis testing in Gaussian graph-
ical models. The tests were specifically developed for both exploratory and confirmatory
hypothesis testing. The former is the most common approach and our exploratory test
is the first to provide a Bayes factor for one-sided hypotheses in GGMs. This is espe-
cially relevant for psychological applications because partial correlations are often ex-
pected to be positive. We extended the testing possibilities to confirmatory settings with
order-constraints on multiple partial correlation coefficients. The application demonstrated
that the exploratory and confirmatory approaches can work in tandem: hypotheses can be
formulated from an initial analysis and then tested in an independent dataset. Further-
more, the confirmatory approach allows for testing theoretical and clinical expectations in
GGMs.

Additionally, we introduced the matrix—F prior distribution for Bayesian testing in
GGMs. As we demonstrated, this prior offers advantages compared to the customary
Wishart and G-Wishart priors. For example, the matrix—F prior is invariant to the dimen-
sions of the precision matrix and it can be specified directly on the partial correlations
(i.e., in reference to an effect size). This increased flexibility translated into providing
more support for the true hypothesis (Table 2). Moreover, we also provided a computa-
tionally efficient, analytic solution, based upon the Wishart prior. This is ideal for large
p settings or when an almost instant estimate is needed. Both the matrix—F and Wishart
prior were shown to provide either superior or competitive performance compared to the

G-Wishart prior. The methodology is implemented in the R package BGGM.
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https://github.com/donaldRwilliams/BGGM
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Appendix A. Derivations

Appendix A.l. Implied Ist and 2nd Moments

Our computationally efficient method requires deriving the implied prior variance for
the partial correlations. This can be accomplished by working with the known moments of
the Wishart distribution. To see this, first consider that we need to solve for the following

ratio

(A.1)

Wij N Var[wi_,-]
Var[ ] ]

VWiWjj wiil - E[w;;]’
where W ~ W,(p,1,) has a standard Wishart distribution. We assume that v = p and an
identity matrix, I, for the scale matrix. Importantly, W can be decomposed as W = LL/,
where L is the lower-triangular matrix and L’ is the transpose. This is the customary
Choleski-decomposition, and, in the case of the Wishart, it is known as the Bartlett de-

composition that can be used to generate random matrices. The diagonal elements of L,

li, i = 1,...,p, are sampled from a chi-squared distribution £ ~ x2 . . In turn, the
off-diagonal elements, /;;, 1 < j < i < p, are drawn from a standard normal distribution

lij ~ N(0, 1). Note that all of the diagonal and off-diagonal elements are “independently

52


http://dx.doi.org/10.1080/00273171.2019.1575716
http://dx.doi.org/10.1080/00273171.2019.1672516
http://dx.doi.org/10.1080/00273171.2019.1672516

distributed.” We refer interested readers to Kshirsagar (1959, p. 240). This implies that
prior distribution for the nuisance parameters in (18) is the same for both the unconstrained
and equality constrained models in (5).

To derive (A.1), we work with the known properties of the Wishart distribution. The

expectation is given as

E[W] =1, (A2)

which results in the numerator of (A.1) reducing to p?. This is due to the off-diagonal
elements being independent, such that E[w;; - w;;] = E[w;] - E[w;;]. Furthermore, the

variance follows
Var[W;;] = v(I}, + L; - 1), (A3)

which similarly reduces to p. Together, this makes clear that the implied prior distribution

is a function of p, that is,

1
Var(py) ~ f(p)~ - (A4)

with the standard deviation as SD(p;;) = 1/+/p. When assuming normality, the implied

prior distribution for the partial correlations is
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1
pij ~ N(0, %) (A.S)

This can also be seen from considering the Taylor series expansion (Equation 6 in Van Kem-
pen and Van Vliet, 2000). First denote the numerator and denominator in (A.1) as a and

b, respectively. The variance, assuming that b has support [0, oo], is then given as

Vi Fﬂ~JWHM]—2EM] Pl Vo). (A.6)

ar Ak EDPE B[P Covla, b] + ElbJ
In (A.6), all terms with E[a] in the numerator cancel out. This is due to having an expecta-
tion of zero. This leaves the first term. With, say, p = 10, this results in p/ \/17 =p/p*=
1/p. The accuracy of this derivation was verified by sampling from a Wishart distribu-
tion and then standardizing the draws with (A.8) for v =€ {5, 10,20}. Rounded to three
decimal places, the solution based on 1/ /p and sampling were numerically equivalent to
three decimal places: 0.447, 0.316, and 0.223. Furthermore, as seen in Figure 1 (panel A),

approximate normality is achieved with v > 10.

Appendix A.2. Approximated posterior under the Wishart prior

Given a Wishart prior, the posterior mean has an analytic expression, that is

E[@OY] = (n+p)S+1,)7", (A7)
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where S is the scatter matrix, Y'Y, and the scale matrix has been set to an identity matrix

I,. The p X p partial correlation matrix, P, can be computed as

EIPIY] = ~([diag(6)] ' O[diag(®)] "' - 1,), (A8)

where diag(f) is a p X p diagonal matrix with v6;, i,..., p, as the diagonal elements.
Note that the unique partial correlations % p(p — 1) are in the lower and upper-triangular
of P, with the latter denoted as p;; for 1 < i < j < p. There is a closed form solution
for Var([6;;] (Equation A.3), but, in this case, the variances for the partial correlations are
required. Because the scale matrix in (10) can be understood as a prior guess for the
covariance matrix, I, can be considered non-informative. Accordingly, we assume the
posterior variance is equivalent to the standard error in likelihood only estimation (Gelman
etal., 2014, p. 88). Following D’ Angelo et al. (Equation 6 therein, 2012), the approximate

variance is

1- rl.zj
Var[p;jlY] ~ ———— (A.9)
n—c-—2

where r;; is the sample based partial correlation and c is the number of variables controlled
for (i.e., p — 2). Although the Pearson correlation coefficient follows an approximate
t—distribution (p. 2 in D’Angelo et al., 2012), we assume that posterior distributions are
normally distributed. This simplification is due to GGMs most commonly being fitted

with hundreds of observations in the behavioral sciences. The results in Figures 1 (panel
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B) and E.4, as well as the results in Tables 1 and 2, demonstrate that this solution provides

an accurate approximation to the matrix—F prior.

Appendix B. Gibbs sampler

For a precision matrix @ having a matrix-F (v, d, B) prior distribution, the probability

density function is given by

0+p—1
(=5)

F(HT(5)IB:

V= v+o+p—1

05 I, + OB [

pr(©) =

Following Mulder and Pericchi (2018), this implies that the covariance matrix X follows
amatrix-Fo+p—-1,v—-p+1, B~!), which can be written as a scale mixture of inverse

Wishart distributions, i.e.,

X ~ W YP)

¥ ~ Wé+p-1,B.

Furthermore, the likelihood for n independent observations from the multivariate nor-

mal model is given by
(Yl E) o[22 exp (- uE™'S}exp (-4 (u = 72 (u - 3)}

where S is the sums of squares matrix and y is the vector of sample means. Therefore

when using a flat prior for the nuisance parameter u, the posterior (including the parameter
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expansion with ¥) can be written as

pLZ YY) o p™(EMN)p" (P)p(Y|p, T)
o |\I;|(v+6—2)/2|E|—(n+v+p+1)/2 exp {—%tr‘I’Z_l}
exp {—%tr‘I’B} exp {—%trE_IS}
exp {~4(u - 9= (u - y)]
= p(E,PY) o« [P0 m )2 oy {—%tr‘I’Z_l}

exp {—%tr‘I’B} exp {—%trE_IS} .
Hence a Gibbs sampler can then be formed using the following conditional posteriors

YWY ~ IWn+v-1,S+%)

YEXY ~ Wo+s+p-1,E " +B)™.

A posterior sample for the covariance matrix X, and thus of the precision matrix @ and the
partial correlations, can be obtained by iteratively sampling X and ¥ from their respective

conditional posterior distribution.

Appendix C. Computation of prior and posterior probabilities

In order to obtain the Bayes factors in (20), the posterior and prior probability need
to be computed. A naive way to compute these probabilities would be to get posterior
and prior samples under the unconstrained model, and compute the proportions of draws
satisfying the constraints. This method however will be computationally expensive in the

case of many constraints which results in very small posterior and prior probabilities. For
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example, when the prior assumes that all possible orderings would be (approximately)
equally likely, the prior probability of a specific ordering of 10 partial correlations, say,
p1 > ... > pyo, would be 1/10! = 2.76e-7. Thus, obtaining such a small probability from
a proportion of draws we would at least need 1e10 draws, which is computationally very
expensive. For this reason we adopt a more efficient approach.

First, we transform the posterior and prior draws using a Fisher-Z transformation. This
transformation changes the space of the partial correlations from (-1,1) to (—oo, c0) and
makes the joint distribution approximately normal (Mulder, 2016). Note that the order
constraints are equivalent for the transformed partial correlations because the Fisher-Z
transformation is monotonic. Second we reparameterize the transformed partial correla-
tions to differences, so that an ordering or say, p; > ... > ps, can equivalently be written
as (£1,6,83,64) < (0,0,0,0), where &, = pge1 — pg, forg = 1,...,4. As multivariate nor-
mality also holds for these difference parameters, we can compute the necessary one-sided
probabilities using standard methods, e.g., the ‘pmvnorm’ function from the R mvtnorm
package (?). In certain specific situations an ordering of parameters cannot be translated
to a unique set of differences, e.g., (01,02) > (03,p4). In this case we make use of the R
package bain (?). These methods for computing probabilities for confirmatory testing of

order hypotheses in GGMs are implemented in the R package BGGM.
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Appendix D. Node descriptions

Table D.4: Node descriptions. Clusters: (1)
Re-experiencing symptoms, (2) Avoidance, (3)
Hyper-arousal.

Node Symptom Cluster
1 Intrusive thoughts 1 (pink)
2 Nightmares 1 (pink)
3 Avoidance of thoughts 2 (green)
4 Avoidance of situations 2 (green)
5 Sleep problems 3 (blue)
6 Hyper-arousal 3 (blue)
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Appendix E. Figures
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Figure E.4: Simulation results (Section 3.4.2). The posterior hypothesis probabilities correspond to the true
hypotheses Ho (o = 0) or H,, (p # 0). The corrected-Wishart prior approximates the matrix—F prior (6 = 2)
with the correction given in (12).
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